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Abstract

Every affine homogeneous space is locally described by its curvature, its
torsion and a slightly less tangible object, its connection. Using this descrip-
tion of the local geometry of an affine homogeneous space we construct a
variety M( glV ), which serves as a coarse moduli space for the local isom-
etry classes of affine homogeneous spaces. Infinitesimal deformations of
an isometry class of affine homogeneous spaces in this moduli space are
described by the Spencer cohomology of a comodule associated to a point
in M∞( glV ). In an appendix we discuss the relevance of this construction
to the study of locally homogeneous spaces.

1 Introduction

Homogeneous spaces comprise a class of smooth manifolds of particular interest
in differential geometry, because many geometric calculations reduce essentially
to linear algebra in the presence of a transitively acting Lie group. In particular
all of the geometry of a homogeneous space except for its global topology can
be represented in terms of converging formal power series on a formal neigh-
borhood of the base point. This representation of the local geometry of a homo-
geneous space by convergent power series will be used implicitly in this article
to construct moduli spaces of isometry classes of and a corresponding deforma-
tion theory for affine homogeneous spaces with or without additional geometric
structures.

A particular advantage of our approach in comparison to the moduli spaces of
locally homogeneous spaces constructed in [Ts] is that the covariant derivatives

Received by the editors in July 2018.
Communicated by J. Fine.
2010 Mathematics Subject Classification : 53C30; 22F30.
Key words and phrases : locally homogeneous space, deformation theory.

Bull. Belg. Math. Soc. Simon Stevin 26 (2019), 365–400



366 G. Weingart

of the curvature and/or the torsion are replaced in the construction by the values
of the principal connection associated to the connection in the base point. Locally
homogeneous spaces for example as considered in [S] [K1] [O] [Tr] [Ts] can easily
be accommodated into this framework by replacing the values of the principal
curvature at the base point of a homogeneous space by the varying values of
the principal curvature on a locally homogeneous space. In consequence locally
homogeneous space fall naturally into the ambit of the deformation theory of
globally homogeneous spaces, which is governed by Spencer cohomology akin to
the Chevalley–Eilenberg cohomology in the deformation theory of Lie algebras.

Representing the local geometry of an affine homogeneous spaces in terms of con-
verging formal power series obliterates its global topology as a manifold, in this
sense we will consider formal affine homogeneous spaces only defined as a pair
g ⊃ h of Lie algebras endowed with a left invariant connection
A : g −→ End g/h. This algebraic simplification is bought at a prize: The in-
tegration of a formal affine homogeneous space into a real manifold will fail in
general to produce an affine homogeneous space, because the Lie algebra h may
not integrate to a closed subgroup of the simply connected Lie group G corre-
sponding to the Lie algebra g. Nevertheless every formal affine homogeneous
space corresponds to a homogeneous transitive Lie algebroid over a homoge-
neous space endowed with a left invariant connection.

In order to construct the moduli spaces of formal affine homogeneous spaces
we fix a model vector space V of the appropriate dimension and augment a given
formal affine homogeneous space g ⊃ h endowed with A : g −→ End g/h by
an isomorphism or frame F : V −→ g/h and a not necessarily h–equivariant split
g/h −→ g of the canonical projection. With these two additional pieces of data in
place we may associate a connection–curvature–torsion triple

( A, R, T ) ∈ V∗ ⊗ End V × Λ2V∗ ⊗ End V × Λ2V∗ ⊗ V

to an augmented formal affine homogeneous space, which encodes the geom-
etry of g/h completely. Our main result characterizes the subset M( glV ) of
connection–curvature–torsion triples arising from augmented formal affine ho-
mogeneous spaces by means of a formally infinite, but actually finite system of
explicit homogeneous algebraic equations:

Theorem 4.8 (Algebraic Variety of Affine Homogeneous Spaces)
A connection–curvature–torsion triple (A, R, T) on a vector space V represents a formal
affine homogeneous space g ⊃ h augmented by a frame isomorphism F : V −→ g/h
and a split g/h −→ g of the canonical projection, if and only if (A, R, T) satisfies the

formal first and second Bianchi identities d(A,T)T = R∧ id and d(A,T)R = 0 of degrees
2, 3 respectively and for all r ≥ 0 the following homogeneous equations of degrees r + 3
and r + 4

(
Q(A, T) − R

)
⊛

(
A ⊛ ( A ⊛ ( . . . ( A︸ ︷︷ ︸

r times

⊛ T ) . . . ) )
)

= 0

(
Q(A, T) − R

)
⊛

(
A ⊛ ( A ⊛ ( . . . ( A︸ ︷︷ ︸

r times

⊛ R ) . . . ) )
)

= 0
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where Q(A, T)x,y := [ Ax, Ay ] − AAxy−Ayx−T(x,y) is the approximate curvature of

(A, R, T).

This result generalizes the well–known description of local isometry classes of
symmetric spaces in terms of their curvature R [H] and the classification of man-
ifolds with parallel curvature and torsion by Ambrose and Singer [AS]. Even-
tually we will introduce the equivalence relation of infinite order contact ∼∞

on connection–curvature–torsion triples, which describes precisely the effect of
changing the frame F and/or the split g/h −→ g. The true moduli space of isom-
etry classes of formal affine homogeneous spaces is thus the quotient:

M∞( glV ) := M( glV )/∼∞

A subtle invariant of a connection–curvature–torsion triple (A, R, T) ∈ M( glV )
plays a prominent role in the proof of Theorem 4.8, the stabilizer filtration of
End V by subalgebras

End V = . . . = h−2 = h−1 ) h0 ) . . . ) hs−1 ) hs = hs+1 = . . . = h∞

introduced by Singer [S], in particular the minimal s ≥ −1 with equality
hs = hs+1 is nowadays called the Singer invariant of (A, R, T). Our recursive
Definition 4.4 of the stabilizer filtration differs significantly from Singer’s defini-
tion akin to Lemma 4.5 and is certainly easier to use in actual calculations. The
graded vector space of successive filtration quotients in the stabilizer filtration
associated to a connection–curvature–torsion triple

h• :=
⊕

r ∈Z

(
hr−1/hr

)
= (End V/h0

) ⊕ . . . ⊕ ( hs−1/h∞
)

is naturally a Sym V∗–comodule and thus allows us to associate a cohomology
theory to every point (A, R, T) in the moduli space M( glV ), namely the Spencer
cohomology H•,◦( h ) of the comodule h•. The second main result of this article
links the special Spencer cohomology spaces H•,1( h ) to a geometric filtration on
the formal tangent space to the true moduli space M∞( glV ) in the point repre-
sented by the connection–curvature–torsion triple (A, R, T):

H•, 1( h ) = T[A,R,T]M
•
∞(A, R, T)/

T[A,R,T]M
•−1
∞ (A, R, T)

(1)

Philosophically this equality reflects the simple fact that a vector field represent-
ing an r–jet solution to the affine Killing equation, which can not be lifted to an
r + 1–jet solution, can not be an affine Killing field, hence its flow will change
the underlying geometry, but gently enough to stay in contact with the original
geometry up to order r − 2. In a rather precise sense equation (1) is a quantita-
tive version of Singer’s Theorem [S], which characterizes the globally among the
locally Riemannian homogeneous spaces, because the Spencer cohomology spaces
are trivial by construction for degrees • > s larger than the Singer invariant so
that no further deformations are possible. A paradoxical aspect of the preceding
construction is that Spencer cohomology is usually introduced to describe the set
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of r + 1–jet solutions as an affine space bundle over the set of r–jet solutions, how-
ever it works just as well for the affine Killing equation, where the r–jet solutions
are an affine space over the r + 1–jet solutions.

In Section 2 we recall a couple of well–known facts about connections on homo-
geneous spaces. Section 3 describes two equivalent ways to encode the local ge-
ometry of a formal affine homogeneous space in an algebra endowed with a skew
bracket, one of these algebras has been studied in [NT]. In Section 4 we introduce
connection–curvature–torsion triples and derive the algebraic equations defining
of the coarse moduli space M( glV ) as an algebraic variety. Additional parallel
geometric structures are added to the picture in Section 5, whereas the final Sec-
tion 6 constructs the Spencer cohomology of a formal affine homogeneous space
and calculates this cohomology for the family of examples of Riemannian homo-
geneous spaces with large Singer invariant constructed by C. Meusers [M]. In
Appendix A we discuss an alternative construction of the moduli space M( glV )
from the point of view of locally homogeneous spaces and derive a partial differ-
ential equation obeyed by these affine manifolds.

The framework of this article was developed in collaboration with C. Meusers,
the recursive definition of the stabilizer filtration for example arose directly from
these discussion and was subsequently published in [M]. Besides C. Meusers the
author would like to thank W. Ballmann for his support and encouragement in
writing up this article.

2 Left Invariant Connections

Certainly the most important single concept in the theory of homogeneous spaces
is the notion of a homogeneous or equivariant vector bundle. The left regular
representation of G on C∞(G/H) generalizes to a representation of G on sec-
tions of homogeneous vector bundles and a differential operator intertwining
with these representation is called a left invariant differential operator. In this
section we will discuss a convenient algebraic formalism to study a specific sub-
class of left invariant differential operators, left invariant connections.

A homogeneous vector bundle on a homogeneous space G/H is a vector bun-
dle on which G acts from the left by vector bundle morphisms covering the left
action of G on G/H. Under G–equivariant vector bundle homomorphisms the
homogeneous vector bundles on G/H form a category, which is equivalent to the
category of linear representations of the isotropy group H. One possible choice
for the H–representation in this equivalence is simply the fiber Σ := ΣeH(G/H)
of the homogeneous vector bundle Σ(G/H) over the base point eH ∈ G/H,
which is a representation of H by restricting the G–action on the total space to
this fiber. For the tangent and cotangent bundles these fibers are usually replaced
by the representations g/h and (g/h)∗, which are isomorphic to TeH(G/H) and
T∗

eH(G/H) via:

g/h
∼=

−→ TeH(G/H), X + h 7−→
d

dt

∣∣∣∣
0

etX H
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The vector space of sections of a homogeneous vector bundle becomes a repre-
sentation of G

G × Γ Σ( G/H ) −→ Γ Σ( G/H ),

( γ, s ) 7−→
(

Lγs : gH 7−→ γ ⋆ s( γ−1gH )
)

generalizing the left regular representation of G on C∞(G/H). Sections s satis-
fying Lγs = s for all γ ∈ G are called left invariant sections. Left invariance
entails directly the equality

s( gH ) = ( Lgs )( gH ) = g ⋆ s( eH )

for all g ∈ G so that the value s( eH ) ∈ Σ of the section s in the base point is nec-
essarily invariant under the isotropy group H and determines the left invariant
section completely:

Lemma 2.1 (Characterization of Left Invariant Sections).
Evaluation at the base point provides an isomorphism between the vector space
Γ(Σ(G/H) )G of left invariant sections of a homogeneous vector bundle Σ(G/H) on a
homogeneous space G/H and the subspace ΣH of H–invariant vectors in the
H–representation Σ := ΣeH(G/H):

eveH : [ Γ( Σ(G/H) ) ]G −→ [ Σ ]H , s 7−→ s( eH )

The inverse isomorphism associates to seH ∈ ΣH the well defined section
s( gH ) := g ⋆ seH.

