An existence result for nonlinear elliptic
equations in Musielak-Orlicz-Sobolev spaces

A. Benkirane M. Sidi El Vally

Abstract

In this paper we prove an existence result for some class of variational
boundary value problems for quasilinear elliptic equations in the Musielak-
Orlicz spaces W™ L, (€)), under the assumption that the conjugate function of
@ satisfies the A, condition. An imbedding theorem has also been provided
without assuming this condition.

1 Introduction

This paper is concerned with the existence of solutions for variational boundary
value problems for quasi-linear elliptic equations of the form

Au) = f,

where the operator A is in the form:

Aw)= Y (-D)MD*Au(x,u, Vu, ..., V") (1)

|af<m

on an open subset () of R". Existence theorems for problems of this type were first
obtained by Visik [23, 24] using compactness arguments and a priori estimates on
(m 4 1)st derivatives. Since 1963, these problems have been extensively studied
by Browder and others in the context of the theory of mappings of monotone type
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from a reflexive Banach space to its dual and in the case where the coefficients
A, have polynomial growth in u and its derivatives [2] , [3] , [20]. From 1970
these results have been extended by Donaldson [6], Gossez [15] , [16] and Gossez
and Mustonen in [17] to the case where the coefficients A, do not necessarily
have polynomial growth in u and its derivatives. The Banach spaces in which
the problems are formulated (the Orlicz-Sobolev spaces) are not reflexive and
the corresponding mappings of monotone type are not bounded nor everywhere
defined and do not generally satisfy a global a priori bounded( and consequently
are not generally coercive).

In the last decade several works have been concerned to extend the classi-
cal polynomial growth to the non-standard growth case in the so-called variable
exponent Sobolev spaces ( see [14] and references within), and also [25] .

Recently Mihdilescu and Radulescu in [21] and Fan and Guan in [9], [10] have
obtained new results which improved the already known existence results for the
p(x)-Laplacian operator in the Musielak-Orlicz-Sobolev spaces W'L,(€)) under
some assumptions such as the condition A, on ¢ and also the uniform convexity
of ¢ which assure that the space L, (Q) is reflexive.

Our purpose in this paper is to initiate a study of these problems in the gen-
eral case when the Musielak-Orlicz-Sobolev spaces W™ L, (()) are not reflexive.
The study of the nonlinear partial differential equations in this type of spaces is
strongly motivated by numerous phenomena of physics, namely the problems re-
lated to non-Newtonian fluids of strongly inhomogeneous behavior with a high
ability of increasing their viscosity under a different stimulus, like the shear rate,
magnetic or electric field [18].

The main difficulty encountered is the construction of a suitable complemen-
tary system to formulate the problems. Our existence result is only obtained with
the condition that the conjugate function ¢ of ¢ has the A, property. It is a gener-
alization of the result in [6].

Note that the A, condition on  in this paper is only used for building the suit-
able complementary system with non-attendance of the analogous of [15, Theo-
rem 1.3] in the context of Musielak-Orlicz-Sobolev spaces.

This result can for example be applied for finding a weak solution for the
p-Laplacian equation

. a(x,|Vu
Agpu(= dzv(i( |V|u| D

where 4 is the derivative of ¢ with respect to t.

One of the main results of this paper is to give some imbedding theorems in
W™L,(Q) for a general Musielak-Orlicz function ¢. These theorems, which are
very useful in the literature of the PDE and the Banach spaces, generalize the
imbedding results in [7], [1] and [15].

In the particular case when ¢(x,t) = t7¥), our results give essential improve-
ments of some imbedding theorems that were already published e.g. [8], [11] and
[13]. They also improve the existence result for (1) in the statement of the vari-
able exponent Sobolev spaces W"?(*) by avoiding the condition of continuity or
log-Holder continuity of p(.) and also the condition that p* = ess sup, ., p(x) is
finite, see Corollary 2 below.

NVu))+f=0
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Section 2 contains some preliminaries. In Section 3 we introduce our main
results, the compact imbedding (subsection 3.1) and the existence results (sub-
section 3.2).

2 Preliminaries

In this section we list briefly some definitions and facts about Musielak-Orlicz-
Sobolev spaces. Standard reference is [22]. We also include the definition of com-
plementary system, an abstract result and some preliminaries Lemmas to be used
later.

