Infinitely many homoclinic solutions for the
second-order discrete p-Laplacian systems *

Peng Chen’ X. H. Tang

Abstract

By using the Symmetric Mountain Pass Theorem, we establish some ex-
istence criteria to guarantee the second-order discrete p-Laplacian systems
A(@p(Au(n —1))) — a(n)|u(n)|P~2u(n) + VW(n,u(n)) = 0 has infinitely
many homoclinic orbits, where p > 1, n € Z, u € RN, a:Z — R and
W : Z xRN — R are not periodic in 7. Our conditions on the nonlinear
term W(n,u(n)) are rather relaxed and we generalize some existing results
in the literature.

1. Introduction
Consider the second-order discrete p-Laplacian system
A(pp(Bu(n = 1)) —a(n)|u(m)[P~2u(n) + VW(n,u(n)) =0,  (1.1)

where p > 1,¢p(s) = [s|P™%s, n € Z, u € RN, a : Z - Rand W : Z X
RN — R, A is the forward difference operator defined by Au(n) = u(n+1) —
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u(n), Au(n) = A(Au(n)). Asusual, we say that a solution u(n) of (1.1) is homo-
clinic (to 0) if u(n) — 0 as — +oo. In addition, if u(n) # 0 then u(n) is called a
nontrivial homoclinic solution.

In general, system (1.1) may be regarded as a discrete analogue of the follow-
ing second order Hamiltonian system

% <|u(t)|p‘2u(t)) —a(®)|u(t)[P2u(t) + VW(tu(t)) =0, t € R,u € RN, (1.2)

When p = 2, system (1.2) reduces to second-order Hamiltonian system
ii(t) —a(f)u(t) + VW(t,u(t)) = 0. (1.3)

In recent years, the existence and multiplicity of homoclinic orbits for Hamil-
tonian systems (1.2) have been investigated in many papers via variational meth-
ods and many results were obtained based on various hypotheses on the potential
functions, see, e.g., [ 3-6, 8-11, 13, 14, 17-19, 26-36].

In some recent papers [7, 12, 15-17, 21, 22], the authors studied the existence
of periodic solutions and homoclinic solutions of some special forms of (1.1) by
using the critical point theory. These papers show that the critical point method is
an effective approach to the study of periodic solutions for difference equations.
Ma and Guo [20] (with periodicity assumption) and [21] (without periodicity as-
sumption) applied the critical point theory to prove the existence of homoclinic
solutions of the following special form of (1.1) (with N = 1)

Alp(n)Au(n = 1)] = q(n)u(n) + f(n,u(n)) =0, (14)

wheren € Z, ucR,p, q: Z —Rand f: Z xR = R.

Using the original ideas of Omana and Willem [26], Ma and Guo [21] used
mountain pass theorems and compact imbedding lemma to prove following the-
orem.

Theorem A%, Assume that p, q and f satisfy the following conditions:
(p) p(n) >0foralln € Z;
(@ q(n) > 0foralln € Z and lim|,,|_, o, q(n) = +0o;

(f1) f € C(Z x R, R) and there is a constant y > 2 such that
X
0< y/ f(n,s)ds < xf(n,x), V(nx)eZx(R\{0});
0

(f2) limy_o f(n, x)/x = 0 uniformly with respect to n € Z.
(f3) f(n,—x) =—f(n,x), ¥ (nx)eZxR.

Then there exists an unbounded sequence of homoclinic solutions for (1.4).

In the last decade there has been an increasing interest in the study of ordinary
differential systems driven by the p-Laplacian (or the generalization of Laplacian)
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and with periodic boundary conditions, see [2, 7, 23, 24, 35, 37] and the references
cited therein. However, as the authors are aware, there are few papers discussing
the existence of homoclinic solutions for the discrete p-Laplacian systems. In
the present paper, we are interested in the existence of homoclinic solutions for
system (1.1), where a(n) and W(n, x) are non periodic in n. The intention of this
paper is that, under some relaxed assumptions on W(n, x), we establish some
existence criteria to guarantee that system (1.1) has infinitely many homoclinic
solutions by using the Symmetric Mountain Pass Theorem. In particular, when
p = 2, our results generalize Theorems A by relaxing condition (f1) and (f2).

