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Abstract

We present some new results on the relations between the rotation index
of bar billiards of two nested circles Cz and C,, of radii R and r and with
distance d between their centers, satisfying Poncelet’s porism property. The
rational indices correspond to closed Poncelet transverses, without or with
self-intersections. We derive an interesting series arising from the theory of
special functions. This relates the rotation number %, of a triangle of Pon-
celet transverses, to a double series involving R, , and d. We also provide a
Steiner-type formula which gives a necessary condition for a bar billiard to
be a pentagon with self-intersections and rotation index % Finally we show
that, close to a pair of circles having Poncelet’s porism property for index %,
there exist always circle pairs having indices i they and 1-in the case i they
are even unique.

1 Introduction

A famous and much studied problem from the 19th century, Poncelet’s
closure theorem, has many facets and applications, see the excellent survey [3].
We want to present some new results on circular versions of it. So let us consider
two circles Cr and C,; in the plane, and let the circle C; of radius r lie inside the
second circle Cr of radius R > r in such a way that the distance between their
centers is equal to d. From any point on Cg, draw a tangent to C, and extend it to
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Cr in the opposite direction. From this new intersection point we draw another
tangent to C,, etc. For all tangents, the resulting Poncelet transverse will be called
a bar billiard, since it models the well known traditional game (see, e.g., [20]).
Usually, players of this game score points by knocking balls into the holes while
avoiding toppling a skittle in the middle of the table. Here the role of the skittle is
played by the circle C;, and it must be “toppled” by the tangent line. The general
behavior of such billiards is very interesting. In this paper we will concentrate
on the so-called Poncelet porism for this specific setting. Namely, we know that
such a bar billiard has the Poncelet porism property; that is, if there is a starting
point for which a Poncelet transverse is closed, then the transverse will also close
for any other starting point on the circle. One can find an extensive bibliography
on the Poncelet porism property in [3], and we point out also interesting papers
by B. Mirman (cf. [12] and [13]). For triangular Poncelet transverses, the closure
theorem of Poncelet has a long history also in Elementary Geometry; see [11, § 2.4],
[1, ch. 16], and [9]; further basic references are [2], [9], [14], [19], and [8]. The in-
terested reader should also consult the recent paper by Cima, Gasull and Manosa

[5].

Note that in our setting we allow self-intersections of the Poncelet transverses,
like also other authors do (see, e.g., [10] and [7]). It seems that the problem of
finding relations between the radii R and r and the distance d, similar to the in-
vestigations in [6], was only considered by Radi¢ in [16] and [17]. But he did not
give any explicit formula, even in simplest cases, and it seems to be hard to do this
by using his method. Here we will formulate the problem and apply the method
used in [4] to give an explicit formula for a pentagon with self-intersections. Our
considerations give hope to derive some interesting and new series expressing
fractions of the form %X, where 2 €]0, }[U]},1].

It is well-known that such a bar billiard is a homeomorphism of a circle, and
everything is known about the dynamics of this homeomorphism (see, e.g., [18]).
In particular, we know that such a bar billiard is conjugated to either a ratio-
nal rotation or an irrational rotation. The rational cases correspond to Poncelet’s
porism, and any rational number, except for 3, is related to a closed polygon, ei-
ther without or with self-intersections. In the present paper we produce a series
relating the rotation number % given by a triangle with a double series involving
R,r, and d. Similar formulas can be produced for all rational numbers from the
interval ]0, 1], except for %, and seem to be new and interesting. The fractions %
and ”T_l correspond to the polygons considered by Poncelet and his followers,
the other fractions g, where p # 1,n — 1 and the numbers p and g are coprime,

come from suitable polygons with self-intersections. As an example, we find a
relation between R, r, d to characterize a pentagon with self-intersections having
corresponding rational rotation index equal to % By using this formula, one could
produce a suitable series absolutely converging to % and being similar to the one
given for % (this is not presented in our paper). It seems to be possible to give
a relationship between R, r, and d for obtaining an irrational rotation index and,
then, to produce a similar series converging to this number.
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2 The homeomorphism of a circle