In pretty much the same way we may define homogeneous principal instead of
vector bundles over G/H, principal bundles endowed with a left action of G on
its total space, which covers the canonical left action on G/H, and commutes with
the right action characteristic for principal bundles. In particular the group G
itself can be considered as a homogeneous principal H–bundle over G/H, where
the commuting left and right multiplications in

G × G × H −→ G, ( γ, g, h ) 7−→ γ g h

define the left G–action on the total space and the principal H–bundle structure
respectively. In turn a left invariant principal connection is a differential form
ω ∈ Γ( T∗G ⊗ h ) on G with values in h invariant under the left G–action, such
that the principal connection axiom

ωg0 h0

( d

dt

∣∣∣∣
0

gt ht

)
= Adh−1

0
ωg0

( d

dt

∣∣∣∣
0

gt

)
+

d

dt

∣∣∣∣
0

h−1
0 ht (2)

is satisfied for all curves t 7−→ gt in G and t 7−→ ht in H. Because the Maurer–
Cartan form θ ∈ Γ( T∗G ⊗ g ) provides a left invariant trivialization of TG,
every left invariant connection is necessarily of the form ω ◦ θ for a linear map
ω : g −→ h, which is necessarily an H–equivariant section of the inclusion h ⊂ g

to meet the connection axiom (2):
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Definition 2.2 (Left Invariant Principal Connections).
A left invariant principal connection on G considered as a homogeneous principal

H–bundle over G/H is an H–equivariant section ω : g −→ h of the short exact
sequence:

0 −→ h −→ g −→ g/h −→ 0

In consequence of this definition the set of left invariant principal connections
on a given homogeneous space G/H is either the empty set or an affine space
modelled on Hom H(g/h, h). In fact the set of all left invariant principal connec-
tions on G/H is precisely the preimage of idh ∈ Hom H(h, h) under the map
Hom H(g, h) −→ Hom H(h, h) in the long exact sequence

0 −→ Hom H( g/h, h ) −→ Hom H( g, h )

−→ Hom H( h, h )
δ

−→ Ext 1
H( g/h, h )

associated to the short exact sequence central to Definition 2.2. The unique
obstruction against the existence of a left invariant principal connection is thus
the extension class δ( idh ) ∈ Ext 1

H( g/h, h ), a homogeneous space G/H with
vanishing δ( idh ) = 0 is properly called a reductive homogeneous space. In the
literature however this notion implicitly includes a fixed choice for the left in-
variant principal connection ω : g −→ h. Concealing this arbitrary choice in the
inconspicuous adjective reductive it is somewhat duplicitous though to call the
induced connections on homogeneous vector bundles canonical connections.

Turning from principal connections on G considered as a principal H–bundle
over the homogeneous space G/H to general connections we observe that every
left invariant connection ∇ on a homogeneous vector bundle Σ(G/H) over G/H
with base point fiber Σ := ΣeH(G/H) is associated to a G–invariant principal
connection on the homogeneous frame bundle

Frame( Σ, Σ(G/H) ) := { ( gH, F ) | gH ∈ G/H and F : Σ
∼=

−→ ΣgHG/H }
(3)

endowed with the natural left action γ ⋆ (gH, F) := (γgH, (γ⋆) ◦ F) on its to-
tal space. The identification of the model space Σ = ΣeH(G/H) of the frame
bundle with the fiber over the base point eH ∈ G/H allows us to construct the
G–equivariant isomorphism

G ×H GL Σ
∼=

−→ Frame( Σ, Σ(G/H) ), [ g, F ] −→ ( gH, F : s 7−→ g ⋆ Fs )

of homogeneous principal bundles over G/H, where [g, F] denotes the orbit
equivalence class of the tuple (g, F) ∈ G × GL Σ under the free right H–action
(g, F) ⋆ h := (gh, (h−1⋆) ◦ F) defining the quotient G ×H GL Σ. Taking a clue
from the formula describing a principal connection from its restriction to a reduc-
tion of the underlying principal bundle we find that every G–invariant principal
connection on G ×H GL Σ ∼= Frame(Σ, Σ(G/H) ) factorizes over the Maurer–
Cartan form θ and a linear map A : g −→ End Σ, X −→ AX, via:

ω[ g0,F0 ]

( d

dt

∣∣∣∣
0

[ gt, Ft ]
)

= AdF−1
0

Aθ( d
dt |0gt )

+
d

dt

∣∣∣∣
0

F−1
0 Ft (4)
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With this ansatz the axiom (2) for principal connections is automatically satisfied,
whenever ω is well–defined as a differential from on the quotient G ×H GL Σ or
equivalently whenever

AZ = Z ⋆ Adh−1
0

AX = AAd
h−1

0
X

for all Z ∈ h, X ∈ g and h0 ∈ H. Summarizing this argument we conclude:

Definition 2.3 (Left Invariant Connections).
A left invariant connection on a homogeneous vector bundle Σ(G/H) is an H–equivariant
extension A : g −→ End Σ of the infinitesimal representation ⋆ : h −→ End Σ of the
Lie algebra h associated to the representation of H on the base point fiber
Σ := ΣeH(G/H).

Similar to the classification of left invariant principal connections the set of
left invariant connections A : g −→ End Σ on Σ(G/H) is the preimage of the
infinitesimal representation ⋆ : h −→ End Σ under Hom H(g, End Σ) −→
Hom H(h, End Σ) in the long exact sequence:

. . . −→ Hom H( g, End Σ ) −→

Hom H( h, End Σ )
δ

−→ Ext 1
H( g/h, End Σ ) −→ . . .

In consequence the existence of left invariant connections on Σ(G/H) is obstructed
by the extension class δ( ⋆ ) ∈ Ext 1

H(g/h, End Σ), its vanishing provides us with
an affine space of left invariant connections on Σ(G/H) modelled on Hom H(g/h,
End Σ). Every left invariant principal connection ω : g −→ h induces a left in-
variant connection Aω : g −→ End Σ on every homogeneous vector bundle by
means of Aω(X) := ω(X) ⋆. Due to this universality every non–vanishing ob-
struction δ( ⋆ ) 6= 0 for some H–representation Σ is an obstruction against the
existence of a left invariant principal connection as well.

Lemma 2.4 (Left Invariant Connections and Rigidity).
If there exists a left invariant connection on the tangent bundle of a homogeneous space
G/H, then the kernel n := ker ⋆ of the isotropy representation ⋆ : h −→ End g/h,
Z 7−→ Z ⋆, is an ideal not only in the isotropy algebra h, but already in the full Lie
algebra g.

Proof. According to the preceding discussion a left invariant connection on the
tangent bundle can be thought of as an H–equivariant extension A : g −→
End g/h of the adjoint representation ⋆ of h on g/h. We need to show that
[ N, X ] ∈ n for all N ∈ n and X ∈ g or equivalently [ [ N, X ], Y ] ≡ 0 mod h

for all X, Y ∈ g, because [ N, X ] ∈ h by the very definition of n. Since the left
invariant connection A extends the infinitesimal representation

[ [ N, X ], Y ] ≡ A[ N, X ](Y + h ) ≡ [ N, AX(Y + h ) ] − AX( [ N, Y ] + h )

modulo h, where the second congruence is the infinitesimal version of H–equi-
variance for the left invariant connection A under N ∈ h. Evidently the right
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hand side vanishes, because [ N, Y ] ∈ h and [ N, AX(Y + h) ] ∈ h by assump-
tion.

In general the kernel n of the adjoint representation of h on g/h fails to be an ideal
of g and thus obstructs the existence of a left invariant connection on the tangent
bundle and in turn a left invariant principal connection on a homogeneous space
G/H. Homogeneous spaces G/H admitting a left invariant connection on their
tangent bundle are really rather special in the class of all homogeneous spaces, in
general G is not a subgroup of some affine group.

Corollary 2.5 (Kernel of the Adjoint Representation).
If a homogeneous space G/H carries a left invariant connection on its tangent bundle,
then we may assume without loss of generality that the adjoint representation ⋆ : h −→
End g/h is faithful. Namely under this assumption the kernel n of the adjoint representa-
tion is the Lie algebra of the maximal normal subgroup N of G contained in H so that we
may present G/H alternatively as (G/N) / (H/N) with faithful adjoint representation
⋆ : h/n −→ End g/h.

Lemma 2.6 (Curvature and Torsion of a Left Invariant Connection).
The curvature of a left invariant connection A : g −→ End Σ on a homogeneous vector
bundle Σ(G/H) is the End Σ–valued 2–form R ∈ [ Λ2(g/h)∗ ⊗ End Σ ]H on g/h
defined by

RX + h, Y + h := [ AX, AY ] − A[ X, Y ]

for representatives X, Y ∈ g. In the same vein the torsion of a left invariant connection
A : g −→ End g/h on the tangent bundle T(G/H) of the homogeneous space G/H
equals the g/h–valued 2–form T ∈ [ Λ2(g/h)∗ ⊗ (g/h) ]H given on representatives
X, Y ∈ g by:

T( X + h, Y + h ) ≡ AX(Y + h ) − AY( X + h ) − [ X, Y ] mod h

In light of the description (4) of the left invariant principal connection on the
frame bundle of Σ(G/H) associated to an algebraic connection A : g −→ End Σ

the formulas for the curvature and the torsion presented in Lemma 2.6 simply
reflect the Maurer–Cartan equation and Cartan’s structure equations for the cur-
vature and torsion of a principal connection.

Remark 2.7 (Covariant Derivatives of Left Invariant Sections).
The covariant derivative of a left invariant section s ∈ Γ(Σ(G/H) )G of a homogeneous
vector bundle Σ(G/H) under a left invariant connection A : g −→ End Σ is a left
invariant section ∇As of the homogeneous vector bundle T∗(G/H)⊗ Σ(G/H). In par-
ticular the identification Γ(Σ(G/H) )G ∼= [Σ]H turns the left invariant connection into
the linear map

A⊛ : [ Σ ]H −→ [ (g/h)∗ ⊗ Σ ]H, s 7−→ A ⊛ s

well–defined by (A ⊛ s)X+h := AXs for X ∈ g, because AXs = X ⋆ s = 0 for all
X ∈ h.
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3 Formal Affine Homogeneous Spaces

Abstracting the concept of affine homogeneous spaces into a purely algebraic
concept requires us to ignore the global aspects of a homogeneous space G/H
considered as a manifold and to focus on the pair g ⊃ h of Lie algebras instead
endowed with a connection, this is an h–equivariant extension
A : g −→ End g/h of the infinitesimal isotropy representation ⋆ : h −→ End g/h.
Using this connection we construct a skew algebra (End g/h) ⊕h,A g in this sec-
tion, which contains (a quotient of) the Lie algebra g by construction, and proceed
to show that this algebra is isomorphic to a skew algebra (End g/h) ⊕R,T (g/h)
constructed using only the curvature and the torsion of the connection. The fail-
ure of the Jacobi identity is a characteristic feature of the algebras (End g/h) ⊕h,A

g ∼= (End g/h) ⊕R,T (g/h).

Definition 3.1 (Formal Affine Homogeneous Spaces).
A formal affine homogeneous space is a pair g ⊃ h of Lie algebras endowed with a formal
left invariant connection on its isotropy representation, this is an h–equivariant linear
map A : g −→ End g/h extending the isotropy representation ⋆ : h −→ End g/h.
The curvature R ∈ [Λ2(g/h)∗ ⊗ (End g/h)]h and the torsion T ∈ [Λ2(g/h)∗ ⊗
(g/h)]h of a formal affine homogeneous space are defined by the same formulas as for an
actual homogeneous space:

RX + h, Y + h := [ AX, AY ] − A[ X, Y ]

T( X + h, Y + h ) := AX(Y + h ) − AY( X + h ) − [ X, Y ] + h

Evidently every affine homogeneous space G/H endowed with a left invariant
connection A : g −→ End g/h on its tangent bundle T(G/H) defines a formal
affine homogeneous spaces g ⊃ h with formal connection A. On the other hand
we may encounter serious problems in integrating a formal affine homogeneous
space to an actual homogeneous space, because the subset exp h ⊂ G of the
simply connected Lie group G with Lie algebra g does not in general generate
a closed subgroup H ⊂ G, quite simple and beautiful counterexamples in this
direction have been constructed by Kowalski [K1].

In the case H fails to be a closed subgroup of G the formal affine homogeneous
space g ⊃ h does not integrate to a true affine homogeneous space G/H. In order
to define some kind of surrogate we may consider the closure H ⊃ H of H in G,
which is a Lie subgroup of G with its own Lie algebra h ⊃ h. Since the adjoint
action ⋆ : G × g −→ g of the Lie group G on its Lie algebra g is continuous, the
H–invariant subspace h ⊂ g is actually H–invariant so that h/h is a Lie algebra.
The resulting short exact sequence of representations of H

0 −→ h/h −→ g/h −→ g/
h

−→ 0

corresponds to a short exact sequence of homogeneous vector bundles on G/H
involving the tangent bundle T(G/H) modelled on g/h and the homogeneous
Lie algebra bundle modelled on h/h. Hence the homogeneous vector bundle on
G/H modelled on g/h is a transitive Lie algebroid bundle “T(G/H)” endowed
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with a left invariant connection ∇, whose curvature R and torsion T equal the
formal curvature and torsion defined above. In this context we recall that the
torsion is actually defined for linear connections on transitive Lie algebroids.