When W(n, x) is an even function on x, however, generalize or improve Theo-
rem A by using the Symmetric Mountain Pass Theorem, there has not been much
work done up to now, because it is often very difficult to verify the last condi-
tion of the Symmetric Mountain Pass Theorem, different from the Mountain Pass
Theorem.

Motivated by the above papers, we will obtain some new criteria for guar-
anteeing that (1.1) has infinitely many homoclinic orbits without any periodic-
ity and generalize Theorem A. Especially, W(n, x) satisfies a kind of new su-
perquadratic condition which is different from the corresponding condition in
the known literature.

Our main results are the following theorems.

Theorem 1.1. Assume that a and W satisfy the following assumptions:
(A) a(n) — +ooas [n| — oo;

(W1) W(n, x) is continuously differentiable in x, and

1
M!VW(ﬂ,xﬂ =o(|x|P7Y) as x =0

uniformly inn € Z,;
(W2) Foranyr > 0, there exist b = b(r), ¢ = c(r) > 0and v < p such that

0< (p + ) W(nx) < (VW(n,x),x), ¥(n,x) €ZxRY, |x| >r,

b+ clx|V
(W3) Foranyn € Z

lim |s™7 min W(n,sx)| = 4o0;
s—+00 ‘x|:1

(W4) W(n,—x) = W(n,x), V(n,x)€Z xRN,

Then there exists an unbounded sequence of homoclinic solutions for system (1.1).

Theorem 1.2. Assume that a and W satisfy (A), (W4) and the following assumptions:

(W1) W(n,x) = Wi(n,x) — Wa(n,x), Wy and W, are continuously differentiable in
x, and
ﬁ]VW(ﬂ,xﬂ =o(|x|P7Y) as x =0

uniformly inn € Z,;
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(W5) There is a constant y > p such that
0 < uWi(n,x) < (VWi(n,x),x), Y (nx)eZxRN\{0};
(W6) Wy (n,0) = 0 and there is a constant ¢ € [p, u) such that
Wa(n,x) >0, (VWa(n,x),x) <oWa(n,x), V(nx)eZxRV,

Then there exists an unbounded sequence of homoclinic solutions for system (1.1).

Theorem 1.3. Assume that a and W satisfy (A), (W4) and (W5) and the following
assumptions:
(W1”) W(n,x) = Wy(n,x) — Wa(n, x), Wy and W, are continuously differentiable in
x, and there is a

bounded set ] C Z such that

1

| v/ — p—1

a(n)| W(n,x)| =o(|x|F7") as x =0
uniformlyinn € Z \ J;

(W6") Wy (n,0) = 0 and there is a constant ¢ € (p, i) such that
(VWa(n,x),x) < oWa(n,x), VY (n,x) € Z xRN,

Then there exists an unbounded sequence of homoclinic solutions for system (1.1).

Remark 1.1. If assumption (AR) holds, that is to say, there exists a constant y > p such
that
0 < uW(n,x) < (VW(n,x),x), V(nx)€ZxRN\{0}.

Then (W2) also holds by choosingb > 1/(u — p), ¢ > 0and v € (0, p). In addition, by
(AR), we have

W(n,sx) > s"W(n,x) for (n,x) € ZxRN, s>1.
It follows that for any n € Z

s F ‘rr|11n W(n,sx) > st=? min W(n,x) = 400, s— +oo.
x|=1 x|=1
This shows that (AR) implies (W3). Therefore, Theorem 1.1 also generalize Theorem A
by relaxing conditions (f1) and (f2).

Remark 1.2. Obviously, both conditions (W1), (W1’) and (W1”) are weaker than (f2)
even if N = 1. Therefore, both Theorem 1.2 and Theorem 1.3 generalize Theorem A by
relaxing conditions (f1) and (f2).

The rest of the this paper is organized as follows: in Section 2, we introduce
some notations and preliminary results. In Section 3, we complete the proofs of
Theorems 1.1-1.3. In Section 4, we give some examples to to illustrate our results.

