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37. On the Roots of the Characteristic Eqution
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(Rec. March 1, 1929. Comm. by T. TAKAGI, M.I.A., March 12, 1929.)

The well-known theorem of Frobenius, that all the roots of the
characteristic equation of a unitary matrix are of absolute value 1 is
recently proved by Mr. H. Aramata® and Mr. R. Brauer? simply. I
will here give another simple proof and a generalization of it.

Theorem. Let the transformation,

Xi=anti+...+awme,, Xi=aux1+...+awmen,

Xo=0ni®1+ ... +0nan , Xo=0ni1+ . .. + Cunn ,

@iz, T; being congugate complex of au and x;, make a function
F(xy, x1,. . .2, 2,) tnvariant, such that

(1) F(Xy, Xi. .. Xon X)=F(@y, @1 . .0, ) ,

where F satisfies the following conditions :
(i) FQai, 21, . 3%, M) =2/ F (@1, 1. . .20, Tu), k being a real number.
() F@;, @1 . %, @) =0, =00 for |zm|+|zel+ ... +|2a] >0.

Then all the roots of the characteristic equation of the matricx A="{ay)
are of absolute value 1.

When F=z%,+...+2.%,, A becomes a unitary matrix.

Proof. Let 2 be a root of the characteristic equation of A. Then
the linear equations,

.....................

p=0n 1+ . ..+ CppPn ,

has a solution (x;, x, . ..2,) such that
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@ 1] + lel 4 . . . + lwal =0
For such a solution, we have by (1)
F(ixy, 2%y, . o . A%, A Tn) = F(1, 21, . . . L, Tn)

and from (i)

FQx1, 221, . . . A%, A Tp)=|1|[*F (@1, T1y . . . T, Tn) -

Hence
[2[*F (s, 21 . . Tn, Zn)=F @1, 21, . . .2n, T)
and by (ii) and (2), we have
|2fF=1 or l7]=1, q.e.d.
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