2.1 Musielak-Orlicz-Sobolev spaces

Let () be an open subset of R"” and let ¢ be a real-valued function defined in
() x Ry and satisfying the following conditions :

a) ¢(x,.) is an N-function i.e. convex, nondecreasing, continuous, ¢(x,0) = 0,
¢(x,t) > 0forallt > 0, and

lim sup olxt) =0,
t—0 xeQ)
lim inf M = 00,

t—o0 xe)

b) ¢(.,t) is a measurable function.
A function ¢(x,t), which satisfies the conditions a) and b) is called a Musielak-
Orlicz function. For a Musielak-Orlicz function ¢(x,t) we put ¢.(t) = ¢(x,t)
and we associate its nonnegative reciprocal function with respect to t, ¢ ! i.e.

oy (p(x, 1) = @(x, 7' (1) =t

For any two Musielak-Orlicz functions ¢ and y we introduce the following
ordering :
c) if there exists two positives constants ¢ and T such that for almost everywhere
x e ():
p(x,t) < y(x,ct) fort > T

we write ¢ < <y and we say that y dominate ¢ globally if T = 0 and near infinity
if T > 0.
d) if for every positive constant ¢ and almost everywhere x € () we have

tim(sup 2% — g or Jim (sup £ — g
=0 e v(x, 1) t=oo e (X 1)

we write ¢ << 7 at 0 or near oo respectively, and we say that ¢ increases essen-
tially more slowly than < at 0 or near infinity respectively.

In the following the measurability of a function u : () — R means the Lebesgue
measurability.
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We define the functional
epa®) = [ ol lu(x))dx

where u : O — R is a measurable function.
The set

Ky(Q) = {u: O — R mesurable /g, (1) < +o0}.

is called the Musielak-Orlicz class (the generalized Orlicz class).

The Musielak-Orlicz space (the generalized Orlicz spaces) Ly () is the vector
space generated by K, (Q1), that is, L,(Q)) is the smallest linear space containing
the set K, (Q2).

Equivalently:

Ly(Q) = {u : ) — R mesurable /Q(P,Q(|u(/€:)’) < +o0, for some A > 0}

Let
P(x,s) = sup{st — ¢(x,1)},

t>0

that is, ¢ is the Musielak-Orlicz function complementary to (or conjugate of)
@(x,t) in the sense of Young with respect to the variable s.
In the space L, (Q) we define the following two norms:

|[ul| g0 = inf{A >0/ /Q(p(x, ’u(/\x)' )dx, < 1}.

which is called the Luxemburg norm and the so-called Orlicz norm by :

[[u]|lg0 = sup lu(x)o(x)|dx.
l|o]|p<1 Q

where ¢ is the Musielak-Orlicz function complementary ( or conjugate) to ¢.
These two norms are equivalent [22].

The closure in L, (Q2) of the bounded measurable functions with compact sup-
port in () is denoted by E,(Q)). It is a separable space and Ey(Q)* = L, (Q) [22].

We have E,(Q) = K,(Q) if and only if Ky(Q)) = Ly(Q)) if and only if ¢ has
the A, property for large values of ¢, or for all values of ¢, according to whether
() has finite measure or not, i.e., there exists k > 0 independent of x € () and a
nonnegative function # , integrable in Q) such that ¢(x,2t) < ke(x,t) + h(x) for
large values of ¢, or for all values of t.

We say that a sequence of functions u, € Ly(Q)) is modular convergent to
u € Ly(Q) if there exists a constant k > 0 such that

un_u

For any fixed nonnegative integer m we define

W'Ly(Q) = {u € Ly(Q) : V]a| < m D*u € Ly(Q))}
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where & = (a1, a2, ..., &) with nonnegative integers «; || = |a1| + |a2| + ... + |ay|
and D*u denote the distributional derivatives. The space W™ L,(Q)) is called the
Musielak-Orlicz-Sobolev space.

Let

_ . _ u
Q(p’Q(u) = Z Q(P’Q(D“U) and HuHZ}Q =inf{A > 0: Q‘P'Q(X) <1}

|af<m

for u € W™L,y(Q)). These functionals are a convex modular and a norm on
W™L,(Q), respectively, and the pair (W™ Ly (), ||u| ]’;fQ) is a Banach space if
¢ satisfies the following condition [22]:

there exist a constant ¢ > 0 such that in{f) p(x,1) >c. (2)
xXe

The space W™ L,(Q2) will always be identified to a subspace of the product
[Tjaj<m Lp(Q2) = T1Lg; this subspace is o(I1Ly, I1Ey) closed. Let Wi'Ly(Q)) be
the o(I1Ly, I1Ey) closure of D(Q2) in W™ L, (Q2).