Throughout this paper, we let g € (1,00) such that1/p+1/q = 1.
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2. Preliminaries

Let
S = {{u(n)}nez cun) eRN, ne Z},

E= {u €S ) [|Au(n—1)|P +a(n)|u(n)|’] < +oo}
nez

and for u € E, let

1/p
Jul| = { Z‘iHAu(n - 1)|p+a(n)|u(n)|”]} - (2.1)

Then E is a uniform convex Banach space with this norm, then E is a reflexive
Banach space with this norm.
As usual, let

I"(Z,R) = {u €S ) |u(n)|f < —I—oo},
nez

and

nez

I°(Z,R) = {u €S :suplu(n)| < —|—oo},

and their norms are defined by

1/p
[ull, = (Z |u(n)lp> , Vuel’(Z,R); |lullo = suplu(n)|, Yuel®(ZR),

nez nez

respectively.
Let I : E — IR be defined by

() = %nuup — Y W u(n). 22)

nesz

If (A) and (W1), (W1") or (W1”) hold, then I € C'(E,R) and one can easily check
that

(I'(u),0) = ). [|Au(n —D)[P2(Au(n — 1), Av(n — 1))
nez

+a(n)|u(n)|P (u(n), v(n)) — (VW(n,u(n)),v(n))} (2.3)
Furthermore, the critical points of I in E are classical solutions of (1.1) with
u(+oo) = 0.

We will obtain the critical points of I by using the Symmetric Mountain Pass
Theorem. We recall it and a minimization theorem as:
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Lemma 2.1.3Y Let E be a real Banach space and I € C'(E,R) satisfy (PS)-condition.
Suppose that I satisfies the following conditions:

(i) 1(0) = 0;
(ii) There exist constants p,« > 0 such that I|aBP(0) >

(iii) For each finite dimensional subspace E' C E, there is r = r(E') > 0 such that
I(u) <0 foru € E"\ B,(0), where B,(0) is an open ball in E of radius r centered at 0.

Then I possesses an unbounded sequence of critical values.

Remark 2.1. A deformation lemma can be proved with condition (C) replacing the usual
(PS)-condition, and it turns out that Lemma 2.1 hold true under condition (C). We say I
satisfies condition (C), i.e., for every sequence {uy} C E, {uy} has a convergent subse-
quence if I(uy) is bounded and (1 + ||ug||) ||’ (ug)|| — 0 as k — oo.

Lemma 2.2. Foru € E
[tlloo < a Y P|Jull = Allul, (2.4)

where a = infycza(n),A =a=1/P.

Proof. Since u € E, it follows that lim,, _,,, = 0. Hence, there exists n* € Z such
that

[ufleo = [u(n®)| = max[u(n)].
nesz

By (2.1), we have

[ull? > Y am)u(m)]P >a ) ju(n)P > alull& = alu(n”)|P. (2.5)
nez nez

It follows from (2.1) and (2.5) that (2.4) holds.

Lemma 2.3. Assume that (W5) and (W6) or (W6’) hold. Then for every (n,x) €
Z xRV,

(i) s™*Wi(n,sx) is nondecreasing on (0, +0c0);

(i) s™9Wy(n,sx) is nonincreasing on (0, +00).

The proof of Lemma 2.3 is routine and so we omit it.

3. Proof of theorems

Proof of Theorem 1.1. We first show that I satisfies condition (C). Assume
that {uy}renw C E is a (C) sequence of I, that is, {I(uy)}ren is bounded and
(1T + ||ug|D||I' (ug)|| — 0 as k — 4o0. Then it follows from (2.2) and (2.3) that

C1 > pl(u) — (I' (), ug)
= Y [(VW(n,ue(n)), ux(n)) — pW(n, u(n))] . 3.1)

nez
By (W1), there exists 7 € (0,1) such that

VW (n, x)| < %a(n)|x|r’_1 for nez, |x|<n. (32)
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Since W(n,0) = 0, it follows that
W(n,x)| < %a(n)|x|r’ for nez, |x| <7 (33)

By (W2), we have
(VW(n,x),x) > pW(n,x) >0 for (n,x) cZxRN, ke N, (3.4)
and

W(n,x) < (b+clx|")[(VW(n,x),x) — pW(n,x)] for (n,x) € ZxRYN, |x|>y.
(3.5)
It follows from (2.2), (2.4), (3.1), (3.2), (3.3), (3.4) and (3.5) that