Let Cr and C, be two nested circles with centers (0,0) and (d,0) as well as
radii R and r, respectively, such that d > 0 and 4 +r < R. For the circle Cg
we consider a positive natural parametrization given by z(f) = (Rcost, Rsint),
where t € R. From any point (Rcost, Rsint) = Re' on Cg, draw the first tangent
to C, with respect to the parameter t and extend it to Cg in the opposite direction

to obtain the point (R cos ¢(t), Rsin ¢(t)) = Re'?(), where

R 1) = h(t)e™t + g(t)ie" (2.1)
with
ht) = — R S (R2 (3d2 —2r + RZ) +
(d?2 4+ R? — 2dR cos t)
+ d? (dz —2rt 4 3R2) cos2t — 2dR (dz —2r? 4 2R? + d? cos 2t> cost -+
+ 4dr(R —dcost)y/d? —r2 + R2 — 2dR cos t sin t)
and
g(t) = 2R (rRZ Vd? — 12+ R? — 2dR cos t+

(d2 + R2 — 2dR cos t)?
+ d (dr\/dz — 12+ R%2 — 2dRcos t cos 2t—

— R (Zd?‘ —2r2 + R + d?cos 2t> sin t+

+ (~2rRV@ =2 + R? —2dRcost +d (d* — 2% +3R?) sint ) cost) ) .
Now we take Re!?(!) as starting point of the next tangent, which ends at Re/?(#(1)),

and so on, as it is illustrated in Fig. 1. The above construction gives a homeo-

Re't

Re (¢ )

Rd¢ ®

Figure 1: Construction of a bar billiard



290 W. Cieslak — H. Martini - W. Mozgawa

morphism & of the circle Cg which has a natural lift ¢: R — R. The case of the
second possible tangent to the circle C, will be discussed at the end of this section.
Having differentiated the equation (2.1), we get

(R?> —d?)\/d? —r2 + R2 — 2dRcost + 2drsin t

'(t) = , 22
) (d2 + R2 — 2dRcost)v/d? — r2 + R2 — 2dR cos t (22)
with
2r> +2dR — R*> — d?
cos ¢(0) = (d—RP2 ’ (2.3)
2rv/ =12 +d2 — 2dR + R?
sinp(0) = d—R7 (2.4)

for 0 < ¢(0) < 7, since ¢(0) cannot exceed 7t by geometric reasons. Hence

0 / —d?) Vd2 —r2+ R2 — 2dRcos T + 2drsin T i
= T
¢ . (d? 4+ R2 — 2dRcos T)v/d? — 12+ R2 — 2dRcos T 2.5)
+ arccos 27}/2 -1
(d = R)? '
Thus, after some calculations we get
272 Vd2 — 12 —2dR + R2
¢(t) = arccos <—1 + m) — 2 arctan < p ) +
224 R2_ d —R)cot §
+ 2arctan Vid2— 12 + R? — 2dR cost + 2 arctan & +
r d+R
t
+ 2 LEJ + mrsgnt (2.6)
with )
2r
= — 1 2.7
¢(0) = arccos <(d oy ) (2.7)

and ¢(t +27) = @(t) + 271

At this moment we can comment the existence of an invariant measure on Cg
for the homeomorphism ¢. Let us denote the intervals AB and CD as in Fig. 2.
Note that |AB| = v/d2 — 12 + R2 — 2dR cos t and produce a 1-form w(t) = f(t)dt
on Cg, where

() = = .
|AB|  \/d2 —#2+ R2 —2dRcost

Then, simply, we have reproved a theorem given in [10] and [7].

(2.8)

Corollary 2.1. The measure w for the bar billiard considered above is invariant in both
cases, namely with and without self-intersections.
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C

Figure 2: Construction of an invariant measure

Proof. We have to show that ¢*w = w, or that f(¢(t))¢'(t) = f(t) for t € R.
We have that f(¢(t)) = ﬁ, and thus we have to show the equality
_ [cD]

From the expression of | AB| and formula (2.1) we get

CD| = /2 — 2 + R2 — 2d(A(t) cos t — B() sin ).

Hence, using the formula (2.2) together with the above expressions for |AB| and
|CD|, we get after some calculations that the claimed formula follows. n

Recall that the rotation index (see, for instance, [18]) of a homeomorphism ¢
of the circle is given by a number

oo, t) = Ly 91O 21 (2.10)

It is well-known that the above limit exists and is not depending on ¢. Therefore
this limit is usually denoted by 0o (¢). Since the index does not depend on ¢, we
have that if ¢"(tg) = to + 27 for some particular tg, then ¢"(t) = t+ 27 for
all t € R, and so we have the Poncelet porism in this setting. If ¢"(t) = t + 27,
then we have an n-gon inscribed to Cg, circumscribed about C, and having no

self-intersections with .

