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§1. Introduction. In this paper we shall extend some well-
known results on the system of ordinary differential equations of Briot-
Bouquet type to the system of Pfaffian equations. By a system of
Pfaffian equations of Briot-Bouquet type we mean a completely in-
tegrable system of Pfaffian equations

d’u,;= i; fik(uu sty Uy Lyy * v 0y xn) dxk,

i: 1, ey, m’
k=1 X
or
o, ik ; .
(1) xk‘“—:‘——f (u’x), ":1”",7’?’, k:l,--',%,
o0y,
where the f* are functions holomorphic at the origin u,=-..=u,
=x,=...=2,=0 and vanishing there. By the use of the usual multi-
index notation: a=(a;, -+ -, @n), =(By - -+, Bn), the Taylor expansions
of the f** are expressible as
T, @)= dhu,+ 3 0w, - Y atsunat,
#=1 v=1 lal+TB 122
By denoting A; the matrix formed by the coefficients of u,, - - -, u,,
in the developments of f'%, ..., f™k, let A%, - - -, 2% be the eigenvalues of

Ay,
The complete integrability condition for (1) can be written as
follows:

(2) i ot S+ o5 _ i a‘a};’;k fﬂl'l'xz——afik .

u=1 au# 0%y, p=1 ox;

§2. Formal integration.
Theorem 2.1. Suppose that
(1) All the Ay, k=1, - .-, n, are similar to diagonal matrices;

(ii) For any system of non-negative integers («,, - - -, an, B), there
exists an index K, 1<K<n, such that
B+ 0,5+ B, i=1, ..., m.
p=1
Then there exists a formal transformation of the form
(3) U= 2, Dy, 0+ 2, Dl 4+ > phvtat,
p=1 y=1 lal+] g 122

which transforms the system (1) into the system
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(4) 200 = 3, =1, m,
axk

where P=(p;,) € GL(m,C) and 2%, - - -, 2%, are suitably renumbered for

each k.

Theorem 2.2. Suppose that there exists an index K, 1<K<n,
such that

£ a5+ B, i=1, -, m,
p=1
for any system of non-negative integers (ay, - - -, an, B) with the excep-
tion of the trivial m equalities: 2¥=2%.
Then there exists a formal transformation (3), which transforms
the system (1) into the system (4).

In order to prove Theorems 2.1 and 2.2, it is sufficient to prove the
following three lemmata:

Lemma 1. There exists an invertible linear transformation
m
ui:Z;pi/v,u’ 7/=1’ s, M,
e

which takes (1) into a system

wp 0 =g, 3T b+ > biveat,
L v=1 lal+TB 122
Lemma 2. For a completely integrable system
(5) xk—%=2{mi +2 oz, 4+ > atkucat,
0% v=1 ||+ 8122

one can find o unique transformation
n
U=V + ; piw,,
which transforms (5) into a system

0V _ v+ 3 b,

Ty la|+T8 22

Ly

Lemma 3. A completely integrable system of the form

(6) 20 = Y atueat, N>2,
0%y Jal+TB 2N
18 tramsformed by a transformation and only one
(7) u=v;+ >, pioa’
la|+IBl=N

into a system
a’vi k, ik pya
= Ak, bikvxt,
# 0% +1a|+|%':zzv+1 #
Lemma 1 is an immediate consequence of the assumption (i) of
Theorem 2.1 or the assumption of Theorem 2.2 and the relations 4,4,
=A,A; which are deduced from (2). Lemma 2 is easily proved from

the assumption (ii) of Theorem 2.1 or the assumption of Theorem 2.2
and the relations

X
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(=2 +0)a=(—2+0Malt
which are derived from the complete integrability condition for (5).
From the integrability condition for (6) we obtain

(8) (35 @i+ p)ats= (35 (= 0002+ i Jah.
u= u=
The transformation (7) is invertible as
Vi=Ug— DL P,
lal+]gl=N
whence
v,

o —Rut 3 (= (St + Bt Jurat
0%y lal41B =N a=1
Inserting (7) into the right-hand side,
ool =t 3 (05— (5 @0+ ool o+
pre

L lal+lgl=N

from which follows Lemma 3 in virtue of (8).

§3. Convergence of formal transformation.

Theorem 3.1. Suppose that the assumptions (i), (ii) of Theorem
2.1 and the following assumption are verified:
(iii) Foreachk, k=1, --.,n, one finds, in the complex plane, o straight
line passing through the origin in such o way that the eigenvalues
AL, oo, 28 and unity lie in the same side of the line.

Then the formal transformation (3) does converge.

Theorem 3.2. The formal transformation (3) converges under
the assumption of Theorem 2.2 and the following :
(iii)’ The eigenvalues A%, - - -, 2% and 1 lie in the same side of a straight
line in the complex plane passing through the origin.

There is no loss of generality in supposing that the system (1) is of
the form

ou,
9 1 Ry, — ok uch.
(9) L o, 1 Uy mém aph &
Then the formal transformation (3) takes the following form:
(10) u=v,+ >, DLt
la|+] 122

Substituting (10) into (9) and using (4), we obtain
(35 @— 02+ B )P =Puy(lp it
=
where the P, are polynomials in pé.,., 1<t<m, |o'|+|f'|<|a|+]|Bl, whose
coefficients are linear forms in a%.,., |«”|+|8"|<|a|+|Bl. We take a
convergent power series > , . 522 A.u°2?, which is a majorizing series

for all 37, 4122 0F5ua?, and set
Fu,n= 3, A,ux’

lal+] 122
Next we choose a positive constant p so that we have

Zl (a,u—aiy)lf + ‘BK ZP
p=



No. 6] System of Pfaffian Equations of Briot-Bouquet Type 286

for some K, 1<K <n, and for any («, p) with |«|+|8|>2. We see that
the system of equations in u,, - -+, U,

o(u;—v)=F(u, x)
has a solution expressible by convergent series

u=v,+ >, P’
la |+l 8122

and that 3, . 520 Pio*2? is a majorizing series of 37, . 5122 DL0°2° for
i=1, -, m.
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