Let W"E,(Q) be the space of functions u such that u and its distribution

derivatives up to order m lie in E,(Q)), and WJ'E,(Q) is the (norm) closure of
D(Q) in W"Ly(Q)).
The following spaces of distributions will also be used:

W "Ly(Q) = {f € D'(Q);f = T (~1)"D*f, with f, € Ly(C2)}

la|<m
WoTE(Q) = {f € DS = B (1D with £ € Ey()

We say that a sequence of functions 1, € W™ L,(Q)) is modular convergent to
u € W"Ly(Q) if there exists a constant k > 0 such that

. up—u
lim Q(P’Q(HT) =0.

n—oo

For two complementary Musielak-Orlicz functions ¢ and ¢ the following in-
equality is called the young inequality [22]:

ts < ¢@(x,t)+¢(x,s) fort,s >0, x € Q

This inequality implies that

Hulllg0 < @ga(u) +1.

We have also for two complementary Musielak-Orlicz functions ¢ and v if
u € Ly(Q)) and v € Ly(Q)) the Holder inequality [22]:

[l

?,Q P,Q-

| [ ux)o(x) dx| < |lu
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In the particular case when ¢(x,t) = t”(x) we use the notations LP(*) (Q)) =
Ly(Q)), and WP Q) = W™L,(Q). These spaces are called Variable exponent
Lebesgue and Sobolev spaces.

We recall that a family R of functions u(x) has equi-absolutely continuous
integrals if for arbitrary e > 0 an & > 0 can be found such that for all functions in
the family 9% we have

[Eu(x)dx <e

provided |E| < h. Where |E| is the measure of the set E.

2.2 Complementary system

Definition 1. Let Y and Z be two real Banach spaces in duality with respect to a con-
tinuous pairing <,> and let Yo and Zg be subspaces of Y and Z respectively. Then
(Y, Yo; Z, Zy) is called a complementary system if, by means of <, >, Yy can be identi-
fied (i.e.,is linearly homeomorphic) to Z and Zj to Y.

Let ¢ and ¢ be two complementary Musielak-Orlicz functions then
(Lp(Q2),Ep(Q)); Ly(Q)), Ey(Q)) is a complementary system. Other examples are
(X**, X; X*,X*) and (X*, X*; X**, X) where X is Banach space. Note that in a
complementary system, Yy is 0(Y, Z) dense in Y. Note also that if cl Yy [cl Zo]
denotes the (norm) closure of Yy [Zp] in Y [Z], then (Y, cIYy; Z, clZy) is a comple-
mentary system.

The following lemma gives an important method by which from a comple-
mentary system (Y, Yp; Z, Zy) and a closed subspace E of Y, one can construct a
new complementary system (E, Eo; F, Fy). some restriction must be imposed on E.
Define Eg = ENYy, F=Z/E; and Fy = {z+ Eg;z € Zo} C F, where L denotes
the orthogonal in the duality (Y, Z), i.e. Ey = {z € Z;<y,z >=0forally € Ey}.

Lemma 1. [15] The pairing <, > between Y and Z induces a pairing between E and F
if and only if Eq is 0 (Y, Z) dense in E. In this case, (E, Ey; F, Fy) is a complementary
system if E is 0(Y, Zy) closed, and conversely, when Z is complete, E is 0(Y, Zy) closed
if (E, Eo; F, Fy) is a complementary system.

Corollary 1. Let ¢ and ¢ be two complementary Musielak-Orlicz functions , we as-
sume that 1 has the Ay property. Then W('L,(Q)) generates a complementary system in
(HL(P (Q)/ HE(P (Q), HLIIJ (Q)/ HLIP (Q))

Indeed, by definition D(Q) is o(I1Ly, I1Ey) dense in WL, ()) and the fact
that i has the A, property implies that o(I1Ly,I1Ey) = o(I1Ly,I1Ly). Hence
D(Q) is o(I1Ly,I1Ly) dense in Wi'L,(€)) and applying Lemma 1 we obtain that
(WL (€2), WI'Ey(Q), WLy (Q)), W™E(Q))) is a complementary system.
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2.3 An Abstract Results

