Multiplicity of solutions for a biharmonic
equation with subcritical or critical growth

Giovany M. Figueiredo* Marcos T. O. Pimenta’

Abstract

We consider the fourth-order problem

etNu+ V(x)u = f(u) +ylu)®>2u in RN
u € HX(RN),

where e > 0, N > 5, V is a positive continuous potential, f is a function with
subcritical growth and v € {0,1}. We relate the number of solutions with
the topology of the set where V attain its minimum values. We consider the
subcritical case v = 0 and the critical case v = 1. In the proofs we apply
Ljusternik-Schnirelmann theory.

1 Introduction

In this paper we are concerned with the following class of elliptic Schrodinger

biharmonic equation

(P) e*N’u+ V(x)u = f(u) + |ul/>2u in RN
u € H>(RN),

where € > 0, N > 5, V is a positive continuous potential, f is a function with
subcritical growth and v € {0,1}. To the related second order problems involv-
ing either the Laplacian or the p-Laplacian operator, there are so many works
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dealing with questions like existence, concentration and multiplicity of nontriv-
ial solutions. Among them we could cite [13, 16, 19, 20, 8], in which they deal
with existence and concentration of solutions and [4, 5, 7] in which they get mul-
tiplicity results by studying some topological information of V~1(0). On this last
issue, we can also mention the works of Alves and Figueiredo [2, 3] in which they
study the multiplicity and concentration of positive solutions of

—ePApu+ V(x)|ulP~2u = f(u) in RN
ue WWP(RN), 1<p<N,

where V satisfies a global assumption in the first work and a local condition in
the second one. They succeed in use similar arguments to Cingolani and Lazzo
in [7] in order to get multiplicity of solutions, taking advantage of the richness of
the set V—1(0) in a topological way.

Recently, Pimenta and Soares in [17, 18] studied the existence and the concen-
tration of solutions of (P) assuming that the potential V satisfies a global and a
local condition, respectively. In the first work, the authors have been inspired by
Rabinowitz in [19] and Wang in [20], in which they use some alternative methods
in order to overcome the lack of a maximum principle to the biharmonic operator.
Later, they use the penalization method developed by del Pino and Felmer in [8]
to prove the same kind of results, but now considering a local type condition in
V. The works just described have induced us to wonder if would be possible to
prove some similar multiplicity results to [3], but now to the biharmonic problem
(P), considering even nonlinearities with critical growth. In this sense, the intend
of this work is to give an affirmative answer to this question.

In the first part of this paper we are concerned with the existence of multiple
solutions for the fourth-order problem

(P.) { e*A’u+ V(x)u = f(u) in RN

u € H>(RN),

wheree > 0, N > 5 and

) N g4 N 4
Au = E —1U E u.
4 2.2
S10x] iZoxx;

is the bi-Laplacian operator. In order to make precise assumptions on the contin-

uous potential V we define
Vo := inf V(x),

x€RN

Voo := liminf V(x).

|x\—>—|—oo

and suppose that V satisfy

(Vo) Vo > 0 and the set
M:={x e RN : V(x) = V}

is nonempty.

(V) Vo < V.
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Here we consider two cases: Ve < 00 or V, = c0. We can state our hypothesis
on f € CY(R, R) in the following way.

(f1) £(0) = £(0) =0,

(f2) There exist constants ¢1,c; > 0 and g € (2,2.4), such that |f(s)| < c1]s| +

co|s]771, for all s € R, where 2., = %,

(f3) There exists > 2 such that 0 < uF(s) < sf(s), foralls # 0,
(f1) @ is increasing for s > 0 and decreasing for s < 0,

(fs) f'(s)s> — f(s)s > C|s|T for C > 0,4 € (2,2,.) and s # 0.

We recall that, if Y is a closed set of a topological space X, catx(Y) is the
Ljusternik-Schnirelmann category of Y in X, namely the least number of closed
and contractible sets in X which cover Y. We denote by

Ms := {x € RN : dist(x, M) < ¢}

the closed d-neighborhood of M and we shall prove the following multiplicity
result.

Theorem 1.1. Suppose that (Vo) — (V1) and (f1) — (fs) hold. Then, for any 6 > 0,
there exists €5 > O such that, for any € € (0, €5), the problem (Pe) has at least caty, (M)
solutions.

