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Abstract

This paper deals with the singularly perturbed nonlocal boundary value
problem for a linear first order differential equation. For the numerical
solution of this problem, we use a fitted difference scheme on a piecewise
uniform Shishkin mesh. An error analysis shows that the method is almost
first order convergent, in the discrete maximum norm, independently of the
perturbation parameter. Numerical results are presented which illustrate the
theoretical results.

1 Introduction

We consider nonlocal singularly perturbed boundary value problem

εu′(x) + a(x)u(x) = f (x), x ∈ Ω, (1.1)

u(0) + γu(l1) = Au(l) + B, l1 ∈ Ω, (1.2)

where 0 < ε ≪ 1 is the perturbation parameter, γ, A, B are given constants, l1 and
l are given real numbers with 0 < l1 < l and Ω = (0, l), Ω̄ = [0, l]. a(x) and f (x)
are given sufficiently smooth functions satisfying certain regularity conditions in
Ω̄ and moreover,

0 < α 6 a(x) 6 a∗ < ∞.
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A singularly perturbed equation is an ordinary differential equation in which
the highest derivative is multiplied by a small parameter and normally, bound-
ary (or initial) layers occur in their solutions. Singularly perturbed differential
equations arise very frequently in fluid mechanics and other branches of applied
mathematics [1-6].

Nonlocal boundary value problems have also been studied extensively in
the literature [7] such as the problem arising in hydrodynamics, transonic gas
dynamics [8] and boundary control problem for vibrations of a string [9]. The
existence and uniqueness of solutions of nonlocal problems, and also their nu-
merical solution, have been considered in many papers [10-16] and the refer-
ences cited therein. Some approaches to approximating this type of problem
have also been considered in [13, 15]. However, the algorithms developed in the
papers cited above are mainly concerned with regular cases (i.e. when boundary
layers are absent). Amiraliyev and Cakir [17] gave ε-uniform numerical scheme
on an arbitrary non-uniform mesh to solve reaction-diffusion singularly pertur-
bed problem with nonlocal boundary condition. They proved that the scheme
is first-order ε-uniform convergence. Cakir and Amiraliyev [18] proposed a uni-
form finite difference method on piecewise uniform Shishkin type mesh for solv-
ing singularly perturbed semilinear convection-diffusion three-point boundary
value problem. Cakir [19] constructed a hybrid scheme on Shishkin type mesh for
solving linear second order singularly perturbed boundary value problem with
nonlocal boundary condition. The scheme is the combination of Samarskii’s
scheme and finite difference scheme. He proved that the hybrid difference scheme
is second-order accurate. The solution u(x) of the problems in [17-19] have
generally boundary layers at x = 0 and x = l points.

The use of classical numerical methods for solving such problems may give
rise to difficulties when the perturbation parameter ε is small. Therefore, it is im-
portant to develop suitable numerical methods to these problems. The outcomes
in this paper concern both the analytical results and numerical solutions study of
first-order nonlocal singularly perturbed boundary value problem. We construct
uniformly convergent difference scheme on a piecewise equidistant mesh for the
problem (1.1)-(1.2). Then we present the error analysis for the approximate solu-
tion and prove the uniform convergence in the discrete maximum norm. Finally,
the numerical results are presented to support the theory.

Henceforth, C denote the generic positive constants independent of ε and
mesh parameter, but whose value is fixed.

2 Analytical Results

Here we show some properties of the solution of (1.1)-(1.2), which are needed in
later sections for the analysis of appropriate numerical solution. We also adopt
the convention that

‖g‖∞ ≡ ‖g‖∞,Ω̄ = max
06x6l

|g(x)| .

Lemma 2.1. Let a, f ∈ C1(Ω) and

1 + γe−
a∗l1

ε − Ae−
αl
ε > c0 > 0. (2.1)
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Then for the solution u(x) of the problem (1.1)-( 1.2) the following estimates hold:

‖u‖∞ 6 c−1
0 |B|+ α−1 ‖ f‖∞ (1 + c−1

0 |γ|+ c−1
0 |A|), (2.2)

∣

∣u′(x)
∣

∣ 6 C(1 +
1

ε
e−

αx
ε ), x ∈ Ω. (2.3)

