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1. Let a set G of elements a, b, ¢, ..., satisfy the following axioms :

(1) There exists an operation in G which associates with each pair
a,b of G an element ¢ of G, i.e., a-b=c.

(2) The operation satisfies the associative law :

(a-b)-c-d)=(@-c)-(b-d).

3) If a,b,c are any given elements, each of the equations a-x=c¢
and %-b=c is uniquely soluble in G for .,

As an example, we show that a real linear function of two real
variables z,y, i.e.,

xoy=Aic+pytv

satisfies the above axioms (1), (2), (3). Conversely, we shall prove
Theorem 1V, The set G forms an abelian group with respect to
the new operation x+y=z which 1s defined by the equation

a-s+r-b=a-b,

where r and s denote two fixed elements in G.
Furthermore, the operation x-y of G s expressed as a linear func-
tion of x,y with respect to the new operation such that

x-y=Ax+By+te,

where A and B denote the automorphisms of G and are mutually per-
mutable, that i3, AB=BA, and c s o fixed element in G,

Next, let us consider a set G* of elements a, b, ¢, ..., which satisfies
the axioms (1), (2) and the axiom

(8*) There exists at least one unit element 0 in G¥, i.e., 0:-0=0
and, if a is any given element, each of the equations x:0=a and
0-x=qa has at least one solution in G* for x.

As examples, we show that the sum (or product) of two sets a, b
of points, i.e.,

a-b=a+b+0

and a linear differential expression of two real functions xz(¢), y(t) of a
real variable ¢, i, e,
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o) 00 = (3 0u0-L ) a0+ (200 L o,

(Bao-L)(En0-L)=(Zuo-L)(ZunL),

satisfy the above three axioms (1), (2), (8%). Conversely, we have
Theorem 22, Let us introduce a mew operation x+y ~z into G*
which 1s defined by the two conditions :
(i) If z-0=o-0, x~2a.
) If z=a-0 and y=0:b, xz+y=a-b.
Then, the new operation x+y ~ 2 s one-valued in G* and the set G*
forms a commutative semi-group with respect to this operation.
Furthermore, the operation x-y of G* 1is expressed as a linear
function of x, y with respect to the new operation such that

x-y=Ax+ By,

where A and B denote the. homomorphisms of G* and are mutually
permutable, 1.e., AB=BA.

Finally, let us consider a set G of elements ay, day, .-, by, by, ...,
which satisfies the following axioms:

(1) There exists an operation in G which associates with each
class of n elements a, ay, ..., @, of G an (n+1)-th element a4 of G, i.e.,
(a1, @z, -, Q) =00,

(2) The operation satisfies the associative law :

((ab Oy «eey an) ’ (bly b2» trey b'n) 9 e ’ (dl, dZ’ ccey dn))
= ((a'l’ bl’ “eey dl) ’ (0'2, b29 vey d2) 9 reeees ’ (am bm ey dn)) .

(8) If a,b,c are any given elements, each of the equations
(x,0,a,...,0)=¢ and (b,x,a,..a)=c

is uniquely soluble in G for .
Then, we have
Theorem 8®. Let us introduce o mew operation into G such that

(a" €0y €0y +++y eo)+(60’ b) €0y ++y eo)=(a, b3 €0y -y eO) ’

where e;=(ey, €y, -++, €,) and ey, ey, ..., €, denote n fixzed elements in G-

Then, the set G forms an abelian group with respect to the new
operation x+y=2z and the operation (%1, Xz, -.., %) of G is expressed as
a linear function of elements xy, Xy, ..., X, With respect to the new opera-
tion such that

(wh Ly o+ a';1'1,)=A-1wl"|' A2x2+ """ +Anwn+c ’
A;A,=A,4;, (¢, k=12,..,m),

2) G. Birkhoff, Lattice Theory, 1940.
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where A;, As are the automorphisms of G and As Ay ..., A, are the
homomorphisms of G and ¢ denotes a fixed element in G.

2. Proof of Theorem 1. Analogously as my previous papers” ?,
we shall proceed as follows.

Lemma 1, If the two equations x-a=b-y and z-a=b-w hold,
then x-w=z-y.
Lemma 2.
@+7r)-s+@+r)-s=@+y+r) s,
r-(@+s)+r-(y+s)=r-(x+y+s).
Proof. Let us put
r=a-s, y=r-b, a-b=p-s,
r=r.s=r-r"'=¢"r,
s=¢-s=r-s'=s-g".
Then, we have
@+7)-s+@w+r)-s=(@-r")-s+@"b)-(s-8")
=(a@-7") s+ @"8)-(b-5")
=(a-r")-s+r-(b-s")
=(@-1")- (5"
(@+y+7r)-s=@-b+7)-s=(p-1")-(s-5")
=@-8)-0"-5")=(a-b)-("5")
=@ (5",
which shows that the first equation holds.
Similarly, we can prove the second equation by the identities
re(@+s)+r-(y+s)=@""-a)-(s-b)
=r-(@+y+s),

and

for any two elements x, .