Note that the problem (P:) has a variational structure and therefore the solu-
tions can be found as critical points of a functional I defined on an appropriated
subspace of H2(RY). In order to obtain such critical points we use a technique
introduced by Benci and Cerami [4], which consists in making precise compar-
isons between the category of some sublevel sets of I and the category of the
set M. This kind of argument for a scalar Schrodinger equation has appeared in
[7]. Since we are intending to apply Ljusternik-Schnirelmann theory, we need to
prove some compactness property for the functional I.. Following the ideas of
[17], [19] and [7], we prove that the levels of compactness are strongly related
with the behavior of the potential V' at infinity.

In the second part of the paper we deal with a critical version of (P.), namely
the problem

(CPG)/ { €4A2u + V(.X)u = f(u) + |u|2**—2u in RN

u € H2(RN),

In order to deal with the critical growth of the nonlinearity we assume the
same technical condition of [15], namely

(fo) f(s) > Asti~lforalls € R, with g1 € (2,2.) and A satisfying

(for) A > 0if max{xy, x2q} < 91 < 24,

(feb) A is sufficiently large if 2 < g1 < max{%, %}-
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The critical version of Theorem 1.1 can be stated as follows.

Theorem 1.2. Suppose that (Vy) — (V1) and (f1) — (fe) hold. Then , for any 6 > 0
given, there exists €5 > 0 such that, for any € € (0, €5), the problem (CPe) has at least
catpg, (M) solutions.

The proof of Theorem 1.2 follows the same lines of the subcritical case. How-
ever, this new problem has an extra difficulty when compared with the subcritical
one. This occurs because the level of non-compactness is affected by the critical
growth of the nonlinearity. This problem is overcame by using the ideas of Brezis
and Nirenberg [6] with some adaptations of the calculations performed in [21].
We will prove that the number

/N |Au|*dx
S = inf R
H2(RN 0 2/ 2k
ueH*(RN)\{0} (/ |u|2**dx)
RN

plays an important role when dealing with critical problems as in (CP,).

2 Variational framework

In order to simplify the notation, we write only [ u instead of [y u(x)dx.
Hereafter, we will work with the following problem equivalent to (Pe), which
is obtained under the change of variables z — ex

(7. { e iy = e

For any € > 0, we consider the Sobolev space
X = {u c H*(RN) : /V(ex)|u|2 < oo}

endowed with the norm

nwu::(/WAw2+/W«w»mF)”3

The growth condition ( f,) implies that, for some constant C > 0,
|F(s)] < C(|s|*+|s|7) forall s €. (2.1)

Hence, the weak solutions of the problem (P, ) are related with the critical points
of the functional I, : X — IR given by

1
Le(u) := 5 ull2 = [ Fuw)
We introduce the Nehari manifold associated to . by setting

Ne = {u e X\ {0} : (I¢(u),u) =0}
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and define the minimax level c¢ as being

Ce := inf I.(u).

ueNe

In what follows, we present some properties of c. and N whose proofs can be
carried out as in [17]. First of all, we note that there exists r > 0, independent of
€, such that

|ulle >7r>0 foranye >0, u € Ne. (2.2)

Since I, satisfies the Mountain Pass geometry, from [17], c. can be alternatively
characterized by

Ce = 7121f€ tg}?),)l(} L(y(t) = ue)li?\f{o} max Ie(tu) >0, (2.3)

where I'c := {y € C(]0,1],X¢) : 7(0) = 0, I(y(1)) < 0}. Moreover, for any
u # 0, there exists a unique > 0 such that fu € N, which has the property that
the maximum of ¢ — I¢(tu) for t > 0is achieved at t = ¢.

2.1 The Palais-Smale condition

We start this subsection by recalling the definition of the Palais-Smale condition.
Let E be a Banach space, V be a Cl-manifold of Eand I : E — R a C!-functional.
We say that I|y satisfies the Palais-Smale condition at level d ((PS); for short)
if any sequence (u,) C V such that I(u,) — d and ||I'(u,)|« — 0 contains a
strongly convergent subsequence. Here, we are denoting by ||I'(u) ||« the norm of
the derivative of I restricted to V at the point u.

If Voo < o0, let us set Xoo = (H*(RYN), (-, -)o), Where

(U, V)00 = / (AuAv + Veouv),

is an inner product which gives rise to the norm

]| oo = </ (|Au|2 + Voo|u|2>)%.