Definition 3.2 (Skew Algebra associated to Connection).
Consider a left invariant, not necessarily torsion free connection A : g −→ End g/h
on the isotropy representation g/h of a pair g ⊃ h of Lie algebras. The quotient of
(End g/h)⊕ g

(End g/h) ⊕h,A g := (End g/h) ⊕ g /{ (− H ⋆ ) ⊕ H | H ∈ h }

by the diagonal subspace h can be endowed with a skew symmetric bilinear bracket via:

[X⊕h,A X, Y⊕h,A Y ] := [X, Y ]⊕h,A [ X, Y ] + ( [ X, AY ] − AXY )⊕h,A XY

− ( [Y, AX ] − AYX )⊕h,A YX

The notation (End g/h)⊕h, A g reflects the dependence of the resulting skew algebra on
A.

Some thoughts should be spent on the interpretation of the terms XY and YX
in the definition of the bracket above, which are used as if the classes X(Y + h )
and Y( X + h ) in g/h were well defined elements of g. Nevertheless the resulting
ambiguities cancel out in the quotient (End g/h) ⊕h,A g of (End g/h)⊕ g by the
diagonal { (−H⋆ )⊕ H | H ∈ h }

( [X, AY ] − AXY )⊕h,A XY = [X, AY ]⊕h,A 0 + (− AXY )⊕h,A XY

as long as we take the same representatives XY and YX in g for the classes
X(Y + h) and Y(X + h) in g/h on both sides of ⊕. With this proviso the bracket of
two elements in (End g/h)⊕ g is well defined in the quotient (End g/h) ⊕h,A g.
The bracket will descend to a skew algebra structure on (End g/h) ⊕h,A g, if all
elements representing 0 in the quotient have vanishing brackets with all other
elements of (End g/h)⊕ g. Observing that the classes H ⋆ (Y + h) and Y(H + h)
for given H ∈ h are represented in g by [H, Y] and 0 we find

[ (−H⋆) ⊕ H, Y ⊕ Y ]

= [− H⋆, Y ]⊕h,A [ H, Y ]

+
(
[− H⋆, AY ] + A[H,Y] − [Y, AH ]

)
⊕h,A

(
− [ H, Y ]

)

= −
(
[ H ⋆, AY ] − A[H,Y]

)
⊕h,A 0

using AH = H⋆ in the second line. Due to the characteristic infinitesimal
h–equivariance of the left invariant connection A : g −→ End g/h the right
hand side vanishes so that the bracket is in fact well–defined on the quotient
(End g/h)⊕h,A g.

The inclusion of the first summand X 7−→ X⊕h,A 0 is evidently an injective
skew algebra homomorphism turning End g/h into a Lie subalgebra of
(End g/h) ⊕h,A g. Things are slightly more complicated for the inclusion
X 7−→ 0 ⊕h,A X of the second summand, which may well fail to be injective. Its
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kernel however agrees with the kernel of the isotropy representation
⋆ : h −→ End g/h, Z 7−→ Z ⋆, which in turn agrees with the maximal ideal
n ⊂ h of g contained in h according to Lemma 2.4. In consequence the skew
algebra (End g/h) ⊕h,A g is generated as a vector space by its two Lie subalge-
bras End g/h and g/n.

Definition 3.3 (Skew Algebra associated to Curvature–Torsion).
Consider a left invariant connection A : g −→ End g/h on the isotropy representation
g/h of a pair g ⊃ h of Lie algebras with associated curvature R ∈ [ Λ2(g/h)∗ ⊗
End g/h ]h and torsion T ∈ [ Λ2(g/h)∗ ⊗ g/h ]h. The direct sum (End g/h)⊕ (g/h)
of vector spaces is actually a skew algebra denoted by (End g/h)⊕R,T (g/h) under the
following skew bilinear bracket:

[ X ⊕R,T x, Y ⊕R,T y ] :=
(
[X, Y ] − Rx, y

)
⊕R,T

(
Xy − Yx − T( x, y )

)

Up to the additional terms − Rx, y and − T(x, y) the skew bracket on
(End g/h) ⊕R,T (g/h) agrees with the Lie bracket on the semidirect product
(End g/h) ⊕ (g/h) of the Lie algebra End g/h with its representation g/h. The
possible failure of the Jacobi identity for the bracket on (End g/h) ⊕R,T (g/h) is
thus due to these two additional terms, for the moment however we postpone a
detailed analysis of this problem to Section 4.

Lemma 3.4 (Skew Algebra Isomorphism).
Let A : g −→ End (g/h) be a left invariant connection on the isotropy representation
g/h of a pair g ⊃ h of Lie algebras with curvature R ∈ [ Λ2(g/h)∗ ⊗ (End g/h) ]h and
torsion T ∈ [ Λ2(g/h)∗ ⊗ (g/h) ]h. The connection A defines a canonical isomorphism
of skew algebras

ΦA : (End g/h) ⊕h,A g
∼=

−→ (End g/h) ⊕R,T (g/h)

X⊕h, A X 7−→ (X+ AX)⊕R,T (X + h)

between the skew algebras associated to A and R, T. In consequence the the quotient
g/n of g by the maximal ideal n ⊂ g contained in h becomes a Lie subalgebra of
(End g/h) ⊕R, T (g/h):

g/n
⊂

−→ (End g/h) ⊕R,T (g/h), X + n 7−→ AX ⊕R,T (X + h)

Proof. A short inspection shows that ΦA is well defined on the quotient
(End g/h) ⊕h,A g due to AH = H⋆ for all H ∈ h. Moreover ΦA is a lin-

ear isomorphism with well–defined inverse Φ−1
A : (End g/h) ⊕R,T (g/h) −→

(End g/h)⊕h,A g, X⊕R,T x 7−→ (X− AX)⊕h,A X, for an arbitrary representative
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X ∈ g of the class x ∈ g/h. Eventually Φ is a homomorphism

[
ΦA( X⊕h,A X ), ΦA( Y⊕h,A Y )

]

=
(
[X, Y ] + [ AX, Y ] + [X, AY ] + [ AX, AY ] − RX+h,Y+h

)

⊕R,T

(
(X+ AX )(Y + h ) − (Y+ AY )( X + h ) − T(X + h, Y + h)

)

=
(
[X, Y ] + [X, AY ] − [Y, AX ] + A[X,Y]

)

⊕R,T

(
XY − Y X − [X, Y] + h

)

= ΦA

(
( [X,Y] + [X, AY]− AXY − [Y, AX] + AY X )

⊕h,A(XY −Y X + [X, Y] )
)

of algebras, where XY, Y X ∈ g are fixed representatives of the corresponding
classes.

4 A Parametrization of Formal Affine Spaces

In this section we change our point of view away from a fixed formal affine
homogeneous space towards a parametrization of such spaces by connection–
curvature–torsion triples. In order to compare different affine homogeneous
spaces we choose a linear isomorphism or frame F : V −→ g/h to pull back
curvature and torsion to V and choose a section rep : g/h −→ g to complement
the information contained in R ∈ Λ2V∗ ⊗ End V and T ∈ Λ2V∗ ⊗ V by an ad-
ditional A ∈ V∗ ⊗ End V describing the connection. In this section we make the
algebraic equations characterizing a triple (A, R, T) arising from a formal affine
homogeneous space g ⊃ h explicit, moreover we will briefly discuss the rele-
vance of these algebraic equations for the study of locally homogeneous spaces
considered for example in [Tr].

For the time being let us fix a finite dimensional vector space V. Augmenting a
formal affine homogeneous space g ⊃ h of dimension dim g/h = dim V with a
linear isomorphism or frame F : V −→ g/h allows us to think of
curvature and torsion of the left invariant connection A : g −→ End g/h as
elements R ∈ Λ2V∗ ⊗ End V and T ∈ Λ2V∗ ⊗ V. The resulting curvature–
torsion tuple ( R, T ) does not describe the original formal affine homogeneous
space completely, hence we choose a section rep : g/h −→ g of the canonical
projection to g/h in order to capture the information contained in the connec-
tion in a linear map A ◦ rep : g/h −→ End g/h, which becomes an element
A ∈ V∗ ⊗ End V under F:

Definition 4.1 (Connection–Curvature–Torsion Triples).
A connection–curvature–torsion triple on a vector space V is a triple of the form:

( A, R, T ) ∈ ( V∗ ⊗ End V ) × ( Λ2V∗ ⊗ End V ) × ( Λ2V∗ ⊗ V )
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Every such a triple (A, R, T) endows End V ⊕R,T V := End V ⊕ V with the skew
bracket:

[ X ⊕R,T x, Y ⊕R,T y ] :=
(
[ X, Y ] − Rx,y

)
⊕R,T

(
X y − Y x − T( x, y )

)

The connection–curvature–torsion triples (A, R, T) coming from actual formal
affine homogeneous spaces g ⊃ h augmented by frames F : V −→ g/h and
sections rep : g/h −→ g are characterized by the fact that the skew algebra
End V ⊕R,T V contains a Lie subalgebra

g/n
⊂

−→ (End g/h) ⊕R,T (g/h)
∼=

−→ End V ⊕R,T V

isomorphic to g/n according to Lemma 3.4, which contains the image of the
extension of A

Aext : V −→ End V ⊕R,T V, x 7−→ Ax ⊕R,T x

and thus projects onto V under the canonical projection End V ⊕R,T V −→ V.
Conversely:

Definition 4.2 (Isotropy Algebra and Tautological Connection).
Consider a Lie subalgebra g of the skew algebra End V ⊕R,T V associated to a curvature–
torsion tuple (R, T) ∈ Λ2V∗ ⊗ End V × Λ2V∗ ⊗ V, which projects surjectively onto
V under:

End V ⊕R,T V −→ V, X ⊕R,T x 7−→ x

Defining the isotropy algebra h := g ∩ End V as the kernel of this projection we observe

g/h
∼=

−→ V as h–representations via the projection to V. With this proviso the projection

Ataut : End V ⊕R,T V −→ End V, X ⊕R,T x 7−→ X

becomes the tautological left invariant connection Ataut : g −→ End V on V ∼= g/h.

Although all statements about the tautological connection Ataut eventually
reduce to tautologies, it is slightly confusing to use it directly in calculations. Nev-
ertheless the tautological connection Ataut is h–equivariant to due
[X ⊕R,T 0, Y ⊕R,T y] = [X.Y] ⊕R,T X y and its curvature and torsion agree with
R ∈ Λ2V∗ ⊗ End V and T ∈ Λ2V∗ ⊗ V respectively. In consequence every Lie
subalgebra g ⊂ End V ⊕R,T V projecting surjectively onto V defines a formal
affine homogeneous space g ⊃ h with tautological frame F : V −→ g/h un-
der the tautological left invariant connection Ataut : g −→ End V. Motivated by
Remark 2.7 we define for every representation Σ of the Lie algebra End V and

every d ∈ N0 the bilinear operation ⊛ :
⊗d V∗ ⊗ End V ×

⊗• V∗ ⊗ Σ −→⊗•+d V∗ ⊗ Σ by setting

( Q ⊛ s )( x1, . . . , xd; y1, y2, . . . ) := ( Qx1, ..., xd
⋆ s )( y1, y2, . . . )

where ⋆ denotes the tensor product representation of End V on
⊗• V∗ ⊗ Σ.
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Definition 4.3 (Formal Covariant Derivatives of R and T).
For a given connection–curvature–torsion triple (A, R, T) on a finite–dimensional vector
space V we define the formal iterated covariant derivatives of R and T by setting:

∇rT := A ⊛ ( A ⊛ ( . . . ( A︸ ︷︷ ︸
r times

⊛ T ) . . . ) ) ∈
⊗r V∗ ⊗ (Λ2V∗ ⊗ V )

∇rR := A ⊛ ( A ⊛ ( . . . ( A︸ ︷︷ ︸
r times

⊛ R ) . . . ) ) ∈
⊗r V∗ ⊗ (Λ2V∗ ⊗ End V )

Definition 4.4 (Stabilizer Filtration).
Associated to every connection–curvature–torsion triple is the strictly descending filtra-
tion

End V = . . . = h−2 = h−1 ) h0 ) . . . ) hs−1 ) hs = hs+1 = . . . = h∞

of End V defined recursively by h0 := stab R ∩ stab T ⊂ End V and for all r ≥ 0:

hr+1 := { X ∈ hr | [X, Ax ] ≡ AX x mod hr for all x ∈ V }

The minimal s ≥ −1 with equality hs = hs+1 is called the Singer invariant of (A, R, T).