Let (Y, Yo; Z, Zy) be a complementary system and T be a mappings from the do-
main D(T) in Y to Z which satisfy the following conditions, with respect to some
element7 € Ypand f € Zp :

(i) (finite continuity) D(T) D Yp and T is continuous from each finite dimen-
sional subspaces of Y} to the ¢ (Z, Yy) topology of Z,

(ii) (sequential pseudo-monotonicity) for any sequence {y;} withy; >y €Y
foro(Y,Zy), T(y;) » z € Zforo(Z,Yp) and lim sup < T(y;),y; > < < z,y >, it
follows that T(y) = zand < T(y;),y;i >—< z,y >,

(iii) T(y) remains bounded in Z whenever y € D(T) remains bounded in Y
and < y — 7, Tu > remains bounded from above,

(iv) < y—#,t(y) — f >is> 0wheny € D(T) has sufficiently large normin Y.

It is of importance to note that the condition (iii) is weaker than the condition
that T transforms each bounded set of Y into a bounded set of Z, and also that
the condition (iv) is weaker than the assumption of coercivity, because in our
applications, the mapping T will generally not transform a bounded set into a
bounded set nor be coercive.

Theorem 1. [17] Let (Y, Yo; Z, Zo) be a complementary system and let T : D(T) C
Y —— Z satisfy (i)...(iv). Then Zy is contained in the range of T.

2.4 Preliminary lemmas

Lemma 2. if a sequence g, € Ly(Q)) converges in measure to a measurable function g
and if g, remains bounded in Ly(Q)), then g € Ly(Q) and g, — g for 0(Ly(Q), Ey(Q))).

Proof. In virtue of the fact that every sequence of functions in L, ()) which
are bounded in norm contains an ¢(Ly(Q), Ey(Q))) convergent subsequence. It
is therefore sufficient in our case to show that for any subsequence g, (x) which
converges in ¢(Ly (), Ey(Q))) to go(x) , we have go(x) = g(x).

We denote by K,,(x) the characteristic function of some fixed set of points on
which |g(x) — go(x)| < m, and the function sgn [g(x) — go(x)] by fo(x).

Suppose ¢ > 0 is prescribed. Since the functions go(x), gn,(x) have equi-
absolutely continuous integrals [22], a 6 > 0 can be found such that

€ €
[ lgo(dx < £, [ Jgn(x)ldx < 2

provided |[D| < §(D C Q). We shall assume that 6 < =.. It follows from the
convergence in measure of the subsequence gy, (x) to the function g(x) and the
convergence of this sequence to the function go(x) in o(Ly(2), Ey(Q2)) that there
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exists a ko such that , fork > ko,

3
180 (0) = go(x) fo(x)K(x)dx < £
and |Q| < J, where
£
= — > _- 1.
0 = {lgn () ~5(3)| > g7}
Then, for k > ko, we have that

[ 186 = 80 (0) K (x)dx <| [ [ () = go(x) fo(x)Ku(x)dx |
+ o 1860 = gn @l + / 9, ()l
+ [ ool + [ 18(x) = go(x) Kn(x)dx

<— _0\0 - Q| <

5
Since ¢ is arbitrary, we have that

180 = 80(x) Ko (x)dx = 0,

i.e.go(x) = g(x) almost everywhere.

Lemma 3. [17] Let the functions A, satisfy the conditions (A1) and (As) below. if for
the sequences n, C R™, {, C R, and ¢, C R we have n, — 1, { — ¢, and

Za=m (Aa (X, 171, Ck) — Aa(X, 11, Ck)) (Gak — Gax) — O
as k — oo, then &y is bounded in R"2 and ¢ — { as k — oo.

Lemmad. [1] Let u € chl(Q) and let f satisfy a Lipschitz condition in R. If g(x) =
f(|u(x)|), then g € W21 (Q)) and

loc

D*g(x) = f'(Ju(x)]) sgn u(x).D"u(x).

3 Main results

3.1 Some imbedding results

Theorem 2. Let () have finite measure and let ¢ and ¢ two Msuielak-Orlicz functions
such that ¢ (., t) is integrable on Q) and increasing essentially more slowly than ¢ near
infinity. If the sequence {u;} is bounded in Ly(Q)) and convergent in measure on (),
then it is convergent in norm in Ly (Q)).
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Proof. Fix ¢ and let v; ) = M Clearly {v;x} is bounded in L,(Q)); say
19;kllp,0 < K. Now there exists a positive number to such that if t > to, then

P0x1) < 1000 ).