Liad? = I+ ¥ Win, ug(n)
p nez

= Iw)+ ),  Whwm)+ ), Wnun)

neZ(|u(n)|<ny) n€Z(|ug(n)|>n)
1
I(ux) + 5 Y a(n)|ug(n)[?
neZ(|ug(n)|<n)

+ )Y (AW u(n)), we(n))
nEZ(Jug(n)|>n)

IN

—pW(n, we(n))]
G2+ %Hukll” + %(b +clue () [)(VW (n, ug (n)), ug (n))
—pW(n, we(n))]

c2+$uuk||*’+<b+c||uk||zo> X (VW ), )

—pW(n, uy(n))]
1
Cts, [[1” + Ca (b + clugl )

IN

IN

IN

1
< Co gl + Cifb +Aelull"}, k€ N, (3.6)

Since v < p, it follows that there exists a constant A > 0 such that
|lugl| < A for k € N. (3.7)

So passing to a subsequence if necessary, it can be assumed that u, — u in E.
For any given number ¢ > 0, by (W1), we can choose ¢ > 0 such that

IVW(n,x)| <ea(n)|x|P~! for n € Z, and |x| <& (3.8)

Since a(n) — oo, we can also choose an integer I'T > 0 such that

an) >4, |n| > 1L (3.9)
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By (2.1), (3.8) and (3.9), we have

() = %a(nﬂuk(nw

a(n

Za n)|ug(n

neZ

IN

C

— llull?
< & for |n| >TI, k€ N. (3.10)

IN

Since uy — up in E, it is easy to verify that uy(t) converges to u(t) pointwise
for all n € Z, that is
lim ui(n) = up(n), VneZ. (3.11)

k—o0

Hence, we have by (3.10) and (3.11)
lup(n)| < ¢ for |n| >TL (3.12)

It follows from (3.11) and the continuity of VW (#, x) on x that there exists kg € IN
such that

11
ZH VW (n,ux(n)) — VW(n,ug(n))||ug(n) —up(n)| <e for k >ky. (3.13)

On the other hand, it follows from (3.2), (3.3), (3.5), (3.6), (3.7) and (3.8) that

| |Z VW (n, ug(n)) = VW (n, uo(n))||ux (nt) — uo(n)|
n|>I1

< ||Z (IVW (n,ux(n))] + VW (n, uo(n))]) ([ux (n)] + uo(n)])
n|>I1

e 3 a(n)(fug(m)[P~1 + Jug(m)[P~) (Jux (m)] + Juo(n)|)

\n\>H
2¢ ) a(n)(Ju(n)|P + |ug(n)|P)
|n|>T1
2¢( [l 17 + Jluol|”)
2¢(AP + ||lug||?), k€ NN. (3.14)

IN

IN

IA A

Combining (3.13) with (3.14) we get

Y VW (n,u(n)) — VW (n,ug(n))| lug(n) —ug(n)| =0 as k — co. (3.15)

nez

Using the Holder’s inequality

ac +bd < (aP + bP)VP (T 4 a9)1/4,
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where a,b,c,d are nonnegative numbers and 1/p +1/9 = 1,p > 1, it follows
from (2.3) that

(I'(uy) — I'(uo), ux — to)
= Y |Aue(n = 1) [P (Aug(n — 1), Aug(n — 1) — Aug(n — 1))
nesz

Y an) () P2 (g (), () — g ()

nez

— Z |Aug(n — 1)]P_2(Au0(n —1),Aup(n—1) — Aug(n — 1))

nesz

— Y a(m)|uo (m) P2 (uo(n), ux(n) — uo(n))

nesz

Y (VW (i, u(n)) — VW(n, uo(n)), ur(n) — uo(n))

nesz

il [P+ o |7 = Y [Aug(n — 1)[P2(Aug(n — 1), Dug(n — 1))

~ L ol =2y )
nizmuo n—1)|P2(Aug(n — 1), Aug(n — 1))
Ea )uto () [P~ (10 (1), ug (n))
:g VW (n, ug (1)) — VW (1, ug(n)), ug (n) — uo(n))