By its recursive definition this filtration is strictly descending in the sense that it
becomes stationary at the first equality hs = hs+1 of successive filtration steps for
some s ≥ 0, in passing we observe that this argument works even for s = −1,
because the equality h−1 = h0 renders the stipulated congruences [X, Ax] ≡ AXx

modulo End V trivial. A better way to understand the recursive definition of the
stabilizer filtration is to observe that for every subalgebra ĥ ⊂ End V the vector
space V∗ ⊗ (End V/ĥ) is actually a representation of ĥ:

(X ⋆ A )x := X ⋆ Ax − AX ⋆ x + ĥ = [X, Ax ] − AX x + ĥ

By induction it thus follows that all subspaces hr ⊂ End V of the stabilizer filtra-
tion are subalgebras, in fact this is true by definition for h0 := stab R ∩ stab T,
whereas hr+1 for r ≥ 0 is the stabilizer subalgebra of the class A + V∗ ⊗ hr

represented by A in the hr–representation V∗ ⊗ (End V/hr). A remarkable con-
sequence of this observation is the following very neat interpretation of the stabi-
lizer filtration in terms of covariant derivatives:

Lemma 4.5 (Interpretation of the Stabilizer Filtration).
The strictly descending filtration h• of End V associated to a connection–curvature–
torsion triple (A, R, T) can be interpreted geometrically as the filtration given by the
joint stabilizers

hr = stab ( R ⊕ ∇R ⊕ . . . ⊕ ∇rR ) ∩ stab ( T ⊕ ∇T ⊕ . . . ⊕ ∇rT )

of the iterated covariant derivatives of curvature R and torsion T up to order r ≥ 0.

Actually this Lemma is a special case of a more general fact, for every representa-
tion Σ of the Lie algebra End V and every s ∈ Σ with stabilizer stab s ⊂ End V
the linear map

V∗ ⊗ (End V /stab s ) −→ V∗ ⊗ Σ, A 7−→ A ⊛ s
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defined by (A ⊛ s)x := Ax ⋆ s is well–defined, injective and equivariant under
stab s. Since the bilinear operation ⊛ is naturally defined and thus equivariant
under End V in the sense

X ⋆ ( A ⊛ s ) = (X ⋆ A ) ⊛ s + A ⊛ (X ⋆ s )

for X ∈ End V we find that X ∈ stab s stabilizes A ∈ V∗ ⊗ (End V/stab s), if
and only if:

( X ⋆ A ) ⊛ s = 0 = X ⋆ ( A ⊛ s )

Using this general argument the statement of the Lemma follows by an easy in-
duction based on the definition h0 := stab R ∩ stab T as well as on the recur-
sive definition of hr+1 as the stabilizer of the connection class A + V∗ ⊗ hr ∈
V∗ ⊗ (End V/hr).

For a little interlude in our algebraic considerations let us now recall the twisted
exterior derivative of differential forms associated to a connection ∇ on a vector
bundle ΣM over a smooth manifold M. The twisted exterior derivative d∇ is a
first order differential operator

d∇ : Γ( Λ•T∗M ⊗ ΣM ) −→ Γ( Λ•+1T∗M ⊗ ΣM ), ω 7−→ d∇ω

on the differential forms on M with values in ΣM. Although the twisted exterior
derivative is defined solely in terms of the connection ∇, a standard formula for
d∇ reads

( d∇ω )( X0, . . . , Xr ) =
r

∑
µ = 0

(−1)µ
(
(∇,∇aux)Xµ ω

)
( X0, . . . , X̂µ, . . . , Xr )

+ ∑
0≤ µ < ν ≤ r

(−1)µ+ν−1 ω
(

Taux(Xµ, Xν), X0, . . . , X̂µ, . . . , X̂ν, . . . , Xr

)

for an arbitrary auxiliary connection ∇aux on TM of torsion Taux ∈ Γ(Λ2T∗M ⊗
TM ). In terms of twisted exterior derivatives the First and Second Bianchi Iden-
tity can be written

d∇
aux

Taux = Raux ∧ id d∇R = 0 (5)

respectively, where R and Raux denote the curvatures of ∇ and ∇aux, whereas:

( Raux ∧ id )( X, Y, Z ) := Raux
X, YZ + Raux

Y, ZX + Raux
Z, XY

Coming back to formal affine homogeneous spaces and connection–curvature–
torsion triples (A, R, T) we take the formula expressing d∇ in terms of the con-
nection (∇,∇aux) and the torsion Taux as a lead to define the twisted exterior

derivative d(A,T) by

( d(A,T)ω )( x0, . . . , xr ) =
r

∑
µ = 0

(−1)µ
(

Axµ ⋆ ω
)
( x0, . . . , x̂µ, . . . , xr )

+ ∑
0 ≤ µ < ν ≤ r

(−1)µ+ν−1ω
(

T(xµ, xν), x0, . . . , x̂µ, . . . , x̂ν, . . . , xr

)
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for every r–form ω ∈ ΛrV∗ ⊗ Σ with values in a representation Σ of the Lie
algebra End V. Specifically for R ∈ Λ2V∗ ⊗ End V the twisted exterior deriva-
tive reads

( d(A,T)R )x, y, z =
(
(Ax ⋆ R)y,z + RT(y,z), x

)
+ cyclic permutations of x, y, z

and an almost identical formula is valid for d(A,T)T ∈ Λ3V∗ ⊗ V. Last but not
least we define the V–valued 3–form R ∧ id ∈ Λ3V∗⊗ V by ( R ∧ id )(x, y, z) :=
Rx,yz + Ry,zx + Rz,xy.

Definition 4.6 (Approximate Curvature).
The approximate curvature tensor of a connection–curvature–torsion triple (A, R, T) on
a vector space V is defined as an End V–valued 2–form Q(A, T) ∈ Λ2V∗ ⊗ End V on
V by:

Q( A, T )x,y := [ Ax, Ay ] − AAxy− Ayx − T(x,y)

In order to study the failure of the Jacobi identity for the bracket of the skew al-
gebra End V ⊕R,T V associated to a connection–curvature–torsion triple (A, R, T)
we consider the trilinear standard Jacobiator defined as an alternating 3–form Jac
on End V ⊕R,T V by:

Jac( X ⊕R,T x, Y⊕R,T, Z ⊕R,T z ) := + [ X ⊕R,T x, [ Y ⊕R,T y, Z ⊕R,T z ] ]

+ [ Y ⊕R,T y, [ Z ⊕R,T z, X ⊕R,T x ] ]

+ [ Z ⊕R,T z, [ X ⊕R,T x, Y ⊕R,T y ] ]

Observing that the bracket with X ∈ End V reproduces the infinitesimal repre-
sentation

[ X ⊕R,T 0, Y ⊕R,T y ] = [ X, Y ] ⊕R,T X y = X ⋆
(
Y ⊕R,T y

)

of End V on End V ⊕R,T V we may calculate the Jacobiator for the special choice

Jac( X ⊕R,T 0, 0 ⊕R,T y, 0 ⊕R,T z )

= [ X ⊕R,T 0, (− Rx, y ) ⊕R,T (− T( x, y ) ) ]

− [ 0 ⊕R,T y, 0 ⊕R,T X z ] + [ 0 ⊕R,T z, 0 ⊕R,T X y ]

= (− [ X, Ry, z ] + RX y, z + Ry, X z )

⊕R,T(−X T( y, z ) + T(X y, z ) + T( y, X z ) )

= (− (X ⋆ R )y, z ) ⊕R,T (− (X ⋆ T )( y, z ) )

of arguments X ∈ End V and y, z ∈ V. Similarly we obtain for all three argu-
ments in V:

Jac( 0 ⊕R,T x, 0 ⊕R,T y, 0 ⊕R,T z )

= [ 0 ⊕R,T x, (− Ry, z ) ⊕R,T (− T( y, z ) ) ] + cyclic permutations of x, y, z

= Rx, T( y, z ) ⊕R,T ( Ry, zx + T( x, T( y, z ) ) ) + cyclic permutations of x, y, z

=
(

− d( 0, T )R
)

x, y, z
⊕R,T

(
R ∧ id − d( 0, T )T

)
( x, y, z )

The latter two results feature prominently in the proof of the following lemma:
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Lemma 4.7 (Lie Subalgebras of End V ⊕R,T V).
The skew algebra End V ⊕R,T V associated to a connection–curvature–torsion triple
(A, R, T) on a vector space V allows no Lie subalgebra g ⊃ { Ax ⊕R,T x | x ∈ V }
unless the connection–curvature–torsion triple (A, R, T) satisfies the First and Second
Bianchi Identity:

d(A,T)T = R ∧ id d(A,T)R = 0

In case the First and Second Bianchi Identity are both satisfied the isotropy algebra
association g 7−→ g ∩ End V induces a bijection between the Lie subalgebras g ⊂
End V ⊕R,T V containing { Ax ⊕R,T x | x ∈ V } and Lie subalgebras h ⊂ End V
satisfying

h ⊂ stab R ∩ stab T

h ⋆ A ⊂ V∗ ⊗ h

Q( A, T ) ≡ R mod Λ2V∗ ⊗ h

where h ⋆ A ⊂ V∗ ⊗ h is a shorthand for [X, Ax ] − AXx ≡ 0 modulo h for
x ∈ V, X ∈ h.

Proof. Every Lie subalgebra g ⊂ End V ⊕R,T V containing { Ax ⊕R,T x | x ∈ V }
is certainly determined by its isotropy algebra h = g ∩ End V. Conversely sup-
pose that h ⊂ End V is the isotropy algebra of the Lie subalgebra g of End V ⊕R,T

V given by:

g := h + span { Ax ⊕R,T x | x ∈ V } (6)

In particular then g is closed under the skew bracket on End V ⊕R,T V so that

[ X ⊕R,T 0, Ax ⊕R,T x ] =
(
[X, Ax ] − AX x

)
⊕R,T 0 + AX x ⊕R,T X x

is necessarily an element of g proving the congruence [X, Ax] − AXx ≡ 0 modulo
h for all X ∈ h and x ∈ V. Similarly the result of the following calculation is an
element of g

[ Ax ⊕R,T x, Ay ⊕R,T y ] =
(
[ Ax, Ay ] − Rx,y − AAxy− Ayx − T(x,y)

)
⊕R,T 0

+ AAxy− Ayx − T(x,y) ⊕R,T

(
Axy − Ayx − T(x, y)

)

and thus requires Q(A, T)x,y ≡ Rx,y modulo h for all x, y ∈ V. In passing we
remark that [X ⊕R,T 0, Y ⊕R,T 0 ] = [X, Y ] ⊕R,T 0 lies in g for X, Y ∈ h without
further ado.

In consequence the subspace g of equation (6) is a skew subalgebra of End V ⊕R,T

V as soon as h ⋆ A ∈ V∗ ⊗ h and Q(A, T) − R ∈ Λ2V∗ ⊗ h. On the other hand
the skew bracket on End V ⊕R,T V agrees with the Lie bracket of the semidirect
product End V ⊕ V of End V with its representation V up to terms quadratic in
V. Hence the Jacobiator on every skew subalgebra g ⊂ End V ⊕R,T V vanishes
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automatically for two or three arguments in the isotropy subalgebra h ⊂ End V.
In light of this observation the Jacobiator satisfies

Jac( X ⊕R,T 0, Ay ⊕R,T y, Az ⊕R,T z ) = Jac( X ⊕R,T 0, 0 ⊕R,T y, 0 ⊕R,T z )

= −
(
(X ⋆ R )y, z ⊕R,T (X ⋆ T )( y, z )

)

for all X ∈ h and y, z ∈ V, thus the isotropy algebra of a Lie subalgebra g ⊂
End V ⊕R,T V projecting onto V is necessarily a subalgebra h ⊂ stab R ∩ stab T
of the joint stabilizer of R and T in End V. Eventually we calculate along a similar
line of argument

Jac( Ax ⊕R,T x, Ay ⊕R,T y, Az ⊕R,T z )

= + Jac( Ax ⊕R,T 0, 0 ⊕R,T y, 0 ⊕R,T z )

+ Jac( Ay ⊕R,T 0, 0 ⊕R,T z, 0 ⊕R,T x )

+ Jac( Az ⊕R,T 0, 0 ⊕R,T x, 0 ⊕R,T y )

+ Jac( 0 ⊕R,T x, 0 ⊕R,T y, 0 ⊕R,T z )

=
(

− d( A, T )R
)

x, y, z
⊕R,T

(
R ∧ id − d( A, T )T

)
( x, y, z )

using trilinearity, cyclic invariance and the explicit formulas calculated above for
Jac.

