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10. Notes on Fourier Series (IIl) : Absolute Summability.

By Shin-ichi IZUMI and Tatsuo KAWATA.
Mathematical Imstitute, Tohoku Imperial University, Sendai.
(Comm. by M. FUJIWARA, M.LA., Feb. 12, 1938.)

1. Let
(1) goan
be a series such that
@ ni:()a,, o

is convergent for positive p <<1. We denote (2) by f(p). If f(p) is of
bounded variation in (0,1), that is

[17e1ae  ©<r<y)

is bounded, then we say that (1) is absolutely summable (A) or simply
summable |A|.Y The absolutely convergent series is summable |A| and
the series summable | A| is summable (A).

Let f(x) be an integrable function, periodic with period 27, and its
Fourier series be

3) fzx) ~ —g‘l +§;—‘_.1 (a, cos nx+b, sin nx)s% A, (x).

Let {1.} be a sequence of real numbers. If the trigonometrical series
@ pHWEC)

is summable | A| for almost all z, then {1,} is called the absolutely
summable factor of (3).
B. N. Prasad® proved that if 2, is one of the following®

1 1 1
5 . , , yoeecas 0>0
®) (log n)'*% " log n(logy n)**8 log 7 log; n(logs n)t+? ( )

then {4,} is the absolutely summable factor. We will prove that if
{2.} tends to zero and is convex and further

(6) iz log n-di,

converges, then {1,} is an absolutely summable factor. If 2, tends to
zero monotonously, then the convergence of (6) is equivalent to that of

S

n=1l N :

1) J.M. Whittaker, Proc. Edinburgh Math. Soc., 2 (1930-1931).
2) B.N. Prasad, Proc. London Math. Soc., 35 (1933).
3) log, n=Ilog (log =), logrn=log (logx-1n) for k> 2.
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Therefore (5) satisfies the above condition.

In the papers concerning summability | A|, Poisson kernel plays the
most important role. In this paper, applying Abel’s transformation
some times for the series, we use an elementary property of Fejer’s
mean only. This makes us to treat the problem easily.

2. Theorem 1. If {1,} 13 convex and (6) converges, then {1,} is
an absolutely summable factor of Fourier series.

Let us put

9(, p) =§ A, (x)e",
=2 1
J—S%‘apg(x,p)’dp, 2 <r<l1.

If we can show that J is bounded as r—1 for almost all x, then the
theorem is proved. We have, by the Abel’s transformation,

J= j; \glnl,,An(x)p” ! dp

-,

where d1,=2,—2,:1. The inner sum is

5 {i mAm(x)p”'} dhy

n=1 Um=1

dp,

,gmAm(x)p =:2: (gﬂAﬂ(x)) ap™+p* l‘i‘iﬂAﬂ(x) .

If we denote by s.(x) and ¢,(x) the (rn+1)-th partial sum and (n+1)-th
Féjer mean of (3), then

ﬁ": 1A (@) = (m+ 1){8,(@) — (@)}
=(m+1)t.(x), say.

By the Féjer’s theorem the arithmetic mean of f,(x) is bounded
for almost all but fixed x. We have

n-1(m

S{B s} =5 e+ Dtnterae
=S8 D@3 (e Dt0) -2
+HaZ )-S5 e [l
in-1(m n—2
Sfirasmjar|< B Smesrtrse]
<B gp’"+np"+n24p"]

for % <p<1,By, B, ...... being constants independent of » and p.
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< B Slogn-dhut 1t 3 S dt nta} | < B
L ‘gp"dl..;zl #A (7) [ dp
|
.

< B, 5;[@17»24@"41,,)]@

>} (n+ Dta(w)omaha dp

dp
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n=1

< B[ [ Sneana Jao < B S rar < B
i n=1 n=1

Therefore J < B;+B,.

3. Theorem 2. {1,} satisfying the condition in Theorem 1, is the
absolutely summable factor of Fourier-Stieltjes series.
Let the Fourier-Stieltjes series of g(z) be

dgla) ~ % +i;l (@ cos nx-+b, sin )
and t,(x) be the analogous one in the proof of Theorem 1. Then

[ Ient@)] o

is bounded, t,(x) being the arithmetic mean of ¢,(x).
Since J is an increasing function of 7, it is sufficient to prove that

S:"de

is bounded. Hence we can prove Theorem 3 as Theorem 1.

4. We will add a new proof of the following theorem by the
former method.

Theorem 3.¥ For almost all «

[gpaonr

dp=o(log I%;) asr—1.

If we use the former notation,

1) B.N. Prasad, loc. cit. and T. Takahashi (=Kawata), Proc. Physic-Math. Soc., 16
(1934).
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that is, the left hand side integral is o(log -
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Sind@r =3 {3 4.0 e

= f‘fl(n + 1)t (x)dp™ =§:'1 {,21 o+ l)t,,(x)} £o"
=7§1 _—,:5;‘; {g tu(-"")} +(n+1) :2=1 t,,(x):ldzp” ,

Sind, @

= anE_ln"’A”P” = By 2",

'r | oo ” ad ,rﬂ
[ 1§1nA,(x)p dp < B3 T-,

1

). By the elementary

way O is replaced by o.