1/p 1/9
[ [P+ [Juo || — (Z IAuo(n—l)Ip) (Z IAuk(n—l)IP)
nez nez

1/p 1/q
Y a(n)|uo( )|P> <Z a(n)|uy(n )
nez nez

1/p 1/q
)3 |Auk(n—1)!”> <Z !Auo(n—1)|p>

nezZ nez

1/p 1/q
Za )| ( )]p> (Za )| 1o (n )
nez nez
Y (VW (n,ug(n)) — VW (1, ug(n)), ug(n) — uo(n))
nez

[ |7+ [0 1P

1/p
( ZZ [|Aug(n = 1)} +a(n)!uo(n)|p]>

1/q
( Y [[Aug(n = 1)|P + ﬂ(n)!uk(nW])

nesz
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1/p
— (Z [|Aug(n —1)|P +a(”)|uk(”)|p]>

nez

1/q
< Y [[Aug(n —1)|7 + a(n)|uo(n)|”]>

nez

— ) (VW(n,ur(n)) = VW(n, ug(n)), ux(n) — uo(n))

nez
= JJugll? + lluoll? — l|uoll|lusell P~ = e[| eo]|”~
— Y (VW(n,ux(n)) — VW (n,uo(n)), ux(n) — ug(n))

nez
= (I~ = llmolP=) (lluell = 1ol
— Z:Z(VW(n, ug(n)) — VW(n,ug(n)), ux(n) — ug(n)). (3.16)

Since I'(u;) — 0 as k — +oco and 1, — ug in E, it follows from (3.16) that
(I'(ug) — I'(ug), ux — up) — 0 as k — oo,

which, together with (3.15) and (3.16), yields that ||uy|| — ||u|| as k — +oo. By
the uniform convexity of E and the fact that uy — ug in E, it follows from the
Kadec-Klee property that u; — 1o in E. Hence, I satisfies (C)-condition.

We now show that there exist constants p, « > 0 such that I satisfies assump-
tion (ii) of Lemma 2.1 with these constants. Let & < 7, if |u| = ¢ := p, then by
2.4), lu(n)| <6<y <1lforneZ.

Set
5P

x = —2P YL
Hence, from (2.2) and (3.3), we have

m>=ﬂwuzwmm»

nez

1 1
> —|ull? = 5= ) a(n)|u(n)[?

p 2}? nez

1
> P
= o lul
= . (3.17)

(3.17) shows that ||u|| = p implies that I(u) > «a, i.e., [ satisfies assumption (ii) of
Lemma 2.1.

Finally, it remains to show that I satisfies assumption (iii) of Lemma 2.1. Let E’
be a finite dimensional subspace of E. Since all the norms of a finite dimensional
normed space are equivalent, so there exists a constant d > 0 such that

lul| < d|ul|e for ucE. (3.18)
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Assume that dim E’ = m and uq, uy, ..., u, is a base of E’ such that
|lui|| =d, i=1,2,...,m. (3.19)

Forany u € E/, thereexist \; € R, i =1,2,...,m such that

m
u(n) =Y Aui(n) for n e Z. (3.20)
i=1
Let
m
laelle = 3 IAil llul- (3.21)

i=1
It is easy to verify that || - ||« defined by (3.21) is a norm of E’. By a similar way in
(3.18), we have that there exists d’ > 0 such that

#'lull. < |lu. (:2)

Since u; € E, we can choose I1; > IT such that

/

d'n

lui(n)| < 11 a"

n| >1L, i=1,2,...,m, (3.23)

where 7 is given in (3.3). Set

m m
Q= {Z/\iui(n) T ANEZ, i=1,2,...,m Z|A,-|=1} ={uekE : |ul.=d}.
i1 i=1

(3.24)
Hence, for u € ©, let ng = ny(u) € Z such that
|u(no)| = [[u]co- (3.25)
Then by (3.19), (3.20), (3.21), (3.23), (3.24) and (3.25), we have
m m
dd = dd) [Nl =d") [Ail|lull = d'ulls
i=1 i=1
< Jul] < dllullo = dlu(no)]
m
< d) |Aillui(no)|, ue®. (3.26)
i=1
This shows that
lu(ng)| > d' (3.27)

and there exists ip € {1,2,...,m} such that |u; (n9)| > d’. By (W3), there exists
09 = 0p(d, I1y) > 1 such that

2d\* d
s P |m‘dn W(n,sx) > (?) for s > %, n € Z(-11y,IL). (3.28)
x|=1
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It follows from (W2), (W3), (2.1) and (3.28) that

um>=§ww—%wmww>

oP
< ?||u||P—W(n0,UM(”0))
oP
< —||ul|P — min W(ng, o|u(ng)|x)
p |x]=1
P
< L @oyrlutm)l
P
< Y oy
p
4
— _@, uec @/ o> 0p- (329)

We deduce that there is 0y = 0p(d, 1) = 0p(E’) > 1 such that
I(cu) <0 for u € ® and o > 0y.