Proof. From (1.1) we have

u(x) = u (0) e
− 1

ε

x
∫

0

a(η)dη

+
1

ε

x
∫

0

f (ξ)e
− 1

ε

x
∫

ξ

a(η)dη

dξ, (2.4)

from which, by setting the boundary condition u(0) + γu(l1) = Au(l) + B, we
get

u(0) =

B − γ
ε

l1
∫

0

f (ξ)e
− 1

ε

l1
∫

ξ

a(η)dη

dξ + A
ε

l
∫

0

f (ξ)e
− 1

ε

l
∫

ξ

a(η)dη

dξ

1 + γe
− 1

ε

l1
∫

0

a(η)dη

− Ae
− 1

ε

l
∫

0

a(η)dη

. (2.5)

For γ > 0, A > 0, we deduce that

1 + γe
− 1

ε

l1
∫

0

a(η)dη

− Ae
− 1

ε

l
∫

0

a(η)dη

> 1 + γe−
a∗l1

ε − Ae−
αl
ε > c0 > 0.

It then follows from (2.5) we get

|u(0)| 6 c−1
0 {|B|+

|γ|

ε

l1
∫

0

| f (ξ)| e
− 1

ε

l1
∫

ξ

a(η)dη

dξ +
|A|

ε

l
∫

0

| f (ξ)| e
− 1

ε

l
∫

ξ

a(η)dη

dξ}

6 c−1
0 {|B|+

|γ|

ε
‖ f‖∞

l1
∫

0

e−
α(l1−ξ)

ε dξ +
|A|

ε
‖ f‖∞

l
∫

0

e−
α(l−ξ)

ε dξ}

6 c−1
0 {|B|+ α−1 |γ| ‖ f‖∞ (1 − e−

αl1
ε ) + α−1 |A| ‖ f‖∞ (1 − e−

αl
ε )}. (2.6)

Next from (2.4) we see that

|u(x)| 6 |u(0)| e−
α
ε x + α−1 ‖ f‖∞ (1 − e−

α
ε x)

which complete the proof (2.2).
To prove (2.3), first we estimate u′(0) such that from (1.1)

∣

∣u′(0)
∣

∣ 6
1

ε
| f (0)− a(0)u(0)| 6

C

ε
. (2.7)

Now, differentiating (1.1) we have

εu′′(x) + a(x)u′(x) = F(x) (2.8)
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where
F(x) = f ′(x)− a′(x)u(x).

Since |F(x)| 6 C, it now follows from (2.8), (2.7) that

∣

∣u′(x)
∣

∣ 6
∣

∣u′(0)
∣

∣ e
− 1

ε

x
∫

0

a(η)dη

+
1

ε

x
∫

0

|F(ξ)| e
− 1

ε

x
∫

ξ

a(η)dη

dξ

6 C{ε−1e−
αx
ε + α−1(1 − e−

αx
ε )}

which proves (2.3).

3 Discrete Problem

In what follows, we denote by ω a nonuniform mesh on Ω :

ωN = {0 < x1 < ... < xN−1 < l, hi = xi − xi−1}

and ω̄N = ωN ∪ {x0= 0, xN = l}. Before describing our numerical method, we
introduce some notation for the mesh functions. For any mesh function g(x), we
use

gi = g(xi), gx̄,i = (gi − gi−1)/hi , ‖g‖∞ ≡ ‖g‖∞,ω̄N
= max

06i6N
|gi| .

To obtain difference approximation for (1.1), we integrate (1.1) over (xi−1, xi):

εux̄,i + h−1
i

xi
∫

xi−1

a(x)u(x)dx = h−1
i

xi
∫

xi−1

f (x)dx,

which yields relation

εux̄,i + aiui + Ri = fi, 1 6 i 6 N, (3.1)

with the local truncation error

Ri = h−1
i

xi
∫

xi−1

(x − xi−1)
d

dx
( f (x)− a(x)u(x))dx. (3.2)

It is now necessary to define an approximation for the boundary condition of (1.2)
. Let xN0

be the mesh point nearest to l1. Then, using Taylor formula with respect
to xN0

, we can write

u(x) = u(xN0
) + (x − xN0

)u′(ξ), ξ ∈ (xN0
, l1). (3.3)

Substituting x = l1 into (3.3), for the boundary condition of (1.2), we obtain

u0 + γuN0
+ r(l1) = AuN + B (3.4)
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where
r(l1) = (l1 − xN0

)u′(ξ), ξ ∈ (xN0
, l1) (3.5)

As a consequence of (3.1) and (3.4), we propose the following difference scheme
for approximating (1.1)-(1.2):

εyx̄,i + aiyi = fi, 1 6 i 6 N, (3.6)

y0 + γyN0
= AyN + B. (3.7)

The difference scheme (3.6)-(3.7), in order to be ε-uniform convergent, we will
use the Shishkin mesh. For an even number N, the piecewise uniform mesh takes
N/2 points in the interval [0, σ] and also N/2 points in the interval [σ, l], where
the transition point σ, which separates the fine and coarse portions of the mesh,
is obtained by taking

σ = min
{

l/2, α−1ε ln N
}

.