Although the preceding lemma is reasonably explicit, it is certainly not satisfac-
tory in that we would prefer conditions on the triple (A, R, T) alone, which guar-
antee the existence of a Lie subalgebra g of End V ⊕R,T V satisfying
g ⊃ { Ax ⊕R,T x | x ∈ V }. In order to achieve such a reformulation of
Lemma 4.7 let us have another look at the stabilizer filtration

End V = . . . = h−1 ) h0 ) . . . ) hs−1 ) hs = hs+1 = . . . = h∞ ⊇ h

(7)
constructed in Definition 4.4. Evidently the connection component A ∈ V∗ ⊗
End V of the triple (A, R, T) allows us to define for every subalgebra ĥ ⊂ End V
the derived subalgebra:

ĥ′ := { X ∈ ĥ | [ X, Ax ] ≡ AX x mod ĥ for all x ∈ V }

For every subalgebra ĥ ⊂ End V the quotient End V/ĥ is naturally a represen-
tation of ĥ and the derived subalgebra ĥ′ is nothing else but the stabilizer of the
class A + V∗ ⊗ ĥ represented by A in V∗ ⊗ (End V/ĥ). In particular the derived
subalgebra is monotone

ĥsmall ⊂ ĥlarge =⇒ ĥ′small ⊂ ĥ′large

because the canonical projection V∗⊗ (End V/ĥsmall) −→ V∗⊗ (End V/ĥlarge) is

equivariant under every subalgebra ĥsmall ⊂ ĥlarge so that X ∈ ĥsmall stabilizing

the class represented by A in V∗⊗ (End V/ĥsmall) still stabilizes its image in V∗⊗
(End V/ĥlarge).
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Thinking of the derived subalgebra construction as a dynamical system ĥ 7−→ ĥ′

on the set of subalgebras ĥ ⊂ End V we observe that Lemma 4.7 is actually ask-
ing for the isotropy algebra h = g ∩ End V of a Lie subalgebra g ⊂ End V ⊕R,T

V to be a fixed point h = h′ contained in stab R ∩ stab T while at the same
time containing all the values of Q(A, T) − R ∈ Λ2V∗ ⊗ h. The latter condition
however becomes ever the more restrictive the smaller is h, hence the best we
can hope for is that the unique maximal fixed point hmax of the dynamical system
ĥ 7−→ ĥ′ contained in stab R ∩ stab T is a sufficiently large subalgebra of End V
to satisfy Q(A, T)− R ∈ Λ2V∗ ⊗ hmax.

The existence of this unique maximal fixed point hmax ⊂ stab R ∩ stab T is
guaranteed simply by the monotonicity of the dynamical system ĥ 7−→ ĥ′, to wit
hmax = h∞ is necessarily equal to the limit of the filtration sequence (7) starting
in h0 := stab R ∩ stab T and iterating hr+1 := h′r the derived subalgebra con-
struction for r ≥ 0. Depending on the curvature–torsion tuple (R, T) this unique
maximal fixed point hmax may or may not satisfy Q(A, T) − R ∈ Λ2V∗ ⊗ hmax.
Provided the maximal fixed point hmax of the dynamical system ĥ 7−→ ĥ′ con-
tained in stab R ∩ stab T satisfies Q(A, T) − R ∈ Λ2V∗ ⊗ hmax there may of
course exist other fixed points h ⊂ hmax still satisfying Q(A, T)− R ∈ Λ2V∗ ⊗
h. In geometric terms these additional fixed points correspond to subgroups
G ⊂ Gmax still acting transitively on the affine homogeneous space Gmax/Hmax.

In any case the unique maximal fixed point hmax = h∞ contained in stab R ∩
stab T agrees with the joint stabilizer of all iterated covariant derivatives ∇rT and
∇rR for all r ≥ 0 together according to Lemma 4.5. In consequence the decisive
congruence Q(A, T)x,y ≡ Rx,y modulo hmax is equivalent to the following set of
algebraic equations:

Theorem 4.8 (Algebraic Variety of Affine Homogeneous Spaces).
For a given connection–curvature–torsion triple (A, R, T) on a vector space V there
exists a Lie subalgebra g ⊂ End V ⊕R,T V of the skew algebra associated to (R, T)
satisfying

g ⊃ im
(

Aext : V −→ End V ⊕R,T V, x 7−→ Ax ⊕R,T x
)

if and only if (A, R, T) satisfies the first and second Bianchi identities of degrees 2 and 3

d(A,T)T = R ∧ id d(A,T)R = 0

as well as the following homogeneous equations of degrees r + 3 and r + 4 for all r ≥ 0:

(
Q(A, T) − R

)
⊛

(
A ⊛ ( A ⊛ ( . . . ( A︸ ︷︷ ︸

r times

⊛ T ) . . . ) )
)

= 0

(
Q(A, T) − R

)
⊛

(
A ⊛ ( A ⊛ ( . . . ( A︸ ︷︷ ︸

r times

⊛ R ) . . . ) )
)

= 0

The set of all solution triples (A, R, T) to these algebraic equations will be denoted
M( glV ).
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Although the algebraic variety M( glV ) is formally defined by an infinite set
of algebraic equations, only a finite number of these equations can actually be
relevant, after all polynomial rings are noetherian rings. Taking the argument
leading to these equations into account we observe that at least the equations
parametrized by r ≥ (dim V)2 have to be algebraic consequences of the equations
up to (dim V)2. In this observation (dim V)2 enters simply as a trivial upper
bound for the maximal length s of a sequence ĥ0 ) ĥ1 ) . . . ) ĥs of subalgebras
of End V with ĥr+1 = ĥ′r for some A ∈ V∗⊗End V, which probably grows more
like dim V than (dim V)2. On the other hand the family of examples constructed
in Section 6 shows that there is no universal bound independent of dim V for the
number of algebraic equations needed in order to define M( glV ).

Somewhat more interesting from the theoretical point of view is the obser-
vation that the algebraic variety M( glV ) is actually a cone over a projective
algebraic variety due to the homogeneity of the algebraic equations defining
M( glV ). More precisely the group R acts via λ ⋆ ( A, R, T ) := ( eλ A, e2λR,
eλT ) on the set of all connection–curvature–torsion triples and thus on the invari-
ant subset M( glV ) ⊂ V∗ ⊗ End V × Λ2V∗ ⊗ End V × Λ2V∗ ⊗ V. The same
observation applies to the algebraic varieties Mtf( glV ) and Mref( glV ) of torsion
free and reductive connection–curvature–torsion triples ( A, R, T ) defined in:

Corollary 4.9 (Torsion Free Affine Homogeneous Spaces).
Torsion free connection–curvature tuples (A, R) are connection–curvature–torsion triples
with vanishing torsion T = 0. Their algebras End V ⊕R,0 V allow Lie subalgebras g

with

End V ⊕R,0 V ⊃ g ⊃ im
(

Aext : V −→ End V ⊕R,0 V, x 7−→ Ax ⊕R,0 x
)

if and only if the curvature R ∈ Λ2V∗ ⊗ End V and the connection A ∈ V∗ ⊗ End V
satisfy the formally infinite system of algebraic equations of degrees 2, 3 and r + 4,
r ≥ 0:

R ∧ id = 0 d(A,0)R = 0
(

Q(A, 0) − R
)
⊛

(
A ⊛ (A ⊛ (. . . (A︸ ︷︷ ︸

r times

⊛ R) . . .))
)

= 0

The set of all solutions (A, R) to these equations will be denoted by Mtf( glV ) ⊂
M( glV ).

Corollary 4.10 (Reductive Affine Homogeneous Spaces).
Reductive curvature–torsion tuples (R, T) are connection–curvature–torsion triples with
vanishing connection A = 0. The skew algebra End V ⊕R,T V allows Lie subalgebras
g ⊃ V extending V, if and only if the curvature R ∈ Λ2V∗ ⊗ End V and torsion
T ∈ Λ2V∗ ⊗ V satisfy the following system of algebraic equations of degrees 2, 3, 3
and 4:

d(0,T)T = R ∧ id d(0,T)R = 0 R ⊛ T = 0 R ⊛ R = 0

The notation Mred( glV ) ⊂ M( glV ) will refer to the set of solutions to these equa-
tions.
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5 Additional Parallel Geometric Structures

In this short intermediate section we want to discuss variations of the algebraic
varieties M( glV ) parametrizing formal affine homogeneous spaces, which take
into account additional parallel geometric structures like Riemannian metrics and
almost complex structures. Because the affine geometry determined by the exis-
tence of a linear connection of the tangent bundle is intrinsically a first order
geometry, the condition of parallelity severely restricts the order of additional ge-
ometric structures we may consider, in any case we will restrict ourselves to a
discussion of first order geometries usually called G–structures. In order to avoid
a clash of notation we prefer to call them K–structures for the time being.

In order to define K–structures on vector spaces and consequently on smooth
manifolds M we fix once and for all a closed subgroup K ⊂ GL V of the gen-
eral linear group of a vector space V called the model space. By definition a
K–structure on a vector space T of the same dimension as V is an equivalence
class Ω of linear isomorphisms F : V −→ T under

F ∼K F̃ ⇐⇒ F−1 ◦ F̃ ∈ K

conversely the linear isomorphisms F : V −→ T representing Ω are called
K–frames. The general linear group GL V acts simply transitively from the right
on the set Frame(V, T ) of linear isomorphisms V −→ T, thus K–structures Ω

correspond bijectively to points in:

Ω ∈ Frame( V, T )/K

With K being by assumption a closed subgroup of GL V the quotient
Frame(V, T )/K is actually a manifold so that we can define a smooth K–structure
on a manifold M of the same dimension as V as a smooth section of the quotient
bundle

Ω ∈ Γ( Frame( V, TM )/K )

where Frame(V, TM ) is the principal GL V–bundle of tangent bundle frames
defined in analogy with (3). Such a smooth K–structure Ω is parallel for an affine

connection ∇ on TM, if and only if the parallel transport PT∇
γ : Tγ(0)M −→

Tγ(1)M along curves γ : [0, 1] −→ M maps K–frames to K–frames in the sense

PT∇
γ ◦ F ∈ Ωγ(1) for every F ∈ Ωγ(0).

Whereas the preceding definition of parallel K–structures on a manifold M for a
closed subgroup K ⊂ GL V does not comprise the most general geometric struc-
tures, nevertheless there are quite a number of interesting examples. Consider
for example V = C

n as a real vector space of dimension 2n, which inherits from
Cn the complex structure I ∈ End V, the real part g ∈ Sym 2

+V∗ of the standard
hermitean form (·, ·) and the n–form ψ ∈ ΛnV∗:

ψ( v1, . . . , vn ) := Re detC( v1, . . . , vn )

The common stabilizer of the triple ( g, I, ψ ) agrees with the subgroup
SU(n) ⊂ GL V so that an SU(n)–structure Ω on a 2n–dimensional vector space
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defines a corresponding triple

gΩ := g( F−1 ·, F−1 · ) IΩ := F ◦ I ◦ F−1

ψΩ := ψ( F−1 ·, . . . , F−1 · )

on T for any representative F ∈ Ω. On the other hand the model triple ( g, I, ψ )
satisfies

I2 = − idV g( I ·, I · ) = g

Der2
I ψ = − n2 ψ g−1(ψ, ψ ) = 2n−1 (8)

and it can be shown straightforwardly that GL V acts transitively on the set of
solutions to these algebraic equations in Sym 2

+V∗ × End V × ΛnV∗. In conse-
quence SU(n)–structures Ω on a vector space T are in bijection to triples ( g, I, ψ )
in Sym 2

+T∗ × End T × ΛnT∗ satisfying the algebraic equations (8). Similarly the
tuple ( g, I ) defines the underlying U(n)–structure and g ∈ Sym 2

+T∗ only the
underlying O(2n)–structure on T.

