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58. Asymptotic Distribution mod m and Independence
of Sequences of Integers. 1II

By Lauwerens KUIPERS* and Harald NIEDERREITER**’
(Comm. by Kenjiro SHODA, M. J. A., April 18, 1974)

This is the continuation of the paper on the preceding pages. For
notation and terminology, we refer to the first part. The numbering
of theorems, definitions, and equations is continued from the first part.

We remark that if (a,) and (b,) are independent mod m, then (a,)
and (a,+b,) need not be independent mod m. For, otherwise, since
(a,) and (0) are independent mod m by Theorem 4, (¢,) and (a,) would
be independent mod m, which happens only under special circumstances
(see Theorem 3). However, the following result can be shown.

Theorem 7. Let (a,) and (b,) be independent mod m with (b,)
u.d. mod m. Leth,k,leZ be such that g.c.d. (I, m) divides k. Then
the sequences (ha,), n=1,2, - .-, and (ka,+1b,), n=1,2, - - -, are inde-
pendent mod m.

Proof. Let ¢ e Z be a solution of the congruence lx =k (mod m).
By a remark following Theorem 6, the sequence (¢a,+b,), n=1,2, ...,
is u.d. mod m. For r, se Z we have

lAa, =7, g0, +b,=9)|=||Al@,=7,b,=s—q1)|

=||A<ansr>n-\lA(bnss—qr)n=uA(ansr>u-—j}z

=[|A@,=n|-|Alga,+b,=9)|,
and therefore the sequences (a,) and (qa,+b,) are independent mod m.
Thus, by Theorem 2, the sequences (ha,) and (lqa,-+1b,) are independ-
ent mod m. But the second sequence is mod m identical with (ka,
+1b,), and so we are done.

Remark. Theorem 7 has the following partial converse. If (a,)
and (b,) have « and g as their a.d.f. mod m, respectively, if a(j)>0 and
B >0 for all 7, and if (@,) and (b,) are independent mod m, then the
independence mod m of (a,) and (ka,-+1b,) implies that g.c.d. (I, m)
divides k. For if k were not divisible by g.c.d. (I, m), then we would
have

lA(a,=0)|-||Atka, +1b,=k)||=||A(e,=0, ka,+1b,=k)|
=|A(e,=0,1b,=k)|=0.
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This would imply ||A(ka,+1b,=k)||=0. But by Theorem 1 we have
m—1
Ak, +1b,=k)|= 22 amp(s)=a(Dp)>0,

7,8=0

kr+lss’k(mod m)

which results in a contradiction. As the above argument shows, the
condition on « and 5 may even be relaxed.

We generalize now a result of Kuipers and Shiue [2].

Theorem 8. Let (a,) and (b,) have & and p as their a.d.f. mod m,
respectively, and let (a,) and (b,) be independent mod m. Let j be a
fized integer with a(5)>0, and let (ay,) be the subsequence of (a,) con-
taining all elements a,, with the property a,,=j (mod m). Then the
sequence (c,), where c,=b,, for n=1,2, -, has g as its a.d.f. mod m.

Proof. Let r be an integer. We observe that A(ky;J,a,)=N
and A(ky; 7,a,;7,0,)=AWNN;r,¢,) for all N>1. From the assump-
tions of the theorem, we have

lim A(kN; .7" a’n; T? bn)/kN’:l[A(anEjr bn‘—-:r)“:“(j)ﬁ('r)

N—co

and lim N/ky=1lim A(ky; j, @)/ kx=a(j). Now write

N-—oo N-

AWN; 71, c) _ Alky; 5,005 7,04)  Ey
N ky ‘N’
and letting N—oo, we obtain the desired result.

Remark. The sequences (a,) and (¢,) in Theorem 8 need not be
independent mod m. Consider the following example. Let m=2, let
(a,) be the periodic sequence 0,1,0,1, - .- of period 2, and let (b,) be
the periodic sequence 0,0,1,1,0,0,1,1, - - - of period 4. Then (a,) and
(b,) are independent mod 2 and u.d. mod 2. Choose j=0 in Theorem
8; then (¢,)=(a,), and (a,) and (c,) are not independent mod 2.