That is
I(u) <0 for u € E' and |u|| > dop.

This shows that condition (iii) of Lemma 2.1 holds. By Lemma 2.1, I possesses an
unbounded sequence {dy }ren of critical values with dy = I(uy), where uy is such
that I'(uy) = 0fork =1,2,.... If {||ux||} is bounded, then there exists B > 0 such
that

|lugll < B for k € IN. (3.30)

By a similar fashion for the proof of (3.3), for the given 7 in (3.3), there exists
T} > 0 such that
lup(n)| <n for |n| >11}, k€ N. (3.31)

Thus, from (2.1), (2.4) and (3.3), we have

Liwlp = det ¥ Win, ug(n)

p nesz

= di+ ), Wlu(n)+ ), W(nu(n))

|n|>IT{ |n| <IT{

1
> dk— 5 Y. am)|ue(m)|P — Y, [W(n, up(n))]

|n|>11] |n| <TT}

1
> dp — —|lu||P — . :
> dem gl = L max (W) (332)

=4

It follows that

3
die < = ||ug||P + max |W(n, x)| < +co.
2p ngn’l |x|<AB
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This contradicts to the fact that {d};>; is unbounded, and so {|ju|/} is un-
bounded. The proof is complete.

Proof of Theorem 1.2. Itis clear that I(0) = 0. We first show that I satisfies the
(PS)-condition. Assume that {uy}ren C E is a sequence such that {I(uy) }ren is
bounded and I'(u;) — 0 as k — +4o0. Then there exists a constant M > 0 such
that

(L)) <M, ||I'(ug)||pe < uM - for k € N. (3.33)
From (2.1), (2.2), (3.1), (W5) and (W6), we obtain

pe + pe|uk||
pI(u) — §<z'<uk>,uk>

Y

_ i(vwz(n, uk(n)),uk(”))}

= PP Y [wzmuk(n))
‘u nez
Y [wlm, () = (VWi uk<n>>,uk<n>>}

nez

> “;"’uukup, keN.

It follows that there exists a constant A > 0 such that
|lugl] < A for k € IN. (3.34)

Similar to the proof of Theorem 1.1, we can prove that {u;} has a convergent
subsequence in E. Hence, I satisfies condition (PS)-condition.

Finally, it remains to show that I satisfies assumption (iii) of Lemma 2.1. Let
E’ be a finite dimensional subspace of E. Since all norms of a finite dimensional
normed space are equivalent, so there is a constant d’ > 0 such that (3.22) holds.
Let 77,11 and © be the same as in the proof of Theorem 1.1, then (3.27) holds.

Set

T =min{W;(n,x) : |n| <IIy, |x| < d'}, (3.35)

where d’ is given in (3.22).
Since Wy (n,x) > Oforalln € Z and x € RN\ {0}, and W (n, x) is continuous
in x, so T > 0. It follows from (3.27), (3.35) and Lemma 2.3 (i) that

I
;H Wi(n,u(n)) > Wy(ng, u(no))

> [min W1(no,x)} <’”(;o)|)”

|x[<d’

> 1 for u € 0. (3.36)
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For any u € E, it follows from (2.4) and Lemma 2.3 (ii) that

I
Y, Wa(n,u(n))
Tl:—Hl
_ Y W (n,u(n)) + Y W (1, u(n))
nEZ(~TL,I0 ), [u(n)|>1 neZ(~T,I0), |u(n)|<1
< S v ()
nEZ(~TIy,ITy), [u(n)|>1 |u(n)]
I
+ ) max|W(n,x)|
Tl:—Hl ‘x|§1
Hl Hl
< Jull& Y. max|[Wa(n,x)[+ Y max|W(n,x)|
n=—I1 |x|=1 n=—1I1 x| <1
Hl Hl
< Af|u® Z max |Wa(n, x)| + Z max |Wa (1, x)|
n:—H1 x|:1 Tl:—Hl |X‘§1
= M1Hu||Q—|—M7_, (3.37)
where
I 1L
M; =A% Y max|Wy(n,x)|, M= )Y max|W(nx)|.
l’l:—l_[l ‘x|:1 l’l:—l_[l ‘x|§1

