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108. On Common Fixed Point Theorems of Mappings

By Kiyoshi ISEKI
(Comm. by Kinjiré6 KUNUGI, M. J. A., Sept. 12, 1974)

In his recent book [1], V. I. Istratescu proved some common fixed
point theorems about contraction mappings. In this paper, we shall
generalize his results.

Let (X, p) be a complete metric space, and T, (k=1,2,---,n) a
family of mappings of X into itself.

Theorem 1. If T, (k=1,2, -.-,n) satisfies

) T,T,=TT (k,1=1,2,---,n),

2) Thereis a system of positive integers m,, My, - - -, M, such that

p(T{"‘T;"” e T;”"x, T{”ITQ”’ “e T;Lnny)
(1) Sap(x, Y) +.3[P(90» Ty - - Tymx)
+ oy, TMmTy- . - Troy]+ylo(x, TP Ty2- - - Trey)
+o(y, T T3 - - Thra)]
for every z, y of X, where a, B, y are non-negative and a+28+2y<1,
then Ty (k=1,2...,n) have a unique common fixed point.

Proof. To prove Theorem, we use I. Rus theorem [2]. Let U

=TmTr:...Tm™ then by (1), we have
o(Uz, Uy) <a(x,y)+ plo(x, Ux)+ p(y, Uy)]
+rlp(z, Uy) + p(y, Ux)]
for all z, ¥y of X. Hence by I. Rus theorem, U has a unique fixed
point ¢ in X. Therefore U&=¢, then we have

(2) T(U&s=T¢ (t=1,2,.--,n).
By the commutativity of {T}, (2) implies
UT®=Ts.

Since U has a unique fixed point & we obtain T,6=¢ (i=1,2, ---,n).
Hence ¢ is a common fixed point of the family {T}.

Let &, 7 be common fixed points of {T,}, then by (1), we have

o(&, PN =p(U&, Up <ap(&,n)
+ Blo(&, UE) + p(y, U1+ 7lo(&, Up) + o(y, U],
which implies
o(&, P <ap(&, n)+27p(&, 7).

From a+2y<1, we have p(§,7) =0, i.e. §=7. We have the uniqueness,
and we complete the proof.

Theorem 2. If {T;} satisfies the conditions:

1 1T, .--T, commutes with every T,

2) for every z,y of X,
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oT\T, - Ty, Ty Ty - - Tyy) <ap(®, )
( 3 ) +,B[P(x’ T1T2 e Tnx) +P(y’ TnT'n—l e le)]
+110@, T Ty - - T+ 0, T Ty - - To@)],
where a, B,y are non-negative, and a+2p+2y<1, then T, (k=1,2, .- -,
n) have a unique common fixed point.

Proof. LetU=T1T,---T,,V=T,T,_,---T,, then by (3), we have

(4) o(Uz, Vy) <ap(x,y)+ Blo(z, Ux) + oy, Vy)]

+rlo(x, Vy) + oy, U)]
for all =,y of X. By I. Rus theorem [2], U and V have a unique
common fixed point &, Then Us=VE=¢.

For any T,, T(U&=T,. By the assumption, U(T;&)=T,t. T;&
is a fixed point of U, and ¢ is a fixed point of V. By the relation (o),
we have

o(T:&, &) <ap(T &, &) +2ro(T £, ).

Hence T,6=¢ (1=1,2, - - -, n), which means that ¢ is a common fixed
point of {T;}. It is easily seen that ¢ is a unique common fixed point
of {T,}. This completes the proof.

Remark 1. InTheorems 1,2, if a=y=0, then we obtain Istratescu
results (see [1], pp. 100-105).
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