Let us consider the limit functional I : Xeo — R, given by

oo (1) = %/ (18 + Violul?) ~ [ F(a),

and denote by ¢, the ground state level of I, namely

Co = Inf Io(u) = inf maxIe(tu) >0,
UEN ueX.\{0} t=0

where N 1= {u € Xoo \ {0} : (I (), u) = 0}. If Voo = 00, we set coo := 0.
Now we state an important result which can be found in [17].

Proposition 2.1. The functional I, satisfies the (PS), condition at any d < ce.
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We state below our compactness result for I constrained to M.

Proposition 2.2. The functional I constrained to N satisfies the (PS), condition at
any level d < ceo.

Proof. Let (u,) C Ne be such that
Ie(uy) — d and |[I.(uy)|« — O.
Then there exists a sequence (A,) C R such that
Ie(tn) = AnJe(ttn) +0n(1)  in XZ,
where Je(u) = ||u||2 — [ f(u)u. Hence
0= (I(un), (un)) = An(Je(un), (un)) +0n(1)

= A (] fn = ] 7)) 00 ).

This expression, (f5) and (2.2) imply that A,, — 0, and therefore I/(1,) — 0in the
dual space X;.

Therefore, (u,) is a (PS), sequence for I and the result follows by Proposition
2.1. |

Corollary 2.3. The critical points of the functional I. constrained to N are critical
points of I in X,

Proof. It suffices to argue as in the second part of the above proof. We omit the
details. m

3 Proof of Theorem 1.1
As we will see, in order to relate the Ljusternik-Schnirelmann category of the

sub-levels of I and of the subset M;, an important role will be played by the
ground-state solution of an autonomous problem. More precisely, let us consider

2 — in N
" (s 0 o

We will denote by X, the space H?(RY) endowed with the norm

o= (/ ('Aulz+vo|u|2))1/2

and let us consider I : Xop — R the functional given by

Io(u) = Sl — [ )
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Associated with Iy we have the minimax level

co:= inf Iy(u) = inf maxIy(tu) >0,
07 LN, o(#) uEX\{0} 130 o(tu)

where Ny := {u € Xo \ {0} : (I}(u), u) = 0} is the Nehari manifold associated to
Iy. As one can see, in [17] the authors succeeded in proving that this minimax
level is achieved.

Let us state a technical result.

Lemma 3.1. Let €, — 0" and (u,) C N, be such that I, (u,) — co. Then there
exists () C RN such that the translated sequence

(0 (x)) := (4 (x + Fn))

has a strongly convergent subsequence in Xo. Moreover, up to a subsequence, (y,) :=
(€nln) is such that y, — y € M.

Proof. Since (I] (uy), (uy)) = 0 and I, (u,) — co, the sequence (u,) is easily
shown to be bounded in X.. Moreover, since ¢y > 0, we cannot have u, — 0.
Hence, using Lemma 1.1 of [14], we obtain a sequence (i) C RN such that

i, — u in H*(RY),

where (11,,(x)) := (un(x +y»)) and @ # 0.
Let (t,) C (0, 4o0) be such that it := t,i, € Ny. If we set y,, := €,J, we can
use the change of variables z — x + ,, to get

. t _ N
Io() < E”/]Auﬂz—/l-"(tnun)

t2 .
g [ Vie e+ 7))l
= e, (tnttn) < I, (un) = co + 0n(1).

Since ¢y < Iy(it,) we conclude that Iy(i,,) — co.

Since (u1,) and (i, ) are bounded and i, / 0, the sequence (f,) is bounded.
Thus, up to a subsequence, t, — to > 0. If t{p = 0 were true, by using the
boundedness of (i1,,) we would obtain that (ii,) = f,1, — 0, which contradicts
the fact that Io(ii,) — co > 0. Thus, tp > 0. We notice that, up to a subsequence,
il, — tou = il weakly in Xj. Since fo > 0 and # # 0, we have concluded that

Ip(it,) = co and i, — @ # 0 weakly in Xj.

We can now use the same calculations performed in [1, Theorem 3.1] to conclude
that i, — i in X, which implies that 11, — u in X.