Proof of Theorem 1. By means of Lemma 1, we know that G
forms an abelian group with respect to the new operation x+y=z and
that, if we put

(x+7r)-s=Ax and r-(y+s)=By,
then we get, by means of Lemma 2,
x-y=x-s+r-y=A@—r)+By—s)
=Ax+ By+ec,
where —c=Ar- Bs.

3. Proof of Theorem 2. By the definitions, wo have

Lemma 1.

G) If a~a and y~vy, then x-y~o-vy.

Gi) If x2-0=b-y and 2z-0=b-w, then x-w~z-y.

Proof. Since we have

(@--0=(@-0)(y 0)=-0)( 0)=("y)-0,
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(i) holds. Also, (ii) is proved by
(@ w)-0=(x-0) - (w-0)={b-y)-(w-0)
=(b-w)- (y-0)=(2-0):(y-0)
=(z-y)-0.
Lemma 2.
(i) The operation x+y ~ z determines uniquely a third element z
m G* and, if x~a and y~1y, then x+y ~a'+y.

(i) z-0+y-0=(x+y)-0, for any elements x, y.
Proof. 1If we put

x=a-0=a"-0=0-¢,
Yy=d-0=0-b=0-b,
then, by means of Lemma 1 and the definition,
2t+y=a-b~d-c~a-b,
which shows that the operation x4y ~ 2z is one-valued.
Also, we have, by means of Lemma 1,
z:-0+y-0=(a-0)-0+(0-5)-0
=(a-0)-0+0-(b-0)
=(@-0)-(b-0)=(a-b)-0
=(@" ) 0=(z+y)-0.
Consequently, (i) is proved by
(x+y)-0=2-0+y-0=a-0+y"- 0=(2'+%') -0,
that is r+y~o+y.

Lemma 3.

(i) z+y~y+eo.

(ii) «+0~0+2~ux.

(ii)) (@+y)+z~2z+(Yy+2).

Proof. By means of Lemma 1 and the definitions, it is evident
that (i) and (ii) hold.

In order to prove (iii), let us put

z=0-a, y=b-0, 2z=0-c
b-a=p-0, b-c=q-0.
Then, by means of Lemmas 1 and 2, we get

a @ty)+z~@wta)+z~b-a+0-c~p-c
an
z+y+2) ~Y+2)+e~b-c+0-a~q-a,
whence
(x+y)tz~p-c~q-a~x+(@y+=z).

Lemma 4.
i) If 0-z=y-b and 0-2=w-b, then 0-(w-x)=0(y-2).
@) 0-2+0-y=0-(x+y), for any elements 2,vy.
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Proof. Analogously as Lemma 1, we show that (i) holds.
In order to prove (ii), let us put
r=a-0=a-0=0-c,

y=d-0=0-b=0-b.
Then, we get

0-240-y=0-(2-0)+0-(0-b)=(0-a)-04+0-(0-b)
=(0-a)-(0:0)=0-(a-0)=0-(d-¢)
=0-(a"-0)=0-(x+y).

Proof. of Theorem 2. By means of Lemma 8, we know that G*
forms an abelian semi-group with respect to the new operation x+y ~ 2
and that, by means of Lemmas 1, 2 and 4, the operation x-y of G*
becomes a linear function of x,y, that is,

- y=x-0+0-y=Ax+ By.

4. Proof of Theorem 3. Analogously as Theorems 1 and 2, we
apply the following lemmas.
Lemma 1. If the stmultaneous equations

(xy @y @y -y a’)=(by yy Ay ooy a) ’
(z’ @ @y -ey (l):(b, W, @y +-+, a')
hold, then it follows that
(w0, ., 0)=(@9,0a -, 0).
Proof. Putting o'=(a,aq,...,a), we get
((wy w, a, ""a)y a/9 alv ] a,)
=(aa-.,0), @aa..a0), «d,..a)
= ((b, y’ a, b} a/) ’ (w’ a’ a’ Tty a) ’ a'/: a/, 0y a/)
=((b9w’a"“’a)» (y’a,a"“’a), a’a’:""a'

=(@aa-a), @aa...,0), & d .. a)

=(&v.a,0), @, ..., ).