/D(,b(x, to)dx < i

Let &6 > 0 such that

provided |D| < 6.

Set
1

Qjp ={x € Q: vjr(x)] = <P;1(m)}-

Since {u]-} converges in measure, there exists an integer N such thatif j, k > N,
then |Q],k| < 6. Set

Q;’,k = {x € Qj,k : |U]‘k( )’ > tO} Q]k - jlk\Q;,k

For j,k > N we have

/n4’(x,!vj,k(x)!)dx = /Q\Qj,k(l)(x"vj’k(x)|)dx+/ﬂ, ol 034 () ) +
o st
ﬂ—{-l o(x, |U]k d-|-/ (x, fo)dx < 1.

Hence ||u; — ui||g,0 < e and so {u;} converges in Ly(Q2).

Theorem 3. Let Q) have finite measure and let ¢ and ¢ as in the Theorem 2. Then any
bounded subset S of Ly (QY) which is precompact in L' (Q) is also precompact in Ly (Q)).

Proof. Evidently L,(Q) < L'(Q) since Q has finite volume. If {u;k} is a

sequence in S, then it has a subsequence {u;} that converges in LY(Q); say uj —u

in L}(Q)). Thus {u;} converges to u in measure on Q2 and hence by Theorem 2. it
converges also in Ly ((2).

Theorem 4. Let Q) be an open subset of R". If an Musielak-Orlicz function ¢ satisfy the
following conditions

o) -1 1 -1
¢x (1) ¢y (1)
: :n+1 dt = oo, /0 —dt < 0. 3)

Let f(x,t ! (Pxn(l)dr t > 0. The Sobolev conjugate @, of ¢ is the reciprocal func-
eS| jugate ¢ of ¢ p

tion of f with respect tot

Then W}Ly(Q)) < Ly, (Q). Moreover, if D is bounded subdomain of ), then the
following imbeddings WyLy(QY) < Lg(D) exist and are compact for any Msuielak-
Orlicz function ¢ increasing essentially more slowly than ¢, near infinity such that
¢(., t) is integrable on Q).
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Proof. Evidently the function s = ¢.(x,t) as defined above is an Msuielak-
Orlicz function and satisfies the differential equation

pris) 3 =57, @

Therefore v(t) = [@.(x, £)] " * satisfies the differential inequality

dv n—l n—1

T <y (). ©

Let u € WjLy(Q) and suppose, for the moment, that u is bounded on () and

is not zero in Ly (Q)). Then [ ¢.(x ( aal )dx decreases continuously from infinity
to zero as A increases from zero to 1nf1n1ty, and accordingly assumes the value
unity for some positive value of A. Thus

[on i =1, K= jully. ©

Let f(x) = (|”( )‘) Evidently u € W1 1(Q)) and v is Lipschitz on the range of
&Kx)' so that, by Lemma 4, f € W& 1(Q). by Sobolev inequality we have

Ifllogey <K LD fllon = Ka Lo [ v (RIDu s )

By (6) and Holder’s inequality, we obtain

1= ([ oMy 5t = il o < SRS (Y

1

MglIDullg. (8

Making use of (5), we have

vy, < Sy
-1 |u(x)]
— ”; inf{)t>0:/QL[J(x,¢x (q)*(;’ K )))dxgl}.
Suppose A > 1. then
Ju(
/¢ lpx(qo*(/\ - dx< /(P* (x) =%<1.

Thus

|u| n—1

VDl < ==, ©)

n
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Hence,
Kz, 1
1< 2llully

so that
]|, = K < K |ul[}, (10)

To extend (10) to arbitrary u € WL, (Q)) let

. ux)| if Ju(x)| <k
) ={ ksgnuth) it o) o &

Clearly 1y is bounded and it belongs to WjL,(Q) by Lemma 5. Moreover,
||uk||p. increases with k but is bounded by Ky||u||,. Therefore, limy_,q |[uk||p, =
K exists and K < Kyl|u| |}p By Fatou’s Lemma

|M(
/Q (P*(x, T koo

whence u € Ly, (Q)) and (10) holds.
If D is a bounded subdomain of (), we have

)dx§1

WiLy(Q) — Wy (Q) — LY(Q),

the latter imbedding being compact a bounded subset of W] L, (D) is bounded in

L. (D) and precompact in L' (D), and hence precompact in Ly(D) by Theorem 3.
whenever ¢ increases essentially more slowly than ¢, near infinity.