It remains to show that (y,) has a subsequence such that y, — y € M. We
start by proving that (v, ) is bounded. Indeed, suppose by contradiction that there
exists a subsequence, still denoted by (i, ), such that |y, | — +00. A contradiction
will be obtained in each of the following cases:
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Case 1: Vy = o0.
Since (uy) € N,

[ Flunx+ TG+ ) > [ Vien + ) ua(x + 7).
Applying Fatou’s lemma we obtain

hmhﬁ/f@Ax+%JWAx+%)2w.

n—o00

On the other hand, the boundedness of (u,) and (f;) imply that the left hand side
in the above expression is bounded. Thus, we obtain a contradiction.

Case 2: Vy < o0.

In this case, since i, — il strongly in Xy and V) < Ve we have

co = Iop(i) < loo(i)

gnmmﬂ;/mﬁﬁ—/mﬁ)

n—oo
1 ~
+3 [ Vet mlaf

= liminfl, (tyu,) < liminfl, (u,) = co,
n—oo n—oo

(3.1)

which does not make sense.
Then we conclude that (y,) is bounded and therefore, up to a subsequence,
yn — y. Ify & M then V) < V(y) and we have that

%<%/Qmm+vwmm)—/ﬂm.

This inequality and the same kind of calculations performed in (3.1) provide a
contradiction. Thus, y € M and we succeeded in proving the lemma. m

Fix 6 > 0 and choose a cut-off function 7 € C{°(R, [0,1]) such that 7(s) = 1if
0<s<d/2and y(s) =0if s > 4. Let w € Xy be the solution of (A). For each
y € M we define

Yoy x) = n(lex — ylo ().

If t denotes the unique positive number satisfying

l’PzaOX Ie (tTe/y) — Ie (teTe/y),

we introduce the map @ : M — N by setting
@e (y) = (teTely).

Since Ip(w) = co, by using Lebesgue’s theorem and the compactness of M, we
can proceed as in [12] to check that

lim I (®e(y)) = co, uniformly fory € M. (3.2)
€—0T
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We take now p = ps > 0 such that M; C B,(0) and consider Y : RN — RN
defined as Y(x) := x for |x| < p and Y(x) := px/|x| for |x| > p. We define the
barycenter map B¢ : Ne — RY as being

[ Yl
Be(u) :=

S
[ )]
Lemma 3.2. The function ®. satisfies

lim Be(Pe(y)) =y uniformly fory € M. (3.3)

e—07t

Proof. Suppose the assertion of the lemma is false. Then, there exist 590 > O,
(yn) C M and €, — 0 such that

|Bey (e, (yn)) = Yn| = do.
By using the change of variables z := (e,x — y,,)/€,, we can write
[ (Yenz 4+ 90) =) I (lenz]) Pleo(z) Pz
[ Clenz) Fleo(z) P

Since M C B,(0) and Y|Bp(0) = Id, we can use the above expression and Lebesgue’s
theorem to conclude that

Be,(Pe, (Yn)) = yn +

Bew (Pe, (yn)) — yul = 0u(1),

which contradicts our assumption and hence proves the lemma. n

Following [7], we take a function / : [0,00) — [0,00) such that h(e) — 0 as
€ — 0" and set
Yo :={u e Ne:Ie(u) <co+he)}.
Given y € M, we can use (3.2) to conclude that h(e) = |Ic(Pe(y)) — col is such
that h(e) — 0" as e — 0. Thus, Pc(y) € X and we have that X, # @ for any
€ > 0. Moreover, the following holds

Lemma 3.3. For any 6 > 0 we have that

lim sup dist(Be (1), Ms) = 0.

e—0t ueze

Proof. Let (e4) C R be such that €, — 0T. By definition, there exists (u,) C Z,
such that
dist(Be, (1n), My) = sup dist(Be, (1), Ms) + 0n(1).

UELe,

Thus, it suffices to find a sequence (y,) C M; such that
|Be, (n) = yul = 0n(1). (34)
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Since (u,) C X, C N,, we have that
co < g, < Ien(un) < ¢ +h(€n)/

and therefore I, (1,) — ¢o. We may now invoke Lemma 3.1 to obtain a sequence
(n) C RN such that (y,,) := (€,y,) C Ms. We set

(0 (x)) := (un(€nx + Yn))
and observe that, since 1, — u in Xy and €,x + y, — y € M, a direct calculation
shows that B¢, (1) = yn + 0,(1). Hence, the lemma is proved. ]

We are now ready to present the proof of the multiplicity result in the subcrit-
ical case.