Hereafter, we apply
Notation.
(1) (e ey en)=e and (e ey ---, ex)=¢e, for k=1,2,...,n.
(ii) (CL, €, eO’ teey 00)+(9o; b, €0y o0y 60)=(a: ba eOr tty eO)~
Lemma 2.
@, a,a,..,0)+(v,a,..,a)

=(-’B,y, Ay esey a)+(a: a’ a, "‘?a)’
Proof. If we put
m=(w1; €1 €1 -+ 31),

Y= (yZ’ €3y €3, -+, 92) =(82, yéy €2y -2+ 62)



226 K. ToyopA. [Vol. 17,

and
a=(ay, e e, -, er), for k=1,2,....m,

=(eks a';c’ (97 elc) ’
then, it follows that
(fl}, a: Wy oeey a)'l"(a, y’ Ay ooy a)
- 1y U2y U3y w20y Un) 0y €0y **°y 0y i’ ;, g,"‘, ;‘L ’ 0y €0y ***y €0
= ( (2, @tg, A5 an), € e ) + (e, (a, ¥2, a ar), ege e
= ((wly Az, g, +o, a”n) ’ (a{, yé’ aé’ ceey a/;l,) s €0y €oy - 60)
= ((xh a;’ €1y o0y el) ’ (a2» yéy €2y ¢oey 62) ’ (03, aév €3y +o0y 63) 9 ceccesrssccaceciee

teteneiereeertenenrnenneeesseninasenanersarenoeny  (Qy Oy €ry +ovs en))
and

(x v a, ..., )+ (a, 0,0, ..., @)
= (@1 2 G, -+, @), €0, €0, -+, €0) + (€0, (04, 05, Q4 -, 01, €0, €0y -y 0)
= ((on Yo, @3y -+, @), (0, Ohy GG, ey 00), €0y €0, -ov, €0)
=((x1,a{,el,...,el), Yz, G5, €2 o, 03) 5 (g, Ay By eeey €3) 5 evennveesenrnnnns

et eeeire it era et eheaeaseaeaenes, (an,a,;“em...,en)),
On the other hand, we have, by means of Lemma 1,
(a’Z’ yé’ €2y +eny 62)=(y2, a’é’ Coy ooy 32) ’

which shows that Lemma 2 holds.
Lemma 3.

(1) (g, @y <oy Bmty €hep Tpot1s +++ L) (€, €3, o, €ty Bpy Eevry -- €R)
= (&1, Xz, -+ Bho—1s Ty Lio41y +++» L) ©
(ii) (€1, €2+, €1, Ty Cotis ++-» €n) (€1, €3, -, €lt, Yty €let1 -+, €n)
= (€}, €5y ++5 €1, Tt Y= €y €41, -5 €n) -
Proof. If we put
;= (a, € €, -vr0), for i=1,2,...,m,
=(e; ai, €;, ++-, ), for i=
y;=(e;, b, €5, ..., €;), for <
then it follows that

/ 4 / / /
(X1 +eey L1y €1y Bi1s =+ L) (€, -, Emt, By €fs1y +o+5 €0)

= ((al: coey Ap—1y €poy A1y 020y a‘n) y €0y €0y +eey e())
/
+ (eO7 (ely cory €p—1y Apgy Cpt1y o0y en) y €y ey 30)

— 4
- ((ab covy Op—15 €y Qp1y ooy a’n) ’ (61, ooy €p—1y Ofy Cpi1y +o oy en) s €y eeey eO)
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= ((an ey, -, €), (agez--y0), ooreey (Mg o1y vy €51,

(6ks @l €y -5 €1) 5 Qa1 €ty +-oy €1) s vveery (s €y ooy en))

= (1, %2y +++» Bim1y Tty Vi1, +++» L)

and, by means of Lemma 2,
(€ly ++vs €=ty Trey €41y ++=5 €n) €y wevy €ty Yy Eot1y ---» €0)
= ((6ly vey €hty By @tly +vs €n) 5 €0y +ees eo)
+ (90, (e1y +-5 -1, biy €rv1, -5 €0) 5 €py oo, 60)

4
(€1, +++5 €1 Aty €41y +++s €n) 5 (€13 ooy €h1, Dy Cpry ooos 00) 5 €0, -ov, eo)

Il

/ ’ / ’ /
(61, veey €1, (ak, bk’ Chy *+y ek) y Chtly ooy en)

I

/ / / / / /
(61, oy €1y (s €k €hy ooy €1) T (Cky Vs €1y o0y €8) — €Ly Ehiny ooy e’n)

’ 4 4 / 4
=(ely voey €1, XuTYu—€k, €ha1yer) €n)

Proof of Theorem 3. By means of Lemma 1 and the definition,
we know that G forms an abelian group with respeet to the new
operation 2-+y=z and that the operation (x;, %5, ..., %,) of G becomes a
linear funetion of wy, X, --., Xy

Because, we obtain, by means of Lemma 3,

n
(wla Loy ««2y wn) =2 (e;r reey e;c—l, Ly e;c+l’ cey e;b)
k=1
i /
=k§1 A (2, —el)
n
=kZl Ayrrte,

where A;, A; denote the automorphisms of G and As, A, ..., A, denote

the homomorphisms of G and ¢= —kﬁ‘i Ael.



