420 Proc. Japan Acad., 49 (1973) [Vol. 49,

91. On the Channel Capacity of a State Machine®

By Yatsuka NAKAMURA
Faculty of Engineering, the Shinshu University, Nagano
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1. Introduction. In the information theory, the calculation of
the channel capacity is not easy in general. The calculation method
is known for only memoryless channels and several particular cases.

Finite automata are seen as information channels in various way
(for example, see [1]). A kind of such automata, called a permutation
machine, is described as a stationary 0-memory Markovian channel
(I7]). In this paper, we shall give the method to get the capacity of
such channels.

The author is indebted to Professor H. Umegaki for his advice and
encouragement in preparing this paper.

2. Permutation channel. Let [={S, X, ¢} be a state machine,
i.e., (@) S is a non-empty finite set of states, (ii) X is a non-empty finite
set of input letters, and (iii)  is a mapping from SXX to S, called
a transition function. A state machine can be represented by a finite
directed graph G, where states correspond to vertices and transitions
to directed edges indexed by elements in X. Terminology of the
graph theory used here refers to Ore [5]. A directed edge (s,, s,) indexed

by x is denoted by sl—w—»sz, which exists if and only if z(s,, #)=s,. For
such graph, let us assume the following property: (A) For every vertex
s and every input letter «, there exists one and only one directed edge

of the form sl—Ls for some state s,, i.e., for every input letter z, a
mapping (., ), which is from S onto S, is a permutation on S. A
state machine, a graph of which satisfies the condition (A), is called a
permutation machine (cf. [3] p. 195).

Let X*(I={0, +£1, +2, .- -}) be an alphabet space, where the state
space X is a set of input letters of a permutation machine. And S’ be
another alphabet space, where S is a set of states of the machine. For

any sequence $;8;,,- - - 8¢, of states in S, we define an information chan-
nel v by

1 - I
ya‘(sisiﬂ' ©t si+1)="—'qﬁi~?~t"ixq8‘x:—:&t+z' v qfi‘.:tl—lsi+l (x eX )

N
where
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q”,z{ 1...if z(s, x)=¢’

* 0---else ’

and N=Card (S). Then v can be extended to a stationary channel from
the input space X7 to the output space S7, as v is a kind of Markovian
channels ([7]). Let us call such channel v, which is derived from a
permutation machine, a permutation channel. An input source, an
output source and compound source are probability measures on X7, S,
(X x S)! respectively. A compound source 7(.)=7(.; p,v) derived from

p and v is defined by (ef. [2]) ¢(C)=J v(Cp)p(dx) where C, is an Z-
xI

section of a measurable set C in (X xC)’. And ¢(B)=7r(X xB).
Theorem 1. Lety be a permutation channel, and p be a Bernoulli
input source, i.e., p(x,- - -x,)=p@)0(x,) - - (x,) for every x,, ---,%,.
Then an output source q and a compound source r derived from the
source p and the channel v, are Markovian.
Proof. 7((2,8,): - - (2,8,) =0, + - X,)v(8;- - - 8,)

1
=p(x1' * ) N qslsz 8233 qsx:—lsn

1
=p(x1‘ ‘ ‘xn-l)p(xn) N slszqszsa an 18n°

And so,
(2,8, [(#:8) -+ + (X _18n_1)
=1((%,8) + - (@,8)) [17((#,8)  + - (Fp_18n_1))
=p(X,)q5" 1, =1(%,8) | (Xn_15 Sn_r))
for all possible sequence (s;: - -s,_;), which shows that the source r is
Markovian. For the output source,

QS+ 8)= 23 D@y X Ivy(Sy- + < 8,)

1
=x12-:z,,p(xl. ) ) N qhsaqsmss qs,. 180

= Z Z p(xl <Ly 1)p(xn) sisat * Qspisnns

Tn€XSn—18n T1°* Tn—1

where X,,_,.={reX: z(s,_;, )=s,}, hence we get

Q(snlsl' : 'Sn_l)"-—"Q(Sl' : 'Sn)/Q(Sr . 'sn—1)
= > p@)=0q(8s]85 ). Q.E.D.

2n€Xsp—18n
3. The Capacity of permutation channels. The entropy of a
source p is defined by

hp—hm{—% 2 D&y - -@,) log pla,- - -wn)}.