Proof of Theorem 1.1. Given § > 0 we can use (3.2), (3.3), Lemma 3.3, and argue as
in [7, Section 6] to obtain €5 > 0 such that, for any € € (0, €;), the diagram

M 25 v o

is well defined and B¢ o ®. is homotopically equivalent to the embedding
1 : M — M;. Using the definition of X, and taking €5 small if necessary, we may
suppose that I satisfies the Palais-Smale condition in .. Standard Ljusternik-
Schnirelmann theory provides atleast caty_(X,) critical points u; of I, restricted to
Ne. The same ideas contained in the proof of [5, Lemma 4.3] show that caty,_(Z¢) >
catpr,(M). By using Corollary 2.3 we conclude that u; is a solution of (P.) and this
proves the theorem. n

4 The critical case

In this section, in order to avoid repetition we just describe the differences be-
tween the critical and subcritical cases, since the calculations are almost the same.
We first consider the critical version of problem (A), namely

N u+ Vou = f(u) + |u]®>2uin RV,
u € H2(RN)
whose solutions are related with the critical points of ]y : Xo — IR defined as

1 1
Jolu) = llully = [ Fu) = 5— [ Jup.

We denote by m the ground state level of y, that is,

(CA)

= inf tu) > 0.
0 ey TP

As usual, we denote by S the best constant of the embedding H*(RY) —
L?+(RN). By Gazzola and Berchio [10],

[ 1
S:= inf

ueH2(RN)\ {0} , \
(1)
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Lemma 4.1. Let (u,) C Xo be a (PS), sequence for the functional Jo with d < %SN /4
Then we have either

i) [[unllo — 0, or

(i) there exists a sequence (y,) C RN and constants R, «y > 0 such that

lim inf |up|? > > 0.
n—oo BR(yn)

Proof. Suppose that (ii) does not hold. Using Lemma 1.1 in [14], we can prove
that [ f(uy)up = 0,(1) and [ F(u,) = 0,(1). Since (u,) is bounded, we get
(Jo(un), (un)) — 0. Taking a subsequence, we obtain I > 0 such that

lun]2 =1 and /|u,,|2**—>z. 4.1)

Since Jo(u,) — d, we can use (4.1) to conclude that | = %d. Recalling the defini-

tion of S we get
2/ 24
iy = s ( [l )

Taking the limit we conclude that [ > 512/2** . If I > 0 we obtain
N N/4
_ — >
d=1>8""%,

which does not make sense. Hence | = 0 and therefore (i) holds. [ |
Proposition 4.2. The problem (CA) has a nontrivial weak solution.

Proof. Since ] has the Mountain Pass geometry, there exists (u,) C Xp such that
Jo(un) — my and Jy(u,) — O.
We claim that the number m satisfies

2
my < —SN/4.
Assuming for a moment that this is true, we can use Lemma 4.1 and argue as in
the proof of Theorem 4.23 in [19] to obtain the desired solution.

What is left is to show that my < %S ¥, In view of the definition of my it
suffices to obtain u € X such that

2
tu) < —gN/4,
rp;g]o( u) N

We proceed as in [11, Lemma 3] and firstly recall (see [9]) that, for any § > 0, the

instanton (4-N)/2
e L I
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satisfies the problem
Nw = |w|*>* 2w in RV,
w € D*2(RN), w(x) >0 forall x € RV,

and

/|Aw5]2 —5 and /|w5]2** ~1.

Let € C3(RY, [0,1]) be such that 7 = 1 on Br(0) and 7 = 0 on RN \ Byg(0).
Setting
7(x)ws (x)
x) =
0= sl
we can use the definition of {5 and (fs) to get

t2 2
tps) < =Dy — —/\t‘h/ a,
Jo(tps) < 7 Ds— 5 Bar 0) 15|

where g1 € (2,2,,) is given by condition (fs) and

D(sz/!AlPé!erVo!%F-

Let hs(t) be the t-function on the right hand side of the above expression and
denote by t; the maximum point of 15 on (0, ). Since hj(t;) = 0 we have that