Most of our results on independent pairs of sequences can be ex-
tended to independent tuples. For s>3, let (@), --,(@%) be s se-
quences of integers. For N>l1landj, - --,5.€Z, let AWN; j,al;---;
75, @) be the number of n, 1<n<N, such that simultaneously a®
=7, (mod m) for 1<i<s. We write

AP =7, -- -,a,‘f’-=-is)ll=llvim AN jad s -5 40PN
in case the limit exists.

Definition 3. The sequences (a$), - - -, (¢%) are called independent

mod m if for all 7, -.-,7,e Z with 0<7,<m for 1<i<s the limits
|A(@P =7y, - -+, aP=7,)| exist and we have

lA@P=d, - aP =0l =]] | A@P =)l

Theorem 9. If the sequences (@%),---,(@®) are independent
mod m, then for any integer t with 2<t<s the sequences (al), - - -,
(a®) are independent mod m.

Proof. We have
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m—1
AWN; 7,0 '--;y,,aif’)=j Zj 0A(N;yuou‘}’; cee Je 0F).
t+1,0005 8=

Divide by N and let N—sco. Then
m=1
AP =7, 0f=7)|= ; 2 OIIA(aif’Ejl)]l- AP =7

t+15005J8=

= A@P=D)]- | A =1
(2 1aesr=il)-- (Slaer =)

Jt+1=
=A@ =i - - AlP =)

Remark. If for all £ with 2<t<s, all t-tuples that can be formed
from a given s-tuple of sequences are independent mod m, then the s-
tuple itself need not necessarily be independent mod m. We offer the
following simple counter-example. Let (@,) be the periodic sequence
0,1,0,1, - .- of period 2, let (b,) be the periodic sequence 0,1,1,0,0,1,
1,0, - . - of period 4, and let (¢,) be the periodic sequence 0,0,1,1,0,0,
1,1, .- of period 4. Each of these sequences is u.d. mod 2, and it is
easily seen that they are pairwise independent mod 2. However, the
triple (a,), (b,), (¢,) is not independent mod 2 since ||A(a,=1,b,=1,¢,
=1|=0.

The following three results are shown in exactly the same way as
Theorems 1, 2 and 3, respectively.

Theorem 10. The sequences (a),- - -,(a) are independent mod m
if and only if for all hy, -+, h,€ Z the sequence (h,al+ - .. +ha),
n=1,2, ..., has an a.d.f. mod m given by
[ARGL + - - - +haP =7

= 5 lA@P=r)]- - -| AP =]

T1yeer,7s=0
hiri+e+o+ hsrs=J(mod m)

(4)

forall je Z.

Theorem 11. Let (), - .-, (@) be independent mod m, and let
hy -+ hseZ. Then (hald),---,(hal) are independent mod m.

Theorem 12. Suppose (a,) has « as its a.d.f. mod m. Then (a,),
.-+, (a,) are independent mod m if and only if a(j)=1 for some j.

The following is an analogue of Theorem 4.

Theorem 13. Suppose (a,) has o as its a.d.f. mod m. Then (a,),
B®), -+, (e are independent mod m for any sequences (by"), - - -,
(B¢ independent mod m if and only if a(j)=1 for some j.

Proof. First we show the necessity. It is easily seen that the

sequences (a,), (c), - - -, (¢¢~?) are independent mod m, where (¢)=(0)
for 1<i<s—2. Therefore, by the given property of (a,), the sequences
(@), (@), (c®), -+, (c¢?) are independent mod m. It follows from

Theorem 9 that (a,) and (a,) are independent mod m, so that an appli-
cation of Theorem 3 completes the argument.
Now suppose that a(j)=1 for some 7=0,1, ..., m—1, and let (b{),
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<o+, (b8Y) be independent mod m. For =, -,7, e Z with 0<r,<m
for 1<i<s and 7r,#j we have AWN;r,a,; 15, 0L ; - 75, 08D
<A(N ;r,a,) for all N>1, so that
0=||Ala,=7, P =1y - - -, bE V=1 ||=| Ala,=7) || ﬁ TABS Y =7r)].
Furthermore, we have =
AN 15,085 -5 15, DFD) ”‘Z‘:‘ AN k,a,)

N 2N
AW, 557,085 - 51, bETD)
B N
AW 7, b5 51y, bETY)
N N

for all N>1, hence
1A@u =5, 0P =1, -, bEP =)= ABP =1, -+, bV

=14, =7|- [ 140§ =r)].