0o(p) = —. (2.11)

Note that if ¢"(t) = t+ 27, then the inverse homeomorphism ¢~!(t) has the
index ”T_l since it corresponds to ¢"~1(t) and to the choice of the second tangent
to the smaller circle at the beginning of our construction. Moreover, it has the
same graph, but with opposite orientation with respect to the starting homeo-

morphism ¢(t). In general, 0o(¢*) = koo(¢) = £ for k = 1,2,...,n — 1; then

T n
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for the homeomorphism ¢, with ¢"(t) = t + 271, we have associated closed poly-
gons corresponding to the consecutive iterations ¢?(t), ¢3(t),..., " ~1(t). If the
reduced form of the index % is ﬁ—g, then ¢*(t) determines a closed polygon without
self-intersections if the numerator k is either 1 or ny — 1, and the remaining cases

give the no-gons with self-intersections. If the index § is in reduced form and

a < %, then bb;“ is given by the second tangent to the circle C;, and both resulting
polygons coincide but have opposite orientations. In general, if ¢"(t) = t + 2kn
and the natural numbers n and k are relatively prime, then oo(¢) = %

In Section 4 we find the relation between r, R, and 4 in order to have a pen-
tagon with self-intersections satisfying the Poncelet porism property and having
the rotation index % It seems that up to now nobody investigated such polygons,
and also the analysis of relations similar to those given in [6], [3], and [4] would

be interesting.

3 A series related to a homeomorphism with rotation index %

As it was proved in [10], the 1-form w is a measure on Cg for which a measure
of the circular arc from (R, 0) to Re"! is given by the formula

y=—0 (3.1)

Thus, the measure of the whole circle Cg is equal to 277, and the rotation index of
the homeomorphism ¢(t) described in Section 2 is given by

J
0(p) = —— (3:2)
!

In this section we consider the case go(¢) = % as a typical one and model the
situation. ~An analogous study can be carried out for any other fraction
different to %, under the condition that one knows the relation between r, R, and
d which gives the suitable polygon. It is well-known (see, for example, [6] and
[21]) that, in order to have a closed cycle which is a triangle and which gives a
Poncelet porism for Cr and C;, we should choose r, R, and d suitably to satisfy
the following relation. It is called Steiner relation for a bicentric triangle:

R? —2Rr —d* = 0. (3.3)

However, we begin with some general manipulations of the formula (3.2).
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Starting with its denominator, and after a few substitutions, we get

27 27

dt
/w@mz _
/ / Vd2 — 12+ R2—2dRcost

%
\/(d—i—R—r d+R+r) 0/\/1—k251n X

where
4dR

(d+R—-r)(d+R+r)
Note that under our geometric assumptionsd > 0,d +r < R,and 0 < r < R we
have that 0 < k* < 1, and so the last formula is the complete elliptic integral of

first type.
Doing similarly for the numerator, we obtain

0 0
¢(0) ¢(0) it 5
/wmm:/' _ .
; ; Vd2 —124+R2—-2dRcost +/(d+R—r)(d+R+7)

K=

(3.4)

9(0)

/2 dx B 2 / dx
. V1—k2sin2x V@+R—-r)(d+R+7) " \/1—kzsin2x'

Finally, we get

\_,

N\:z

NI
=
=

!
N‘

dx

vV 1—k2sin? x

dx

V1—-k2sin? x

, (3.5)

N

0(p) = % -

C—niy | P —

2
where ¢(0) = arccos ((dZ—LR)Z - 1) .
Now we are going to use some special functions and related series, to obtain
finally our formula. In this context we have

ax _ 11, 5, & (n—-1)1\>,,
¢73§E§_2Fczlk)_iz<_@ﬁi)k- (3.6)

In order to consider the second integral, we write ¢ = 7 — @ and perform a

few natural substitutions, and so we get

O\Nm

1

Sm% it 67)

/\/m /\/1—k7-sm Pot \/1—sm qoot
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where one of the integrands can be written by means of series as follows:

— 1"
\/1-72 —  (2n)!!
—sin” @t k=0
Hence

70 dx B

2
0 1—k%sin” x

1

_Singoo © (21’1—1)” . 2m / 2.2 —l.—l—&—m' N0
s £ B 1t 100

0
Csingg & (2m -1 ., 1 11 3 >\
=2 L g S eeB (gt JF{g g byt msinteo ) =

& (em-D L, & 2n — 1)1 o
=one L <%smz ¢o-7§)(2n)!!((271m+)2n+1)k2 e (P0>‘ o

m=0
Thus, we have proved

Theorem 3.1. For any bar billiard ¢ we have the following formula for the rotation index:

» sin @ Z ( )1) sinZ " @ - nzo %kzn sin2" qoo)
00 \P) =35 — - T ,
2 m L (G ) e

(3.10)
where
g ~ arccos ((d?;%)z — 1)
Yo = 5 5 .
Let us go back to the special case of the bicentric triangle, for which we have
the relation

(3.11)

— d?
= . 3.12
r R (3.12)
This relation we substitute into formula (3.10), in order to obtain some interesting
formula for 7.