From (3.3), (3.24), (3.36), (3.37) and Lemma 2.3, we have foru € @ and o > 1

1w>=§whzwmmw

nez
— a_p||u||P + Z WQ(TI,U’M(TZ)) - Z Wl(n,U'M(n))
p nez nez

< a_p||u||P + ¢ Z Wz(n,u(n)) — ot Z Wl(n/u(n))
P nez nez

— a?f}HMHP“‘UQ Y. Wa(nu(n)) —o* Y. Wi(n,u(n))

n|>I1y [n|>TT

I I
+0? Z_:H Wa(n,u(n)) — ot gn Wi (n,u(n))

IN

oP
?Hqu—Ug Y, W(nu(n))

[n|>11y

+0° % Wo(n,u(n)) — o % Wi (n,u(n))
=—II n=—I1
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IN

oP Al
— lull? + 5 Y. a(n)|u(n)|P 4 o®(M;|ul|® + Mz) — To*
P [n|>T1,

IN

oP ¢
;Hu\lp + —HuHP + o (My||ul[® + M) — To

P 4rg@
_ (o) + d—g + M (do)® + Mpo? — Tot. (3.38)
P 2p
Since u > ¢ > p, we deduce that there is 0y = 0y(d, My, My, T) = 0p(E’) > 1 such
that
I(cu) <0 for u € ® and o > 0y.

That is
I(u) <0 for u € E" and ||ul| > doyp.

This shows that (iii) of Lemma 2.1 holds. By Lemma 2.1, I possesses an un-
bounded sequence {dj }ren of critical values with dy = I(uy), where uy is such
that I'(uy) = 0 for k = 1,2, .... If {||ux|| }xen is bounded, then there exists B > 0
such that

l|lux]| < B for k € N. (3.39)

By a similar fashion for the proof of (3.5) and (3.7), for the given 7 in (3.13), there
exists IT{ > 0 such that

lup(n)| <n for |n| >11{, k € N. (3.40)

Thus, from (W1), (W5), (W6), (2.1), (2.4), (3.3), (3.39) and (3.40), we have

Liwllr = det Y Win, ug(n)

P nez
I
= de+ ), W)+ ), W(nu(n))
In|>T1Y n=—T1/
1 2t
> di— 5o Y am) ()P — Y, Wa(n,uk(n))
|n| >T1Y n=—I1/
1 1
> d — —||u||? — max |Wh(n,x 3.41
> dy ZPH k| Zn“ |<AB! 2(n, x)]. (3.41)
It follows that
H/l
di < _Huk“p"' Z max [Wa(n,x)| < +oo.
H//X

This contradicts to the fact that {d }ren is unbounded, and so {||ug|| }ren is un-
bounded.
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Proof of Theorem 1.3. In the proof of Theorem 1.2, the condition that W, (n, x) >
0 for (n,x) € Z x RV, |x| < 1in (WY’)is only used in the the proofs of assump-
tion (ii) of Lemma 2.1. Therefore, we only prove assumption (ii) of Lemma 2.1
still hold use (W1”) instead of (W1’). By (W1”), there exists # € (0, 1) such that

VW(n,x)| < %a(n)|x|r’_1 for neZ\J, |x| <n. (3.42)
Since W(n,0) = 0, it follows that
W(n,x)| < %a(n)|x|p for ne Z\J, |x| <n. (3.43)

Set
Wi (n, x)

M= s“p{ a(n)
Set § = min{1/(2pM + 1)V #=P), 4}, if ||u|| = 6/A := p, then by (2.4), |u(n)|
<<y <1lforn e Z. By (3.44) and Lemma 2.4 (i), we have

u(n)
Wi(n,u(n)) < Wy ( n, ju(n) |
LW Lo (i)

nej {ne], u(n

< MY a(n)u(n)|

nej

M&*7 Y a(n)u(n) P

nej

a(n)|u(n)|?. (3.45)

nel, xeRY, |« =1}. (3.44)

IN

1
2]9 nej

IN

Set
ad?