< /(2652
£ =Dy ® ) >4 > 0.
Since the function t + t?Djs/2 — t?+* /2, is increasing in (0,f;), we can use the
definition of /5 to get
2

hs(ts) < ZDN/4 C/\t‘“/
N0 Bar

Ifa,b > 0ands > 1, then (a + b)* < a° + s(a + b)*~'b. Therefore, there exists
Cy > 0 such that

1, 4.2
) 5] (4.2)

DY/t < SN0 N ) + ¢ [ o 9P
2

Moreover, we can obtain p > 0 such that t5 > p for any J small. Hence, it follows
from the above inequality and (4.2) that

2 C
hs(ty) < =GN/ 4 5(N—4) {c = (/ 2 _AC ‘h” ,
s(ts) < N + 2+ S8 5,(0) 5] 4|95

for positive constants Cp, C3 and Cy4. In view of the hypotheses on A > 0 given in
(f6), we can argue as in the proof of [15, Claim 2] to check that, if J is sufficiently
small, the second term in the right hand side above is negative. Thus,

2

t < hs(t) = hgs(t —gN/4
I?;OX]O( ¥s) = max s(t) = hs(ts) < NS

and the proposition is proved. n
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In order to obtain solutions for (CP:) we will consider the problem
N u+Viex)u = f(u) + |u|*>*2uin RV, .
u € H>(RN)

and look for critical points of the functional J. : X — R given by

Je(w) i= gl = [ F) - [ lul>,

where X, as in Section 2.
The critical points of J. belong to the Nehari manifold

Me = {ue X\ {0} :( u)y =0}
and the ground state level is given by

€= f = f tu) > 0.
" ug}\/le] ( ) ue)I(I:\{O} I?>aOX] ( M)

As before, the Palais-Smale condition for the functional J; is related with V.
When this quantity is finite we define the limit functional Je : Xeo — IR as being

Joli) i= 5 [ (180 + Velul?) = [ Flu) = 5= [

and its ground state level

2**

Mo := inf max Jo(tu) > 0.
UEXo\ {0} >0

If Voo = 00, we set 1o := 00.

Since the function u — f |u|2** is 24+-homogeneous, we can argue as in Sub-
section 2.1 to get a compactness result for the functional J.. We only notice that,
in some arguments, we need to use an analogous of Lemma 4.1 to ., rather than
Lions Lemma. Hence, the following result holds.

Proposition 4.3. The functional Je constrained to M. satisfies the (PS), condition at
any level d < min{me,2SN’*/N}. Moreover, critical points of Je constrained to M.
are critical points of Je in Xe.

We are now ready to prove our second multiplicity result.

Proof of Theorem 1.2. Since the proof is very similar to that presented for Theorem
1.1, we only sketch it. Fix § > 0 and choose 7 € C3°(IR, [0, 1]) such that #(s) = 1
if0 <s<d/2and #(s) =0if s > 4. Let w € Xy be the ground-state solution of
(CA) given by Proposition 4.2 and define, for each y € M,

Toyl) = n(lex — ) (S 2)).

€

We introduce the map @, : M — M. by setting

CAI/)e (]/) = ?eqfe,y/
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where £, is the unique positive number satisfying
I?Zaox ]e(tq’e,y) =Je (tve{f;e,y)'
The following holds

lim Je(®e(y)) = mg uniformly for y € M.

e—07t

LetY : RN — RN be the function defined in Section 3 and consider the
barycenter map B¢ : M — RY given by

R /Y(ex)|u(x)|2dx
Be(u) == .
[ () Pax

As before we can check that

lim Be(®e(y)) = y uniformly fory € M

e—07t

and N
lim sup dist(Be(u), Ms) =0,

+ =
e—0 ues,

where N B
Ye:={uec Mc:Je(u) <mo+h(e)}

and 1 : [0,00) — [0, 00) satisfies h(€) — 0as e — 0*.
The above equations provide €5 > 0 such that, for any € € (0, €5), the diagram

is well defined and B¢ o @ is homotopically equivalent to the embedding
1 : M — My. Hence we conclude that Catie(ie) > catpg,(M). In view of Proposi-
tion 4.3 and recalling that

2 oN/4

NY

we may suppose that €5 is small in such a way that J. satisfies the Palais-Smale
condition in X¢. The proof now follows from Ljusternik-Schnirelmann theory and
the same arguments used in the subcritical case. m

my <
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