Then the transmission rate R, is R,=h,+h,—h,, where q and »
are the output and compound sources derived from p and a channel v
respectively. The stationary capacity C, of the channel v is defined by
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C,=sup R, where p moves on all input sources. And the ergodic ca-
p .
pacity C, is defined by C,=sup R, where [I’={p: p is an input source

en’
and r(.)=7r(.; p,v) is ergodicp}.
Theorem 2. If vis a permutation channel, then
C,=sup —;7{—2 ( > p(%)) log ( 2, p(m))} (1)

8182 \T{EMs1Sg L€ Msy1se
where the supremum is taken all over k-dimensional probability vectors
@, - - Py) =02, k=Card (X)) and Ms,s,={x: q%,,>0}.
Proof. The following chain of formulae is valid;

R,=hy,+h,—h,

=h,—lim — { Z (X 2,)- Z V(8- - 8,) log v,(s;- - 'Sn)‘

1
- - n s s * sx”-w 1 s182 " f:-n }
h 111:5[1 n {d?lenp(xl @ ) 3IZSnN ! 2 q " " Og Nq q "
— hy—1i { 1,
im {3230 tow g} =
And we know that ([2]),
hy=1im H(S,|S_,---S)<H(S,|S). (2)

The right side of (2) is equal to
— 22 a(s{a(s,|s) log q(s,[s)}.

But q(sls)= Y p@a)et= > p) and q¢(s)=3 p(xl)%: 1

x2€ Ms182 z1 N

’

therefore
R,=h,<the right hand side of (1).
The equality is actually achieved by some Bernoulli probability measure
determined by a k-dimensional probability vector (§,9,--:9:), as the
output source ¢ becomes Markovian and the equality holds in (2).
Q.E.D.

A channel y is ergodic if and only if ergodicity of input source
implies ergodicity of the compound source . As well known ([4], [6]),
ergodicity of a channel implies C;=C,. We can deduce easily that per-
mutation channels are not ergodic in general, even if the associated
graph is connected, but we get the following:

Theorem 3. Let G be a graph representing a permutation ma-
chine A. If Gis (weakly) connected, then for the permutation channel
v constructed from A, the stationary capacity and the ergodic capacity
consist, i.e., C;=C,. (Weak connectedness implies strong connectedness
in this case.)

Proof. For the Bernoulli probability measure p determined by
the vector (p,---7;) defined in the proof of the previous theorem, the
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compound source r(.)=7(.; p,v) is Markovian by Theorem 1. Let us
prove that this Markov chain is irreducible. The Markov chain » is
stationary as both the input source p and the channel are stationary, so
it suffices to prove that the graph H which represents transients of the
Markov chain 7, is weakly connected. The graph H can be constructed
easily using the graph G by the following method :

Put H=X X G, where an edge b—a for a=(x,s), b=(@',8) e XX G
exists if and only if the edge (s,s’) indexed by x exists in G, i.e.,
o(s’, x)=s, Actually,

r((xs)|(2's") =p(x)q7, >0
if and only if ¢%,>0 which is equivalent to z(s’, x)=s. (We can assume
p(x)>0.)

For any state s and any letters x, 2/, the vertices (x,s) and (2, 8)
are weakly connected as for any z”/, the edges (x, s)—(x”/, s) and («/, )
—(x”, 8') exist, where s’=z(s,2””). The notation of weakly connected-
ness is (x, s) ~(2/, s).

Now let us prove that (x,,s,)~(x,,s,) for every s,,s,, 2, %,. The
states s, and s, are strongly connected in G, hence there exists a se-

quence of input letters x,,x,,x, and a sequence of indexed directed
edges

%3 A Lo
8;—>844y Siy—>840 * " * 5 Sip_,—> S0
Then for any « a sequence of edges (, 8,)—(%s, 8;,), (&3, 8;,)— (X4, S,
sy @y, 84, )— (@, 8,) exists, therefore putting x=x, we get (x,,s,)
~ (&, 8,) ~(X,, 8,), which implies that H is weakly connected and r is
ergodic.

References

[1] Cerny,J.: Approximation in the space of information channels. Informa-
tion and Control, 16, 384-395 (1970).

[2] Feinstein, A.: Foundations of Information Theory. MacGraw-Hill (1958).

[3]1 Hartmanis, J., and Stearns, R. E.: Algebraic Structure Theory of Sequen-
tial Machines. Prentice-Hall (1966).

[4] Jacobs, K.: Ergodic decomposition of the Kolmogorov-Sinai invariant.
Ergodic theory (edited by F./B. Wright). Proc. of International Sympo-
sium, Tulane Univ. Oct. 1961, Acad. Press, pp. 173-190 (1963).

[5] Ore, O.: Theory of Graphs. Coll. Publ.,, Amer. Math. Soc., 38 (1962).
[6]1 Parthasarathy, K. R.: On the integral representation of the rate of trans-
mission of a stationary channel. Ill. J. Math., 5, 299-305 (1961).

[7] Nakamura, Y.: On finite-memory Markovian channels (to appear).



