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We denote by D the unit disk [2|<1 and by I its boundary |z|=1.
The cluster set Cp(f,€*’) of a complex-valued function f(z) on D at
e ¢ I is the set of values « in the extended plane such that lim f(z,)

=« for a sequence {z,} in D convergent to €. Let H={H(0)},ivcr be
a family of subsets H() of I" such that

(1) e ¢ H'(6)

for each e’ ¢ I', where H’(0) is the derived set of H(d). We define the
boundary cluster set Cr4(f, €*’) relative to the family H at e’ ¢ I" by

(2) Cru(f,e”)= Q) M. ()
where we set
(3) Mﬂ(0)= UeiﬂfeH(B),0<|0’—0[<q Cpr(f,e").

Here and hereafter the bar indicates the closure. We stress that no
regularity of f(z) such as holomorphy or continuity is postulated. The
purpose of this note is to prove the following

Theorem. The boundary cluster set Cry(f,e*) coincides with
the ordinary cluser set C,(f, e¥) for every e in I' except possibly for
a set of category I in the Baire sense.

This is originally obtained by Collingwood [1],[2] for a family
H={H(6)}isc, such that
(4) H@O)D{e! ; 6’ e (6—71,06)} [{e” € (4,64}, resp.]
for an >0 for every e’ ¢ I'. Clearly (4) implies (1), and our theorem
generalizes that of Collingwood.

Proof of Theorem. Suppose that M@ ={e?; Crz(f, )
#Cp(f, e} is of category II. Let {¢,} be a monotonically decreasing
sequence of positive numbers such that lime,=0. We denote by

Nn—> 00

Cru(f,e"),., the closed set of points whose spherical distances from
Cru(f,€"’) are at most equal to e¢,. Let E,=/{e¥; Cp(f, )
—Cru(f,e")..,+¢}. Obviously M@ =UE,. Hence there exists at
least one N such that E, is of category II. Let {4,, 4,,---,4,} be a
finite triangulation of Riemann-sphere such that each 4, has a spher-
ical diameter less than ey/4. For each y, let Ey ,={e € Ey;{Cp(f, €")
—Cry(f, €,y N4,#¢}. Then Ey=;c,<nFy,, and therefore there
exists at least one M (1 <M <m) such that E y is of category II.
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Suppose that Ey , is dense on an arc (e*’, e'*)={e¥; §,<0<6,}.
Choose an e* in Ey 5, N (e, e'®). Obviously, [4y, Cru(f, €9]1>38¢y/4,
where [, -] denotes the spherical distance. Hence we can easily see
that there exists a positive number 5 such that [4,, M,(0)]1>¢y/2,
where

M50 =U.sern,10-001<:C(S > €7).
Therefore there exist an e e H(§,) N (g%, gi%+n) N (g1, ¢¥?) and a
positive number p such that [4y, f(2)]1>¢y/3 for every ze DN U(e', p),
where U(e'’, p)={;|{—e" |<p}. Hence for every e’ e I'NU(e", p),
[dy, Cp(f, €)1 >ey/3. On the other hand, since Ey,, is dense on
(e, )N U(et, p), there exists an e” e Ey , N (", )N U(e™, p).
For such e¥”, 4, N Cp(f, )= ¢ by the assumption of Ey ;. This is
a contradiction. Q.E.D.

References

[1] E. F. Collingwood: On sets of maximum indetermination of analytic func-
tions. Math. Zeitcher., 67, 377-396 (1957).

Addendum: On sets of maximum indetermination of analytic funec-

tions. Math. Zeitcher., 68, 498-499 (1958).

[2]