First we have

;o  arccos (W)
9o =3 - 5 . (3.13)

We substitute also t = % and get immediately

sin ¢y = %(1 +1). (3.14)

Similarly substituting formula (3.12) into (3.4), we get

—16t
(=3+1t)(14+1)3

K= (3.15)
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Finally, using the above form in formula (3.10), we come to the result

1 © (em=11 (14" (2n—1)!1 4
1 1 2(1+1) ml;O( (r;m)!! (#) .ngo (2n)!!(§m+2n+1)((3—t)él+t))n)
32 S (@n-11m)? 16t "
ﬂrE‘O( (2n)!! ) ' ((3—t)(1+f)3)
(3.16)
Thus, we are able to formulate one of the two main results of our paper.
Corollary 3.1. Forany t € (0,1) we have
o emou (1) (e a_\"
- @+ ;O T (%) ' 1;0 G 2 ) ((3—t)(1+t)>
3= m= = . (3.17)

Note that, similarly, we could obtain adequate formulae for any other closed
bicentric polygon. It would be interesting to give similar formulae for non-closed
Poncelet transverses.

4 Relations for Poncelet’s porism with self-intersections in a
special case

In this section we are going to show how to construct a pentagon with self-
intersections, yielding the rotation index equal to 2 and satisfying the Poncelet
porism property. A method and the formulae below are taken from [4] and can
be extended to any desired bicentric polygon with self-intersections.

A

/ \z@/f )

Z(t)

(b€t
a(t)
W(t)

Figure 3: Construction of A(t) and «a(f).

We begin with the parametrization of both the circles Cg and C,. Now the
center of the smaller circle is at (0,0), and the larger one has its center at (d,0),
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where again d > 0 and d +r < R. Let the circle C; be parametrized by the
equation z(t) = re", while the larger circle is parametrized by w(t) = re'’ +
A(t)ie't, where t € R. Thus

At) = \/R2 — (dcost —r)? —dsint. 4.1)
Then, using the notation from Figure 3, we get

tan @ = M 4.2)

2 r

Then the counterpart of the homeomorphism ¢(t) in this framework is deter-
mined by

P(t) =t +a(b). (4.3)
Let ¢O(t) = t, 9" (t) = ¢ ("~ 1(t)) for n € N. From formula (4.2) we get
iy _ AR . 2A(Hr
olalt) — A0 +Zr2+A2(t)’ (4.4)
and hence )
ip(t) _ r—+ l/\(t) ) i
e\t = (7|r+i/\(t)| et 4.5)
If for any n € N U {0} we write
e AER() ie
N Ok 49
then we get ' ’
V' = (uo(H)pa (1) . .. uu—1(t))?e™. (4.7)

Of course, the polygon corresponding to (t) satisfies the Poncelet porism

property iff for some fraction in reduced form %, where k,n € N, n > 3,k < n,
we have
P (1) = t+ 2k

It follows (cf. Theorem 2.1 in [4]) that if the resulting polygon either without or
with self-intersection is closed, then

(mo()pr () .- pu—a()* =1, (4.8)

and hence we have
Im(po(H)pa () - .. pu—1(t)) = 0. (4.9)

In what follows, we derive a formula relating the radii R and r and the dis-
tance d in the considered pair of nested circles, with a pentagonal bar billiard
having self-intersections for which o () = 2.

Let A, = A(¢"(0)). Then, using the notations from Figure 4, we get

IBC| = Ao, |DE| = Ay, |FG| = Ay, |HI| = As, |[JA| = Ay
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Figure 4: Notations to be used in the proof of the formula relating R, r, and 4

Again from this figure and simple geometric observations we obtain that Ag = A3
and Ay = Ay. Moreover, we get

M =Ay=/R2— (d+71)2, (4.10)

Ay =1/ (R—d)2—12, (4.11)
. ([@+R)(R-d)2-12
A= A3 = ra— . (4.12)

From formula (4.9) we have

0 = Im(p0(0)p1(0)p2(0)p3(0)a(0)), (4.13)

and hence the imaginary part of the expression

(r—i—z' Rz—(d—t—r)z)z(r_H' (R_d)z_,,z) (V_H(d—i_R)\{{W)
(4.14)

2

is equal to 0, giving the required formula

2d4r2\/m — 8d3r2R\/m + 4d2r2R2\/m
+87*R?/R2 — (d +7)2 +8dr*R3\/R2 — (d +1)2 — 6r*R*\/R2 — (d + )2
Ry - 2Pr [R_dp -2\ [R a2
+3d*R?\/ (R — d)2 — r2 4+ 4d°7R?*/ (R — d)2 — r2 4 84*r*R*\/ (R — d)2 — 12
+8dr°R* /(R — d)2 — 12 + 8r4R2\/m — 3d2R4\/m
—2drR* /(R —d)2 — 12 — 6r°R*\/ (R —d)2 — 2 + R®\ /(R — d)2 — 12 = 0.