In practice, one usually has σ ≪ l, so the mesh is fine on [0, σ] and coarse on [σ, l].

Hence, if we denote by h(1) and h(2) the stepsizes in [0, σ] and [σ, l], respectively,
we have

h(1) = 2σN−1, h(2) = 2(l − σ)N−1,

h(1) 6 lN−1, lN−1
6 h(2) 6 2lN−1, h(1) + h(2) = 2lN−1,

so

ωN =

{

xi = ih(1), i = 0, 1, ..., N/2,

xi = σ + (i − N/2)h(2) , i = N/2 + 1, ..., N.
(3.8)

In the rest of the paper we only consider this mesh.

4 Error analysis

Let zi = yi − ui. Then the error in the numerical solution satisfies

εzx̄,i + aizi = Ri, 1 6 i 6 N, (4.1)

z0 + γzN0
= AzN + r. (4.2)

where the truncation error Ri and r are given by (3.2) and (3.5) respectively.

Lemma 4.1. If a(x), f (x) ∈ C1(Ω̄), then for the truncation error Ri we have

‖R‖∞,ωN
6 CN−1 ln N, (4.3)

|r| 6 CN−1 ln N. (4.4)

Proof. From explicit expression (3.2) for Ri, on an arbitrary mesh we have

|Ri| 6 h−1
i

xi
∫

xi−1

(x − xi−1)

∣

∣

∣

∣

d

dx
( f (x)− a(x)u(x))

∣

∣

∣

∣

dx
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6 Ch−1
i

xi
∫

xi−1

(x − xi−1)(1 +
∣

∣u′(x)
∣

∣)dx, 1 6 i 6 N.

This inequality together with (2.3) enables us to write

|Ri| 6 C{hi + h−1
i ε−1

xi
∫

xi−1

(x − xi−1)e
−αx/εdx}, 1 6 i 6 N, (4.5)

in which

hi =

{

h(1), 1 6 i 6 N/2,

h(2), N/2 + 1 6 i 6 N.

We consider first the case σ = l/2, and so l/2 < α−1ε ln N and h(1) = h(2) = h =
lN−1. Hereby, since

h−1
i ε−1

xi
∫

xi−1

(x − xi−1)e
−αx/εdx 6ε−1h 6

2 ln N

αl

l

N
= 2α−1N−1 ln N,

it follows from (4.5) that

|Ri| 6 CN−1 ln N, 1 6 i 6 N.

We now consider the case σ = α−1ε ln N and estimate Ri on [0, σ] and [σ, l]
separately. In the layer region [0, σ], inequality (4.5) reduces to

|Ri| 6 C(1 + ε−1)h(1) = C(1 + ε−1)
α−1ε ln N

N/2
, 1 6 i 6 N/2.

Hence,
|Ri| 6 CN−1 ln N, 1 6 i 6 N/2.

It remains to estimate Ri for N/2 + 1 6 i 6 N. In this case we are able to write
(4.5) as

|Ri| 6 C
{

h(2) + α−1(e−
αxi−1

ε − e−
αxi

ε )
}

, N/2 + 1 6 i 6 N. (4.6)

Since xi = α−1ε ln N + (i − N/2)h(2) it follows that:

e−
αxi−1

ε − e−
αxi

ε =
1

N
e−

α(i−1−N/2)h(2)

ε (1 − e−
αh(2)

ε ) < N−1

and this together with (4.6) to give the bound

|Ri| 6 CN−1.

Next, we estimate the remainder term r. Suppose that l1 ∈ [0, σ], and from
Lemma 2.1., the first derivative of u on this interval is bounded. From (3.5), we
obtain

|r| = |l1 − xN0
|
∣

∣u′(ξ)
∣

∣ 6 Ch(1) 6 CN−1 ln N.

Similarly, for l1 ∈ [σ, l], from (3.5), we get

|r| = |l1 − xN0
|
∣

∣u′(ξ)
∣

∣ 6 Ch(2) 6 CN−1 ln N.