Coming back to homogeneous spaces G/H we define a left invariant K–structure
as a left invariant section of the homogeneous quotient bundle
Frame(V, TG/H )/K of the homogeneous frame bundle. By the classification of
left invariant sections such a section Ω is completely determined by its
H–invariant value in the base point eH ∈ G/H

ΩeH ∈
[

Frame( V, g/h )/K

]H

where the condition of H–invariance reads for a representative F : V −→ g/h of
ΩeH

( h ⋆ ) ◦ F ∼K F ⇐⇒ F−1 ◦ ( h ⋆ ) ◦ F ∈ K

for every h ∈ H, equivalently the image Ad H ⊂ GL g/h of the isotropy group
H must be conjugated to a subgroup of K. Similarly a left invariant K–structure
on G/H is parallel for a left invariant connection A : g −→ End g/h provided
F−1 ◦ AX ◦ F is an element of the Lie algebra k of K for every X ∈ g.

In consequence we may define a formal affine homogeneous space with par-
allel K–structure as a pair of Lie algebras g ⊃ h endowed with a formal left in
variant connection A : g −→ End g/h and a K–structure Ω on g/h such that
F−1 ◦ ( H ⋆ ) ◦ F ⊂ k and F−1 ◦ AX ◦ F ∈ k for all H ∈ h and X ∈ g. On the
other hand we recall that we need to choose a frame F : V −→ g/h anyhow in
order to associate to such a formal homogeneous space a point in the algebraic
variety M( glV ), making the straightforward choice of a frame F representing Ω

we arrive at the algebraic variety of formal affine homogeneous spaces

M( k ) := M( gl V ) ∩ ( V∗ ⊗ k × Λ2V∗ ⊗ k × Λ2V∗ ⊗ V ) (9)

with parallel K–structure. Passing through the arguments used in the construc-
tion of the algebraic variety M( glV ) we conclude that the connection–curvature–
torsion triples (A, R, T) in M( k ) correspond to maximal Lie subalgebras
g ⊂ k ⊕R,T V of the skew algebras k ⊕R,T V, which contain the image of the
extended connection V −→ k ⊕R,T V, x 7−→ Ax ⊕R,T x. Similar considerations
apply of course to the algebraic varieties Mtf( k ) and Mred( k ) of torsion free and
reductive formal affine homogeneous spaces with parallel K–structures.
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6 Contact Order and Formal Tangent Space

The algebraic variety M( glV ) of affine homogeneous spaces and its variants are
only coarse moduli spaces, because they parametrize isometry classes of for-
mal affine homogeneous spaces g ⊃ h augmented by a frame isomorphism
F : V −→ g/h and a split g/h −→ g of the canonical projection. The effect
of changing the frame and/or the split introduces an equivalence relation on
M( glV ), the equivalence relation ∼∞ of contact to all orders approximated by
the equivalence relations ∼d of contact up to order d ∈ N0. In order to de-
scribe the resulting filtration of the formal tangent space to the true moduli space
M∞( glV ) we associate a Spencer cohomology H•,◦( h ) to every connection–
curvature–torsion triple (A, R, T) ∈ M( glV ) and identify it with the successive
filtration quotients. Eventually we illustrate this interpretation of the Spencer co-
homology by explicit calculations for the family of Riemannian homogeneous
spaces with large Singer invariant constructed by Meusers [M].

Definition 6.1 (Contact Relation for Connection–Curvature–Torsion Triples).
Two connection–curvature–torsion triples (A, R, T) and (Ã, R̃, T̃) on a finite–dimen-
sional vector space V are said to be in contact to order d ≥ 0 written (A, R, T) ∼d

(Ã, R̃, T̃), if there exists a linear automorphism F ∈ GL V of V pulling the formal
covariant derivatives of R̃ and T̃ of all orders r = 0, . . . , d back to the formal covariant
derivatives of R and T:

F∗
(

Ã ⊛ ( Ã ⊛ . . . ( Ã︸ ︷︷ ︸
r times

⊛ T̃ ) . . . )
)

= A ⊛ ( A ⊛ . . . ( A︸ ︷︷ ︸
r times

⊛ T ) . . . )

F∗
(

Ã ⊛ ( Ã ⊛ . . . ( Ã︸ ︷︷ ︸
r times

⊛ R̃ ) . . . )
)

= A ⊛ ( A ⊛ . . . ( A︸ ︷︷ ︸
r times

⊛ R ) . . . )

Similarly the notation (A, R, T) ∼∞ (Ã, R̃, T̃) indicates triples in contact to all orders
d ≥ 0.

The naturality of the operation ⊛ implies of course for the iterated covariant
derivatives

F∗( A ⊛ ( A ⊛ . . . ( A ⊛ T ) . . . )
)

= F∗A ⊛ ( F∗A ⊛ . . . ( F∗A ⊛ F∗T ) . . . )

of T or similarly of R. The main argument of Lemma 4.5 may thus be varied to
prove:

Lemma 6.2 (Explicit Form of the Contact Relation).
Two connection–curvature–torsion triples (A, R, T) and (Ã, R̃, T̃) on a finite–dimen-
sional vector space V are in contact (A, R, T) ∼d (Ã, R̃, T̃) to order d ≥ 0, if and only
if there exists a linear automorphism F ∈ GL V satisfying F∗T̃ = T and F∗ R̃ = R as
well as:

F∗ Ã ≡ A mod V∗ ⊗ hd−1

In consequence two triples (A, R, T) ∼d (Ã, R̃, T̃) in contact to an order
d > Singer(A, R, T) exceeding the Singer invariant of one are in contact (A, R, T) ∼∞

(Ã, R̃, T̃) to all orders.
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The infinite order contact relation ∼∞ reflects exactly the dependence of the
connection–curvature–torsion triple (A, R, T) associated to a formal affine homo-
geneous space g ⊃ h on the additional choice of frame F : V −→ g/h and split
g/h −→ g of the canonical projection. The moduli space of isometry classes of
formal affine homogeneous spaces may thus be defined as the set of equivalence
classes of points (A, R, T) ∈ M( glV ) under ∼∞:

M∞( glV ) := M( glV )/∼∞

Similar definitions can be made for the moduli spaces of torsion free Mtf
∞( glV ) or

reductive formal affine homogeneous spaces Mred
∞ ( glV ) with or without addi-

tional left invariant parallel K–structures. It turns out that the deformation theory
of isometry classes of formal affine homogeneous spaces considered as points in
M∞( glV ) is governed by a suitable version of the Spencer cohomology associ-
ated to the purely algebraic concept of a graded comodule:

Definition 6.3 (Comodules over Symmetric Coalgebras).
A comodule over the symmetric coalgebra Sym V∗ of a finite–dimensional vector space V
is a Z–graded vector space A • together with a bilinear map called directional derivative

V × A • −→ A •−1, (y,X) 7−→ ∂X
∂y , homogeneous of degree −1 with respect to A such

that
∂

∂y

( ∂X

∂z

)
=

∂

∂z

( ∂X

∂y

)

for all y, z ∈ V. In particular the iterated directional derivatives like ∂2X
∂y ∂z are well

defined.

Definition 6.4 (Spencer Complex and Cohomology).
The Spencer complex associated to a comodule A over the symmetric coalgebra Sym V∗

of a finite–dimensional vector space V is the bigraded complex of alternating multilinear
forms Λ◦V∗ ⊗ A • on V with values in the comodule A

. . .
B

−→ Λ◦−1V∗ ⊗ A
•+1 B

−→ Λ◦V∗ ⊗ A
• B
−→ Λ◦+1V∗ ⊗ A

•−1 B
−→ . . .

endowed with the Spencer coboundary operator B defined for η ∈ ΛkV∗ ⊗A
• by:

( B η )( x0, . . . , xk ) :=
k

∑
µ = 0

(−1 )µ ∂

∂xµ
B( x0, . . . , x̂µ, . . . , xk )

The corresponding bigraded cohomology theory for comodules is called Spencer cohomol-
ogy:

H•,◦( A ) :=
ker( B : A • ⊗ Λ◦V∗ −→ A •−1⊗ Λ◦+1V∗)

im( B : A
•+1⊗ Λ◦−1V∗ −→ A

• ⊗ Λ◦V∗ )

A detailed description of the general properties of the Spencer cohomology of co-
modules is certainly beyond the scope of this article, for more information see for
example [BCG], [W]. Nevertheless we want to point out that the Spencer coho-
mology H•,◦(A ) of a comodule A • is naturally a graded right module over the
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exterior algebra Λ◦V∗. For a comodule A constant in the directions of a subspace

W ⊂ V in the sense ∂X
∂x = 0 for all X ∈ A and all x ∈ W for example the right

Λ◦V∗–module structure turns out to be convenient to prove

H•, ◦( A ) ∼= H•, ◦
V/W( A ) ⊗ Λ◦W∗ (10)

where H•,◦
V/W(A ) refers to the Spencer cohomology of A • considered as a

comodule over the coalgebra Sym (V/W)∗ and the repeated grading symbol ◦
indicates the product grading.

Definition 6.5 (Formal Directional Derivatives).
Consider the strictly decreasing filtration (7) associated to a connection–curvature–torsion
triple (A, R, T) in the variety M( glV ). The direct sum of successive filtration quotients

h• =
⊕

r ∈Z

(
hr−1/hr

)
= (End V/h0

) ⊕ . . . ⊕ ( hs−1/h∞
)

is a comodule over the symmetric coalgebra Sym V∗ under directional derivatives defined
by

∂X

∂x
:= [ X, Ax ] − AX x + hr−1

for x ∈ V and all representatives X ∈ hr−1 of a class X + hr in the quotient
hr := hr−1/hr.

Of course we should not forget to verify the axiomatic commutation of the for-
mal directional derivatives for a comodule over the symmetric coalgebra Sym V∗,
which is quite surprising in view of the complicated definition of the comodule
h• and its formal directional derivatives. Straightforward calculation of iterated
formal derivatives results in the not too pleasant

∂

∂y

∂X

∂z
≡ [ [X, Az ] − AXz, Ay ] − A( [X, Az ] − AXz ) y

≡ − [ Ay, [X, Az ] ] + [ Ay, AXz ] − AX( Azy ) + AAz(Xy ) + AAXzy

modulo hr−2 for a given representative X ∈ hr−1 of a class X + hr ∈ hr−1/hr, in
consequence

∂

∂z

∂X

∂y
−

∂

∂y

∂X

∂z

≡ + [ X, [ Ay, Az ] − AAyz + AAzy + AT(y,z) ] − AX T(y,z)

− [ AXy, Az ] + AAXyz − AAz(Xy ) − AT(Xy,z) + AT(Xy,z)

− [ Ay, AXz ] + AAy(Xz ) − AAXzy − AT(y,Xz) + AT(y,Xz)

+ [ X, AAyz − AAzy − AT(y,z) ] − AX( Ayz − Azy − T(y,z) )

≡
[
X ⋆ Q( A, T )

]
y. z

+
∂X

∂( Ayz − Azy − T(y, z) )
− A[X ⋆ T ]( y, z )

modulo hr−2. For r ≤ 1 there is actually nothing to prove, because the right
hand side vanishes for trivial reasons due to h−1 = End V. On the other hand
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X ∈ hr−1 ⊂ h0 for r ≥ 2 so that X ⋆ T = 0 by the very definition of
h0 = stab R ∩ stab T. The directional derivative term on the right hand side
vanishes by definition modulo hr−2 leaving us with

∂

∂z

∂X

∂y
−

∂

∂y

∂X

∂z
≡

[
X ⋆ ( Q( A, T ) − R )

]
y, z

mod hr−2

in view of X ∈ stab R. For a connection–curvature–torsion triple (A, R, T) ∈
M( glV ) however the difference Q(A, T) − R is an h∞–valued 2–form on V so
that X ⋆ ( Q(A, T) − R ) is actually hr−1–valued for all X ∈ hr−1 ⊃ h∞. In
consequence the formal directional derivatives of the comodule h• defined above
do in fact commute and h• is a comodule over the symmetric coalgebra Sym V∗.
Its Spencer cohomology in form degree 0 is very simple:

Remark 6.6 (Stabilizer Filtration and Spencer Cohomology).
The only non–vanishing Spencer cohomology in form degree 0 of the comodule h• associ-
ated to a connection–curvature–torsion triple (A, R, T) in the algebraic variety M( glV )
is:

H0,0( h ) = h0 := End V/h0

In fact Hr,0( h ) = {0} for all positive r > 0 by the definition the stabilizer filtration
(7).