Hence, from (2.1), (3. 43) (3.45) and (W1”), we have

[(u) = —Hu|”— Y, W(n,u(n))

nesz
1
= —|ullf = ), Wu(n)) -3 W(nu(n))
p neZ\] nej
1
> —[ullf = 5= Y, a(m)|u(@)? =) Wi(n,un))
p neZ\] n€]
p nez\] pne]
_ 1 Y |Au(n—1) |p—i—— Y a(n)
Pnez Puez
> 2— Y [du(n —1)P +-a(n)|u(n) ]
PneZ
1
- p
5 1l

— (3.46)
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(3.46) shows that ||u|| = p implies that I(u) > a, i.e., I satisfies assumption (ii)
of Lemma 2.1. It is obvious that I is even and I(0) = 0 and so assumption (ii) of
Lemma 2.1 holds. The proof of assumption (iii) of Lemma 2.1 is the same as in
the proof of Theorem 1.2, we omit its details.

4. Examples

In this section, we give some examples to illustrate our results.
Example 4.1. Consider the second-order discrete p-Laplacian system
A(|Au(n — 1)|_%Au(n —1)) —a(n)|u(n)|u(n) + VW (n,u(n)) =0, 4.1)
where p = 3,a: Z — (0,00) such that a(n) — +c0 as [n| — 400, and
W(n,x) = a(n)(2 — cos n)|x|3 In(1 + | x|).
Since
x[$

1+ |x|

(VW(n,x),x) = a(n)(2 —cosn) [§|x|%ln(1+|x|)+

4 1 N
2.0 > )
(3+1+|x|)W(n,x)_O, V(n,x) € ZxR

This shows that (W3) holds with b = ¢ = v = 1. In addition, for any n € Z

_4 _4
3 3

s m1: nW(n,sx) = s 3 min [a(n)(Z—cosn)]sxﬁln(l—l—]sx|)]

[x|=1 [x|=1
= a(n)(2 —cosn)In(1+s)
— 400, s — +o0.

This shows that (W3) also holds. It is easy to verify that assumptions (A) and
(W1) of Theorem 1.1 are satisfied. By Theorem 1.1, system (1.1) has an unbounded
sequence of homoclinic solutions.

Example 4.2. Consider the second-order discrete p-Laplacian system
A(|du(n =1)|Au(n —1)) —a(n)u(n)[u(n) + VW(n,u(n)) =0, (42)
where p =3,n € Z,u € RN, a € C(Z,(0,0)) such that a(n) — +oo as |n| — co.

Let
W(n, x) <Za |x|Mi — Zb |x|91>

where p3 > pp > -+ > pm > 01 > 0 > - > o > 3,4, >0,
i=12,...,mj=12,...,n Lety = puy, 0 = 01, and

m
Wi(n,x) =a(n) ) ai|x|[", Wa(n,x) = af Zb | x|



210 P. Chen - X. H. Tang

Then it is easy to verify that all conditions of Theorem 1.2 are satisfied. By Theo-
rem 1.2, system (1.1) has an unbounded sequence of homoclinic solutions..

Example 4.3. Consider the second-order discrete p-Laplacian system
A(|Au(n — 1) PAu(n — 1)) —a(n)|u(n)|?u(n) + VW (n,u(n)) =0, (4.3)

where p =4,n € Z,u € RN,a € C(Z,(0,00)) such that a(n) — +o0 as |n| — co.
Let

W(n, x) = a(n) [ay|x["" + az|x ][> — (2 — [n])[x[* — (2 — [n])]x]*],

where 1 > pp > 01 > 02 > 4,a1,ap > 0. Lety = up, 0=01,] = {-2,-1,0,1,2}
and

Wi(n, x) = a(n) (a1]x|" + az|x[F2),
Wa(n, x) = a(n) [(2 = [n])|x[* + (2 — |n])[x[*].

Then it is easy to verify that all conditions of Theorem 1.3 are satisfied. By Theo-
rem 1.3, system (1.1) has an unbounded sequence of homoclinic solutions.
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