Thus, the proof is completed.
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Lemma 4.2. Let zi be the solution (4.1)-(4.2) and the problem data of (1.1)-(1.2) are such
that

1 + γµ∗(1 + a∗ρ1)
−N/2 − A[(1 + αρ1)(1 + αρ2)]

−N/2
> c∗ > 0,

where

µ∗ =

{

(1 + a∗ρ2)
N/2−N0 , N/2 6 N0,

(1 + a∗ρ2)
−N/2, N/2 > N0,

, ρk = h(k)/ε, k = 1, 2.

Then the estimate
‖z‖∞,ωN

6 C(‖R‖∞,ωN
+ |r|). (4.7)

holds.

Proof. From (4.1) we have

zi =
ε

ε + aihi
zi−1 +

hiRi

ε + aihi
.

Solving the first-order difference equation with respect to zi, we get

zi = z0Qi +
i

∑
k=1

ϕkQi−k, (4.8)

where

Qi−k =

{

1, k = i,

∏
i
j=k+1

ε
ε+ajhj

, 0 6 k 6 i − 1, ϕi =
hiRi

ε + aihi
.

From (4.2) and (4.8) we then obtain

z0 =
A ∑

N
k=1 ϕkQN−k − γ ∑

N0
k=1 ϕkQN0−k − r

1 + γQN0
− AQN

=
A ∑

N
k=1

hkRk
ε+akhk

QN−k − γ ∑
N0
k=1

hkRk
ε+akhk

QN0−k − r

1 + γQN0
− AQN

. (4.9)

It is not difficult to see that the absolute value of the numerator (4.9) is bounded
by C(‖R‖∞,ωN

+ |r|) and for γ > 0, A > 0 the denominator is bounded by c∗
thereby will be

|z0| 6 C(‖R‖∞,ωN
+ |r|). (4.10)

Now, applying the discrete maximum principle to (4.1) and (4.9), we have

‖z‖∞,ωN
6 |z0|+ α−1 ‖R‖∞,ωN

which along with (4.10) leads to (4.7).

Combining the previous lemmas yield the main result of the paper.

Theorem 4.3. Let u be the solution of (1.1)-(1.2) and y the solution of (3.6)-(3.7).Then
under hypotheses Lemmas 4.1 and 4.2

‖y − u‖∞,ω̄N
6 CN−1 ln N.
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5 Numerical results

We consider the test problems:

Example 5.1.

εu′(x) + 4u(x) = 4, 0 < x < 1,

u(0) +
1

2
u(

1

2
) = 2u(1)− 1.

The exact solution is given by

u(x) = 1 −
e−4x/ε

2 + e−2/ε − 4e−4/ε
.

Example 5.2.

εu′(x) + (2x + 6)u(x) = 2x + 6, 0 < x < 1,

u(0) +
1

3
u(

1

4
) = u(1).

The exact solution is given by

u(x) = 1 −
e−(x+3)2/ε

3e−9/ε + e−169/(16ε) − 3e−16/ε
.

Example 5.3.

εu′(x) + 2(x + 4)u(x) = (2x + 8) cosh(
x

2
) +

ε

2
sinh(

x

2
), 0 < x < 1,

u(0) +
1

6
u(

1

4
) =

3

2
u(1)−

5

4
.

The exact solution is given by

u(x) = cosh(
x

2
)−

(13.5 + cosh(1
8)− 9 cosh(1

2))e
−(x+4)2/ε

6e−16/ε + e−289/(16ε) − 9e−25/ε
.

We define the exact error eN
ε and the computed parameter-uniform maximum

pointwise error eN as follows:

eN
ε = ‖y − u‖∞,ω̄ , eN = max

ε
eN

ε ,

where y is the numerical approximation to u for various values of N and ε. We
also define the computed parameter-uniform rate of convergence to be

pN = log2

(

eN/e2N
)

.
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Particular values of ε for which we solve the test problems. The resulting errors
eN and the corresponding numbers pN are listed in Tables 1-3.