Whereas the Spencer cohomology in form degree 0 is thus not particularly
interesting, the Spencer cohomology H•,1( h ) in form degree 1 has the following
neat geometric interpretation in terms of deformations of a formal affine homo-
geneous space g ⊃ h.

Lemma 6.7 (Formal Tangent Space of the Moduli Space).
Given a point [ A, R, T ] in the moduli space M∞(V ) of formal affine homogeneous
spaces of dimension dim V we may consider the subsets of formal affine homogeneous
spaces

Md
∞( A, R, T ) := { [ Ã, R̃, T̃ ] | [ Ã, R̃, T̃ ] ∼d [ A, R, T ] } ⊂ M∞( glV )

in contact to [ A, R, T ] to order d ≥ 0. The resulting decreasing filtration of M∞( glV )

M∞( glV ) ⊇ M0
∞(A, R, T) ⊇ M1

∞(A, R, T) ⊇ . . .

⊇ Ms
∞(A, R, T) ⊇ { [A, R, T] }

provides an interpretation of the Spencer cohomology of h by means of formal tangent
spaces:

H•, 1( h ) = T[A,R,T]M
•
∞(A, R, T)/

T[A,R,T]M
•−1
∞ (A, R, T)

Proof. Consider a curve of connection–curvature–torsion triples ε 7−→
( Aε, Rε, Tε ) representing a tangent vector to Md

∞(A, R, T) in the point
[ A, R, T ] = [ A0, R0, T0 ]:

d

dε

∣∣∣∣
0

[ Aε, Rε, Tε ] ∈ T[ A, R, T ]M
d
∞(A, R, T)
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By assumption all triples [Aε, Rε, Tε] are in contact to order d ≥ 0 so that we
may find a smooth curve ε 7−→ Fε in GL V satisfying F∗

ε Tε = T and F∗
ε Rε = R

as well as F∗
ε Aε ≡ A modulo V∗ ⊗ hd−1. The infinitesimal variation of the curve

ε 7−→ [ Aε, Rε, Tε ] defined by

δ A :=
d

dε

∣∣∣∣
0

F∗
ε Aε ∈ V∗ ⊗ hd−1

clearly satisfies δA ∈ V∗ ⊗ hd, if the original curve ε 7−→ ( Aε, Rε, Tε ) stays
actually in contact to [ A, R, T ] to order d + 1. For this reason we are interested
in the class represented by δA in V∗ ⊗ hd = V∗ ⊗ (hd−1/hd). This infinitesimal
variation class is closed, because

B( δA )( y, z ) ≡
∂

∂y
( δAz ) −

∂

∂z
( δAy )

≡ [ δAz, Ay ] − [ δAy, Az ] + AδAyz − δAzy

≡ − δQ( A, T )y, z − δAAyz− Azy

vanishes modulo hd−1, where δQ is the infinitesimal variation of the approximate
curvature:

δQ :=
d

dε

∣∣∣∣
0

Q( F∗
ε Aε, T ) ∈ Λ2V∗ ⊗ hd−1 (11)

In fact all connection–curvature–torsion triples ( F∗
ε Aε, R, T ) ∈ M( glV ) are in

contact to order d ≥ 0 by assumption and thus share the initial part h−1 ) . . . )
hd−1 of their stabilizer filtrations by Lemma 4.5. Among the equations defining
M( glV ) is the congruence

Q( F∗
ε Aε, T ) ≡ R mod Λ2V∗ ⊗ ( hε )∞

which implies Q(F∗
ε Aε, T) ≡ R modulo Λ2V∗ ⊗ hd−1 for all ε and thus proves

the implicit claim in definition (11). Being closed for the Spencer coboundary
operator B the infinitesimal variation represents a class [ δA ] ∈ Hd,1( h ) in the
Spencer cohomology of the comodule h• associated to [ A, R, T ]. In case this class
vanishes and the infinitesimal variation is exact

δ A = BX ≡ X ⋆ A mod V∗ ⊗ hd

for some X ∈ hd, hence the two curves ε 7−→ ( e−εX ⋆ F∗
ε Aε, R, T ) and

ε 7−→ ( Aε, Rε, Tε ) represent the same tangent vector in [ A, R, T ] tangent to
Md+1

∞ ( glV ).

In order to illustrate the relation between the Spencer cohomology of Definition
6.4 and the formal tangent spaces to the moduli space M∞( glV ) we want to
study the family of examples of Riemannian homogeneous spaces with large
Singer invariant constructed by Meusers [M] in somewhat more detail. Calcu-
lations can be streamlined significantly using the standard identification of the
Lie algebra soV of skew symmetric endomorphisms on a euclidean vector space
V with scalar product g with the second exterior power Λ2V

Λ2V
∼=

−→ so V, X ∧ Y 7−→
(

Z 7−→ g( X, Z )Y − g(Y, Z ) X
)
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characterized by g(X, Y ∧ Z ) = g(XY, Z ) for all Y, Z ∈ V and X ∈ Λ2V on
the left, but X ∈ soV on the right hand side. The Lie bracket on Λ2V = soV
satisfies the formulas

[ X ∧Y, X ∧Z ] = g(X, X) Y ∧Z [ X , Y ∧Z ] = XY ∧Z + Y ∧X Z

for all X ∈ soV and all Y, Z ∈ V satisfying g(X, Y) = 0 = g(X, Z). Consider
now a euclidean vector space V◦ endowed with a scalar product g ∈ Sym 2

+V∗

and an endomorphism F : V◦ −→ V◦. The direct sum V := R ⊕ V◦ is then a
euclidean Lie algebra under the extension g( x ⊕ X, y ⊕ Y ) = xy + g(X, Y) of
the scalar product and the Lie bracket:

[ x ⊕ X, y ⊕ Y ] := 0 ⊕ ( x FY − y FX )

Evidently V is a solvable Lie algebra with abelian nilpotent subalgebra [V, V ] =
V◦, which can be realized as the Lie algebra of left invariant vector fields on the
corresponding simply connected solvable Lie group G. After a short calculation
it turns out that the Levi–Civita connection of the left invariant metric g on G
depends on the decomposition of F = F+ + F− into its symmetric part F+ and
its skew symmetric part F−, more precisely we obtain:

A : V −→ End V, x ⊕ X −→ ( F+X ) ∧ 1 + x F−

In fact Ax ⊕ X ∈ soV is a skew symmetric endomorphism of V for all x ⊕ X ∈ V
and

Ax ⊕X( y ⊕ Y ) − Ay ⊕Y( x ⊕ X )

=
(

g( F+X, Y ) − g( F+Y, X )
)
⊕

(
(− y F+X + x F−Y ) − (− x F+Y + y F−X )

)

= 0 ⊕
(

x FY − y FX
)

= [ x ⊕ X, y ⊕ Y ]

agrees with the Lie bracket. Using this piece of information we calculate the
curvature to be

Rx ⊕ X, y ⊕Y

= [ ( F+X ) ∧ 1 + x F−, ( F+Y ) ∧ 1 + y F− ] − ( x F+F Y − y F+F X ) ∧ 1

= ( F+X ) ∧ ( F+Y ) − x ( F2
+ + [ F+, F− ] )Y ∧ 1

+ y ( F2
+ + [ F+, F− ] ) X ∧ 1

In order to determine the stabilizer of R in soV it seems prudent to study the
Ricci curvature:

Ric( y ⊕ Y, z ⊕ Z ) := trV

(
x ⊕ X 7−→ Rx ⊕ X, y ⊕Y( z ⊕ Z )

)

Calculating the traces of the following expressions appearing in Rx⊕X, y⊕Y(z ⊕ Z)
over x ⊕ X
(

F+X ∧ F+Y
)
(z ⊕ Z) =

0 ⊕
(

g( F+Z, X ) F+Y − g( F+Y, Z ) F+X
)
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(
x (F2

+ + [F+, F−])Y ∧ 1
)
(z ⊕ Z) =

(
g( (F2

+ + [F+, F−])Y, Z ) x
)
⊕

(
. . .

)

(
y (F2

+ + [F+ , F−]) X ∧ 1
)
(z ⊕ Z) =

(
. . .

)
⊕

(
− yz (F2

+ + [F+, F−])X
)

we obtain g( F2
+Y − (tr F+) F+Y, Z ) and g( F2

+Y + [F+, F−]Y, Z ) as well as
−yz (tr F2

+) so that the Ricci endomorphism g(Ric( y ⊕ Y ), z ⊕ Z ) :=
Ric( y ⊕ Y, z ⊕ Z ) reads:

Ric( y ⊕ Y ) = −
(

tr( F2
+ ) y ⊕ ( [ F+, F− ] + (tr F+) F+ )Y

)
(12)

In this way we obtain the following upper and lower bound on the stabilizer of
R in soV

stab Ric ⊃ stab R ⊃ stab F+ ∩ stab [ F+, F− ] ∩ soV◦ (13)

because the explicit formula for R tells us that every X ∈ soV◦ stabilizing F+ and
[ F+, F− ] stabilizes R. In order to proceed we need to be somewhat more specific
about the special form of the endomorphism F in the family of examples found
by Meusers:

Definition 6.8 (Meusers’ Family of Examples).
An endomorphism F : V◦ −→ V◦ on a euclidean vector space V◦ of dimension m − 1 ≥
3 is called special provided its diagonalizable symmetric part F+ has only two different
eigenvalues of multiplicities 1 and m − 2 respectively and every eigenvector e 6= 0 in the
1–dimensional eigenspace is cyclic for the skew symmetric part F− of F in the sense:

V◦ = span { e, F− e, F2
− e, F3

− e, F4
− e, . . . }

Using the cyclicity of the eigenvector e 6= 0 of the symmetric part F+ of a special
endomorphism F under its skew symmetric part F− we may construct a complete
flag on V◦ via:

{ 0 } ( span { e } ( span { e, F−e } ( . . . (

span { e, F−e, . . . , Fm−3
− e } ( V◦

Up to the choice of signs there exists a unique orthonormal basis e2, . . . , em of
V◦ adapted to this flag, in this basis the matrix of the special endomorphism F is
tridiagonal of the form

F =̂




f1 − f3

+ f3 f2 − f4

+ f4
. . .

. . .
. . . f2 − fm

+ fm f2




(14)
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where the parameters f1, . . . , fm ∈ R are arbitrary except for f1 6= f2 and
f3, . . . , fm 6= 0 to ensure the cyclicity of the basis vector e2. The special endo-
morphisms form in this way an m–parameter family of orbits in End V◦ under
the action of the orthogonal group O(V◦ ). Extending this orthonormal basis to
the orthonormal basis 1, e2, . . . , em of V we obtain the following explicit matrix
for the Ricci endomorphism calculated in equation (12):

Ric =̂




− tr F2
+

−( tr F+ ) f1 ( f1 − f2) f3

( f1 − f2) f3 −( tr F+ ) f2

−( tr F+ ) f2
. . .

−( tr F+ ) f2




This matrix certainly has 4 different eigenvalues of multiplicities m− 3 and 1, 1, 1
for a generic special endomorphism F, say for f1 = 1 and f2 = 0 these eigen-

values are 0 and −1, − 1
2 ± 1

2

√
4 f 2

3 + 1) respectively. For such a generic special

endomorphism F

stab Ric = stab F+ ∩ stab [ F+, F− ] ∩ soV◦ = so { 1, e2, e3 }⊥

and equation (13) tells us that this agrees with the stabilizer of R:

h0 := stab R = so { e4, e5, . . . , em }

Because every X ∈ h0 commutes with F+, the comodule directional derivatives
are given by

∂X

∂1
= [ X, F− ]

∂X

∂X
= [ X, F+X ∧ 1 ] − F+(X X ) ∧ 1 = 0

for all X ∈ V◦, in particular for X := eµ ∧ eν ∈ h0 with 4 ≤ µ < ν ≤ m we obtain
this way

∂

∂1
( eµ ∧ eν ) = −

(
F−eµ ∧ eν + eµ ∧ F−eν

)
≡ fµ eµ−1 ∧ eν

modulo so {eµ, . . . , em}. Consequently the subalgebras in the stabilizer filtration
(7) read

hr = so { er+4, . . . , em } (15)

for all r = 0, . . . , m− 4 due to our cyclicity assumption f3, . . . , fm 6= 0. In conse-
quence the affine homogeneous spaces of dimension m associated to generic spe-
cial endomorphisms F : V◦ −→ V◦ on euclidean vector spaces V◦ of dimension
m − 1 have Singer invariant m − 4, because hm−5 6= {0}, but hm−4 = h∞ = {0}.

