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34. Note on Products of Symmetric Spaces

By Yoshio TANAKA
(Comm, by Kinjiré6 KUNUGI, M. J. A., Feb. 12, 1974)

1. Introduction: In [7, Corollary 4.4], we have shown that if X
18 a locally compact, symmetric space and Y is a symmetric space, then
X XY is a symmetric space.

In this note, we shall show this result is the best possible.
Namely, we have

Theorem. Let X be a regular space. Then the following are
equivalent.

(a): X is a locally compact, symmetric space.

(b): X XY is a symmetric space for every symmetric space Y.

According to A. V. Arhangel’skii [1], a space X is symmetric, if
there is a real valued, non-negative function d defined on X xX
satisfying the following:

(1): d(z,y)=0 whenever x=vy, (2): d(x,y)=d(y,x), and (3):
ACX is closed in X whenever d(x, A)>0 for any x ¢ X —A.

Metric spaces and semi-metric spaces are symmetric.

We assume all spaces are Hausdorff.

2. Proof of Theorem. For proof, we use the method in [3,
Theorem 2.1].

The implication (a)=>(b) follows from [7, Corollary 4.4].

To prove the implication (b)=>(a), suppose that X XY is a sym-
metric space for every symmetric space Y, and that a regular space X
is not locally compact.

Since a countably compact, symmetric space is compact [5, Corollary
2], X is not a locally countably compact space.

Then there are a point z,€ X and a local base {U,: ac A} at xz,

such that each U, is not countably compact. Hence, for each ac A4,
there is an infinite, discrete closed subset {xf:7=1,2, ...} of X such
that zz ¢ U.,.
Topologize A with discrete topology. Let A,=A X {i} for each positive
integer 4, and let 373, A, be the topological sum of A;,. Let X,=3>7,A4,
U{cc} and let {V,(c0): j=1,2, - - -} be a local base at the point co, where
Vi(0) ={co}"Ur=; As. Then a regular space X, has a ¢-locally-finite
base. By J. Nagata and Yu. M. Smirnov Metrization Theorem, X, is
a metrizable space.

Let [0, ] be the ordinal space, where o is the first countable
ordinal number.
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Let X, be the topological sum >, 4 [0, o] X {a} X {¢}, where N is the
1EN

set of positive integers.

Then X, is clearly a metric space.

Let Y be a quotient space obtained by identifying each («,?) with
(v, @, %), and let f be a quotient map from the topological sum X, + X,
onto Y. Then each fiber of f consists of at most two points. Thus
a quotient map f on a metric space X,+ X, is a II-map in the sense of
[1]. Since the image of a metric space under a quotient, /7-map is
symmetrizable [1, Proposition 2.2], Y is a symmetrizable space.
(Moreover, we shall remark that Y is a paracompact space.)

By assumption X X Y is a symmetric space, and hence a k-space,
for symmetric spaces are k-spaces [1].

Thus, by [4, Theorem 1.5], h=ixyX f is a quotient map from X
X(X,+X,) onto X XY.
For each e A, let
Sa=jgv{(x;,j)} and S,;==8,x{a}x{i}.
Let S=U,ea (S.;,). Then we see that 2-'(S) is closed in X X (X, + X,).
Thus S is fll(v)sed in X XY, for h is a quotient map.

On the other hand, (z,, o) € Cly,yS—S. Indeed, for any basic

open subset

0=V (x,) X W(co) containing (x,, co),
there is o, € A and j, € N such that U.,C V(x,) and (a,, j,) € W(c0).
Since, for each positive integer i, z;° € U.,, there is a positive integr i,
such that

(x:;', (%9, a9, 70)) e ONS.

Thus (x,, o) € Cly+S—S.
Hence S is not a closed subset of X xY. This is a contradiction.
Thus X XY is not symmetric space. Hence X is locally compact
space. That completes the implication (b)=>(a).

As a generalization of the first axiom of countability,
A. V. Arhangel’skii [1] has introduced the notion of the gf-axiom of
countability.

That is, a space X satisfies the gf-axiom of countability, if for
each x € X, there is a sequence {g,(x)};, of subsets containing x with
the following :

A subset O of X is open whenever for each x ¢ O, there is a posi-
tive integer ¢ such that g,(x)CO.

Symmetric spaces satisfy the g f-axiom of countability, and spaces
satisfying the gf-axiom of countability are sequential spaces in the
sense of [2].

Using the same argument as in Section 4 of [7], by [6, Theorem
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2.2] and [6, Corollary 2.4], we have

Lemma. Let X and Y satisfy the gf-axiom of countability, and
X a regular, locally countably compact space. Then X XY satisfies the
gf-axiom of countability.

From Lemma and the implication (b)=>(a), we have an analogous
result for spaces satisfying the gf-axiom of countability. Namely,
we have

Theorem. Let X be a regular space. Then the following are
equivalent.

(@): X is a locally countably compact spaces satisfying the gf-
axiom of countability.

(b): X XY satisfies the gf-axiom of countability for every space
Y satisfying the g f-axiom of countability.
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