Thus (a,), (b)), - -+, (bE?) are independent mod m.

With an admissible s-tuple mod m of sequences defined in obvious
analogy with Definition 2, we have the following criterion.

Theorem 14. The s-tuple (c), - --,(c) is admissible mod m if
and only if each (¢), 1<i<s, has an a.d.f. mod m (denoted by 1;, say)
and (7)) =r)="--=71,)=1 for some integers ji, - - -, ;.

Proof. To show necessity, let (a,) and (b,) be an arbitrary pair
of independent sequences mod m. By repeated application of Theorem
13, it follows that (a,), (b,), (0), - - -, (0) are independent mod m, where
we have added s—2 sequences (0). By hypothesis, the sequences
(a,+e®), (b, +c®),(c®), - .-, (c®) are independent mod m ; in particular,
the sequences (a,+c¢$) and (b,+c®) are independent mod m by Theo-
rem 9. This shows that the pair (¢{), (¢) is admissible mod m, so
that Theorem 5 can be applied. As to the other sequences (¢{), one
proceeds in a similar way.

In order to prove sufficiency, one shows that if (ay), - -, (@) are
independent mod 7, then one can take the sequences (¢’), one at a
time, and add them termwise to the corresponding (¢{) without affect-
ing independence mod m. The method is completely similar to that in
the sufficiency part of the proof of Theorem 5. One uses, of course,
Theorem 10 instead of Theorem 1.

Theorem 6 has an obvious analogue, for one shows by the same
method (replacing, of course, the application of (2) by the application
of (4)) that if (@®), ---, (@) are independent mod m and u.d. mod m
and if A, ..., h,; are integers with g.c.d. (k, -, h,, m)=1, then the
sequence (2,0’ + - - - +hal), n=1,2, - .., is u.d. mod m.

The following is an analogue of Theorem 8.
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Theorem 15. For 1<i<s, let (@) have «; as its a.d.f. mod m,
and suppose that (ad), - - -, (@) are independent mod m. For given
te Z with 1<t<s, let j,---,J, be ﬁxed integers such thot a;(7,)>0
for1<i<t. Letk <k, <...<k,<.-. bethe sequence of all subscripts
for which o’ =j, (mod m) for all 1, 1<z<t Then for the sequences
@by, -, (@) we have

”A(a(Hl):]tn’ * (s)_]s)ll—||A(a(t+l)_Jt+1’ T a/r(zS)Ejs)”
forall j,,.,--+,7:€ Z. Furthermore, if t<s—2, then (ag*?), -, (@®
are independent mod m.

Proof. Let j,.., ---,7; be integers. We note that A(ky; 7,0 ;

3 Tee)=N and Alky; 7,085 J6 ) =AWN 5 Jopr, 655 -+ 5 T
o) for all N>1. From the assumptions of the theorem, we have
lim A(ky; 7,05 -5 0 a) [ky=[A@P =], -+ -, 0 =75

N —oo
=ay(7) - a,(fy)
and
lim N/kN=}Vim Aley; Jad s -5 0 a) [Ey=|Al@P =7, - - -, 0P =7) |

N—ooo

=a,(7) - - -, (Gy).

Now write
AN ; Jepp oD 50 08) _ Alky; 75,005 -5 05 08)  ky
N N ky N’
and letting N—co, we arrive at
(5) ”A(al(ct,,H)Eij . l(c?:]s)“_at+1(.7t+l) -as(fs)

=”A(a;zt+1)5.7t+1y Tt )afiz,S)Ejs)”'
This proves the first result. By keeping one 7,, t+1<i<s, in (5) fixed
and summing over all the other j,, t+1<p<s, p+4, from 0 to m—1, we
arrive at |A(e{) =7) ||=a;(j) for t+1<i<s. Therefore (5) shows also
that the sequences (a{’*?), - - -, (af)) are independent mod m.
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