Before closing this section we want to calculate the Spencer cohomologies in
this family of examples of affine spaces with large Singer invariant. With all

directional derivatives ∂X
∂X = 0 in directions X ∈ V◦ vanishing we may use

the isomorphism (10) to reduce this calculation to the calculation of the Spencer
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cohomology of the comodule h• considered as a comodule over Sym V/V◦ =
Sym R. By definition the comodule h• is the direct sum of the successive quo-
tients hr−1/hr, which are spanned for r > 0 by the bivectors er+3 ∧ eν + hr with
r + 3 < ν ≤ m. The only non–trivial directional derivatives are injective for
r > 0

∂

∂1
: hr/hr+1 −→ hr−1/hr, er+4 ∧ eν + hr+1 7−→ fr+3 er+3 ∧ eν + hr

with cokernel spanned by er+3 ∧ er+4 + hr. In summary we have proved the
following lemma:

Lemma 6.9 (Singer Invariant and Spencer Cohomology).
Consider a special endomorphism F : V◦ −→ V◦ on a euclidean vector space V◦ of
dimension m − 1 ≥ 3 in the sense of Definition 6.8 and let e2, . . . , em be the essentially
unique orthonormal basis of V◦, in which F takes the trilinear form (14). The euclidean
Lie algebra g = R ⊕ V◦ = V associated to the special endomorphism F has Singer
invariant

Singer( g ) = m − 4

provided the Ricci endomorphism of g has 4 different eigenvalues. For such a generic
special endomorphism F the Spencer cohomology Hr,◦( h ) of the associated comodule h•

over the coalgebra Sym V∗ is a free Λ◦V∗
◦ –module of rank 1 for all r = 1, . . . , m − 4

with isomorphism

Λ◦−1V∗
◦

∼=
−→ Hr, ◦( h ), η 7−→

[
1♯ ∧ η ⊗ ( er+3 ∧ er+4 + hr )

]

where 1♯ ∈ V∗ is the linear form 1♯(x ⊕ X) := x. In particular the interesting Spencer
cohomologies Hr,1(h) for r = 1, . . . , m − 4 are all one–dimensional.

The remarkable conclusion of our calculation of the Spencer cohomology of
Meusers’ examples of Riemannian homogeneous spaces with large Singer invari-
ant is that this specific family of examples is in a sense maximal in the moduli
space M( soV )∞: Every vector formally tangent to the moduli space M( soV )∞

in a point corresponding to a Riemannian homogeneous space in Meusers’ fam-
ily is integrable to a real deformation by changing one of the parameters f5, . . . ,
fm − 1 6= 0 of this family.

A Locally Homogeneous Spaces

Intuitively a locally or infinitesimally homogeneous space of contact order
d ∈ N0 is a smooth manifold endowed with a connection on its tangent bundle
such that the d–th order jets of the curvature and torsion tensors look the same
in all of its points. Despite the fact that no Lie group is acting transitively on a
generic locally homogeneous space, its curvature and torsion tensors still share
some of the algebraic properties of the curvature–torsion of formal affine homo-
geneous spaces encoded in the moduli spaces constructed in this article. Sketch-
ing the construction of M( glV ) from the point of view of locally homogeneous
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spaces we derive a rather simple differential equation characterizing locally ho-
mogeneous spaces which can be used to study old and construct new examples
of such affine manifolds.

Recall to begin with that the curvature and the torsion of a connection ∇ on the
tangent bundle of a manifold M are tensors as are all their covariant derivatives.
All these tensors can be pulled back under linear isomorphisms F : V −→ TpM,
for the curvature say via

F∗[ RM
p ]x, yz := F−1( RM

p )Fx, FyFz

with a very similar formula for the torsion. An affine manifold ( M, ∇ ) is called
locally homogeneous of contact order d ∈ N0 provided for every two points
p, q ∈ M there exists a linear isomorphism Fq, p : TqM −→ TpM between the
tangent spaces such that

F∗[ (∇rRM)p ] = (∇rRM)q F∗[ (∇rTM)p ] = (∇rTM)q (16)

for all r = 0, . . . , d. Choosing a model vector space V of dimension m = dim M
as before we translate the condition of M being locally homogeneous of order
d into the existence of a reduction of the full frame bundle Frame(V, TM ) to a

subbundle Framed(V, TM )

{ ( p, F ) | F∗[ (∇rTM)p ] = ∇rT and F∗[ (∇rRM )p ] = ∇rR for r = 0, . . . , d }
(17)

with R, ∇R, . . . , ∇dR and T, ∇T, . . . , ∇dT defined for r = 0, . . . , d as the pull
backs

∇rT := F∗
◦ [ (∇

rTM )p◦ ] ∈
⊗r V∗ ⊗ (Λ2V∗ ⊗ V )

∇rR := F∗
◦ [ (∇

rRM )p◦ ] ∈
⊗r V∗ ⊗ (Λ2V∗ ⊗ End V )

(18)

for some arbitrarily chosen point p◦ ∈ M and frame F◦ : V −→ Tp◦ M; the
common stabilizer

Hd :=

Stab ( T ⊕ ∇T ⊕ . . . ⊕ ∇dT ) ∩ Stab ( R ⊕ ∇R ⊕ . . . ⊕ ∇dR ) ⊂ GL V

of the constants (18) is of course the structure group of the reduction

Framed(V, TM ). Every smooth local section F ∈ Γloc( Framed(V, TM) ) of the
reduction (17) of the frame bundle corresponds to a local trivialization of the tan-
gent bundle TM of the manifold

F : C∞
loc( M, V )

∼=
−→ Γloc( TM ),

x 7−→
(

Fx : M −→ TM, p 7−→ Fpxp

)

whose inverse F−1 ∈ Γloc( T∗M ⊗ V ) is a locally defined V–valued form on M.
In turn the given connection ∇ on the tangent bundle TM of M can be written
locally in the form

F−1( ∇Fx( Fy ) ) =: DFxy + Axy (19)
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for a smooth map A ∈ C∞
loc( M, V∗ ⊗ End V ) and all x, y ∈ C∞

loc( M, V ), where
D denotes and will denote the trivial connection on C∞( M, V ) and similarly on
C∞( M, Σ ) for an arbitrary vector space Σ. The connection form A is in essence
the pull back AF−1 = F∗ω∇ of the principal connection ω∇ on Frame(V, TM )
describing the connection ∇ by the section F, for simplicity however we will not
use principal connections in our argument.

Calculating the torsion TM and the curvature RM of the connection ∇ in terms
of its local description (19) via the local frame F and the associated connection
form A allows us to bring the decisive property of F to be a local section of the
reduction (17) to bear. For the torsion for example we obtain for all constant
vectors x, y ∈ V ⊂ C∞

loc( M, V ) the identity

T( x, y )
!
= F−1( TM( Fx, Fy ) ) = Axy − Ayx − F−1( [ Fx, Fy ] )

due to DFxy = 0 = DFyx. The analogous calculation for the curvature results in

Rx, y
!
= F−1 ◦ RM

Fx, Fy ◦ F =

( DFxA )y − ( DFyA )x + [ Ax, Ay ] − AF−1( [ Fx, Fy ] )

for all constant vectors x, y ∈ V due to DFx( Ay ) = ( DFx A )y etc. In light of the
definition of the approximate curvature tensor in 4.6 the preceding two equations
combine into

F−1( [ Fx, Fy ] ) = Axy − Ayx − T( x, y )

( DFxA )y − ( DFyA )x = − ( Q( A, T ) − R )x, y

(20)

a coupled system of first order partial differential equations for the pair ( F, A ).
The most important observation to be made to link locally homogeneous spaces
to the moduli spaces M( glV ) constructed in the main part of this article is that
the iterated covariant derivatives of TM and RM can still be calculated via Defini-
tion 4.3 using the binary operation ⊛

F∗[∇rTM ]
!
= A ⊛ ( A ⊛ ( . . . ( A ⊛ T ) . . . ) ) ∈

C∞
loc( M,

⊗rV∗ ⊗ (Λ2V∗ ⊗ V) )

F∗[∇rRM ]
!
= A ⊛ ( A ⊛ ( . . . ( A ⊛ R ) . . . ) ) ∈

C∞
loc( M,

⊗rV∗ ⊗ (Λ2V∗ ⊗ End V) )

for all r = 0, . . . , d + 1. This somewhat surprising observation is really a con-

sequence of the construction (17) of the reduction Framed(V, TM ) of the frame
bundle, according to which F∗[∇rTM] and F∗[∇rRM] are actually constant maps
equal to the constants defined in (18) for all r = 0, . . . , d. In turn they are parallel
with respect to the trivial connection D and so their covariant derivatives are de-
termined by the connection form A ∈ C∞

loc( M, V∗ ⊗ End V ) defined in (19) and
can be calculated using the binary operation ⊛.

A direct consequence of the preceding observation is that the connection form
A itself is constant on M modulo the vector space V∗ ⊗ hd of forms on V with
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values in the Lie algebra hd of the common stabilizer Hd ⊂ GL V of the constants
(18), because the argument of Lemma 4.5 would otherwise tell us that F∗[∇rTM ]
and F∗[∇rRM ] are not constant maps on M contrary to the basic assumption that
M is a locally homogeneous space. The left hand side of the second equation of
the couple (20) is thus a smooth map on M with values in V∗ ⊗ hd so that the
right hand side difference Q(A, T) − R ∈ C∞

loc( M, Λ2V∗ ⊗ End V ) satisfies the
algebraic equations characterizing the algebraic variety M( glV ) up to order d:

Definition A.1 (Truncated Moduli Spaces).
The truncated moduli spaces M≤d( glV ) are approximations to the variety M( glV )
of formal affine homogeneous spaces defined for all d ∈ N0 as the set of connection–

curvature–torsion triples ( A, R, T ) solving the formal first d(A,T)T = R ∧ id and

second Bianchi identity d(A,T)R = 0 and the other equations characterizing the algebraic
variety M( glV )

(
Q(A, T) − R

)
⊛

(
A ⊛ ( A ⊛ ( . . . ( A︸ ︷︷ ︸

r times

⊛ T ) . . . ) )
)

= 0

(
Q(A, T) − R

)
⊛

(
A ⊛ ( A ⊛ ( . . . ( A︸ ︷︷ ︸

r times

⊛ R ) . . . ) )
)

= 0

for all r = 0, . . . , d, but not to infinite order. The stabilizer filtration of Definition 4.4 is
still well–defined up to order d for every point the truncated moduli space M≤d( glV ):

End V ⊇ h0 := stab R ∩ stab T ⊇ h1 ⊇ . . . ⊇ hd

Summarizing these arguments we recall that the choice of a base frame
F◦ : V −→ Tp∗ M in a point p◦ in a locally homogeneous space M of order d ∈ N0

provides us with a curvature–torsion tuple ( R, T ), which defines the reduction
(17) of the frame bundle of M. Choosing a local section F of this reduction of the
frame bundle provides us with the connection form A ∈ C∞

loc( M, V∗ ⊗ End V )
which complements the curvature–torsion tuple to a map

( A, R, T ) : M −→ M≤d( glV ), p 7−→ ( Ap, R, T )

from M to the truncated moduli space, which is actually constant modulo
V∗ ⊗ hd. Conversely we may construct new examples of locally homogeneous
spaces of order d ∈ N0 by choosing first of all a point ( A◦, R, T ) ∈ M≤d( glV )
in the truncated moduli space of order d to set up the system (20) of partial dif-
ferential equations. Every solution ( F, A ) to this system with a local section
F ∈ Γloc( Frame(V, TM) ) of the frame bundle of a manifold M of dimension
dim V and A ∈ C∞

loc( M, V∗ ⊗ End V ) constant equal to A◦ modulo V∗ ⊗ hd

defines a connection ∇ on the tangent bundle TM by equation (19) under which
M becomes a locally homogeneous space of order d with curvature and torsion
tensor R and T.
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