(4.15)
Thus, this is a kind of Steiner formula giving the relation between the radii R
and r and the offset d, which is a necessary condition for a pentagonal bar billiard

with self-intersections for which 0o(y) = 2.
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5 From the index 1 to the indices } and §

In this final section we are going to show that, “close” to a pair of circles
having Poncelet’s porism property for index %, there exist pairs of circles having
indices 1 and %, in the first case even unique ones. This is conjectured to be true
for arbitrary indices; see the final conjecture.

We consider a circular annulus C,Cg formed by two circles C; and Cg. The
circles C;, Cg are given by the equations

2 +yr =12, (x —d)*> +y* = R?, (5.1)

respectively, where
0<d<R-r. (5.2)

Recall a suitable form of Poncelet’s closure theorem (see [3]) used in the forth-
coming considerations:

If there exists one circuminscribed (i.e., simultaneously inscribed in the outer circle
and circumscribed about the inner circle) n-gon in a circular annulus, then any point of
the outer circle is the vertex of some circuminscribed n-gon.

If Poncelet’s closure property holds for n = 3 (that is, if the rotation index of
the associated homeomorphism is equal to % in the annulus C,Cg), then condi-
tion (3.3) is satisfied. For our purpose it is convenient to denote this condition
by Pct(C,Cg, 3). Similarly, the conditions Pct(C,Cg,4) and Pct(C,Cg, 6) have the
forms

(R? — d?)2 = 2r2(R% + d%), (5.3)

and
3(R? — d®)* = 4*(R? + d®)(R? — d?)? + 16r*d*R?, (5.4)
respectively (cf. [3]).
It is easy to see that for each fixed A € [0, 1] the circle C, given by the equation

(x —Ad)2 4+ y* = [(1 — A)r + AR]? (5.5)

lies in the annulus C,Cg, and that Cy = C,, C; = Cg.
In this framework we prove two theorems which show how to pass from the
rotation index 3 to 1 and from 1 to { in a natural way.

Theorem 5.1. If the condition Pct(C,Cg,3) is satisfied, then there exists a unique
A €]0, 1] such that the condition Pct(C,C),4) is satisfied.

Proof. Taking the pattern from formula (5.5), we substitute 4 and R in (5.3) by the
offset Ad and the radius (1 — A)r + AR, respectively. We get then
2 2p)? 2 2,322
(1= A)r+AR)? = A28 " = 2 [ (1= A)r + AR)® + 422
Using (3.3), we obtain
AY 4R —1)A3 +4rA2 —r = 0. (5.6)

The left-hand side of (5.6) is a polynomial that we denote by w(A). Thus we have
that w(0) = —r, w(1) = 4R, and w’(A) > 0 for A > 0. Hence there exists exactly
one A €]0,1[ such that w(A) = 0. ]
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Theorem 5.2. If the condition Pct(C,Cg,3) is satisfied, then there exists a value
A €]0,1[ such that the condition Pct(C,C,, 6) is satisfied.

Proof. As before, we substitute 4 and R in (5.4) by the offset Ad and the radius
(1 — A)r + AR, respectively, and next we use (3.3). Simple calculations lead us to
the following equation:

4 2
3 [(1 — A2+ 2AR] —4 [(1 — A+ 2ArR — ANR + 2A2RZ} [(1 — A% +2AR
— 162 (R2 - 2rR> [(1—A)r+ARJ2 =0.

If we denote by f(A) the polynomial on the left-hand side of the above

equation, then we get f(0) = —r* and f(1) = 64rR3. Thus, Darboux’s theo-
rem (in this framework also studied in [14]) implies the existence of a A €]0,1]
such that f(A) = 0. ]

Theorems 5.1 and 5.2 suggest the following
Conjecture. If the condition Pct(C,Cg, k) is satisfied, then there exists a value
A €]0,1[ such that the condition Pct(C,Cy, n) is satisfied for any n > k.
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