Table 1

Exact errors eN
ε and convergence rates pN on ωN of the Example 5.1

ε N = 64 N = 128 N = 256 N = 512 N = 1024

2−2 0.0134246 0.0077302 0.0043916 0.0024792 0.0014118
0.80 0.82 0.82 0.81

2−4 0.0133740 0.0076837 0.0043427 0.0024219 0.0013361
0.80 0.82 0.84 0.86

2−6 0.0133740 0.0076837 0.0043427 0.0024219 0.0013361
0.80 0.82 0.84 0.86

2−8 0.0133740 0.0076837 0.0043427 0.0024219 0.0013361
0.80 0.82 0.84 0.86

2−10 0.0133740 0.0076837 0.0043427 0.0024219 0.0013361
0.80 0.82 0.84 0.86

2−12 0.0133740 0.0076837 0.0043427 0.0024219 0.0013361
0.80 0.82 0.84 0.86

2−14 0.0133740 0.0076837 0.0043427 0.0024219 0.0013361
0.80 0.82 0.84 0.86

2−16 0.0133740 0.0076837 0.0043427 0.0024219 0.0013361
0.80 0.82 0.84 0.86

eN 0.0134246 0.0077302 0.0043916 0.0024792 0.0014118
pN 0.80 0.82 0.82 0.81

Table 2

Exact errors eN
ε and convergence rates pN on ωN of the Example 5.2

ε N = 64 N = 128 N = 256 N = 512 N = 1024

2−2 0.0092455 0.0052731 0.0029896 0.0016945 0.0009702
0.81 0.82 0.82 0.80

2−4 0.0093547 0.0053032 0.0029713 0.0016473 0.0009048
0.82 0.84 0.85 0.86

2−6 0.0094089 0.0053359 0.0029907 0.0016585 0.0009114
0.82 0.84 0.85 0.86

2−8 0.0094226 0.0053442 0.0029956 0.0016614 0.0009131
0.82 0.84 0.85 0.86

2−10 0.0094260 0.0053463 0.0029969 0.0016622 0.0009135
0.82 0.84 0.85 0.86

2−12 0.0094268 0.0053468 0.0029972 0.0016623 0.0009136
0.82 0.84 0.85 0.86

2−14 0.0094271 0.0053470 0.0029973 0.0016624 0.0009137
0.82 0.84 0.85 0.86

2−16 0.0094272 0.0053470 0.0029973 0.0016624 0.0009137
0.82 0.84 0.85 0.86

eN 0.0094272 0.0053470 0.0029973 0.0016945 0.0009702
pN 0.81 0.82 0.82 0.80
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Figure 1: Numerical solution of Example 5.1 for ε = 2−2

Table 3

Exact errors eN
ε and convergence rates pN on ωN of the Example 5.3

ε N = 64 N = 128 N = 256 N = 512 N = 1024

2−2 0.0162093 0.0094311 0.0052590 0.0027941 0.0013880
0.78 0.84 0.91 1.01

2−4 0.0163087 0.0094805 0.0052808 0.0028008 0.0013872
0.78 0.84 0.91 1.01

2−6 0.0163363 0.0094956 0.0052889 0.0028050 0.0013891
0.78 0.84 0.91 1.01

2−8 0.0163432 0.0094993 0.0052909 0.0028060 0.0013896
0.78 0.84 0.91 1.01

2−10 0.0163449 0.0095003 0.0052914 0.0028063 0.0013898
0.78 0.84 0.91 1.01

2−12 0.0163453 0.0095005 0.0052915 0.0028063 0.0013898
0.78 0.84 0.91 1.01

2−14 0.0163454 0.0095005 0.0052915 0.0028063 0.0013898
0.78 0.84 0.91 1.01

2−16 0.0163455 0.0095006 0.0052915 0.0028063 0.0013898
0.78 0.84 0.91 1.01

eN 0.0163455 0.0095006 0.0052915 0.0028063 0.0013898
pN 0.78 0.84 0.91 1.01

6 Conclusion

The singularly perturbed boundary-value problem for a linear first order differ-
ential equation with nonlocal condition is considered. To solve this problem,
a uniform finite difference method on a special piecewise uniform mesh (also
known as Shishkin mesh) is presented. First order convergence except for a loga-
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Figure 2: Numerical solution of Example 5.1 for ε = 2−6
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Figure 3: Numerical solution of Example 5.2 for ε = 2−2
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Figure 4: Numerical solution of Example 5.2 for ε = 2−6
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Figure 5: Numerical solution of Example 5.3 for ε = 2−2
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Figure 6: Numerical solution of Example 5.3 for ε = 2−6
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rithmic factor, in the discrete maximum norm, independently of the perturbation
parameter is obtained. The exact errors and rates of convergence are tabulated
in Tables for the considered test problems examples in support of the theoretical
results. The graphs of the numerical solution of the examples for different values
of perturbation parameter are plotted in Figs. 1-6. It is easy to see that the test
problems have a boundary layer only at x = 0.
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