3.2 Existence Results

Let ¢ and ¥ be two complementary Musielak-Orlicz functions. We assume that
@(.;t) is locally integrable and that ¢ satisfies the A, condition.
We are interested here in the Dirichlet problem for the operator

Aw) = Y (-1)MD*A(x,u, Vu, ..., V") (11)
|| <m
on ().
The following notations will be used. If § = {&,; |«| < m} € R" is an m-jet,
with « = (&g, ..., 0,) a multi-index of integers and |a| = a; + ... + a,, then { =

{€u; |&| = m} € R™ denotes its top order part and 1 = {u; |a| < m} € R™ its
lower order part. For u a derivable function, ¢(u) denotes { D*u; |a| < m} € R".
The basic conditions imposed on the coefficients A, of (11) are the followings:

(A1) Each A, (x, ¢) is a real valued function defined on Q) x R™ is measurable
in x for fixed ¢ and continuous in ¢ for fixed x.
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(Az) There exist a Musielak-Orlicz function ¢ with v << ¢, functions a, in
Ey(€)), constants ¢; and c; such that for all x in Q) and ¢ in R™0 if

] = m 2 |Au(x,O)] < an(x) +e1 Y $r ' (9(x,c28p)) +e1 Y, 9 (v(x,c28p)),
|B|=m |Bl<m

if

jaf <mz|Au(x,0)] <an(x)+er Y i (v(xc28p)) e Y i (@l calp))-
|Bl=m |Bl<m

(Az) Foreachx € Q, n € R™, {,and &' in R with & # &,

Y (Au(x, &) — Aulx, 1)) (Ex — &) > 0.

|a|=m

(A4) There exist functions b, (x) in Ey(Q), b(x) in L'(Q), positive constants
dq and d; such that, for some fixed element v in W['E,(Q}),

Z Au(x,8)(Cx —v) 2 dy Z ¢(x,daa) — Z ba(x)8a — b(x)

lae|<m lae|<m la| <m

for all x in Q) and ¢ in R™.
Associated to the differential operator (11) we define a mapping T from

D(T) = {u € WLy (Q); Ax(E(u)) € Ly(QQ) for all [a] < m} C W'Ly(€Q)

into W™ Ly (Q)) by the formula

<v,Tu >:/
(@)

Z Ay(E(u))D*vdx

|a<m

for v € Wi'Ly(QQ).
Now we are ready to present our main existence result.

Theorem 5. Let () be an open subset of R". Assume that the coefficients of (11) satisfy
(A1), ..., (A4). Then for any f € W~ Ey(Q)), the Dirichlet problem for A(u) = f has
at least one solution.

Proof. ~ we consider the complementary system (Wj'Ly(Q), Wi'Ey(QY),
W™"Ly(Q)), W™Ey(Q)) and for simplicity we use the notation (Y, Yo, Z, Zp).
We should show that the mapping T satisfies the condition (i),...,(iv) of Theorem
1.

To show that (i) holds we introduce the following lemma. It is a generalization
of lemma 4.3 of [15].

Lemma 5. Suppose that Ay and Ay hold (with a(x) € Ly(CY)). Then the mapping w =
(wp)igj<m > (Aa(w))aj<m sends TIEx(QY) into Ly (QY) and is finitely continuous
from I1E , () to the o(I1Ly(€Y), I1E(€Y)) topology of TILy (QY).
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Proof. By (Az) we can conclude immediately that for all || < m, Ay(w) €
Ly(Q) if w € TTEy(€)). We will show that the mapping is continuous from each
simplex in ITE,(Q)) to the o(I1Ly(Q),I1E,(Q2)) topology of ITLy(Q2). Let S =
conv{w!, ..., w"} be a simplex in ITE,(Q)) and write w = £I_; A;jw' € Swith A; >0
and 27 ;A; = 1. We have for some c3 > 0,

¥y ((x, cawp)) = ¥ (@(x, Y- Aicsaw)) < i (3 Aig(x, cawy)),
i—1 i=1

1

which implies that each A,(w) remains bounded il Ly(Q2) when w runs over S.
It is then easy to complete the proof by the lemma 2.

In order to verify the condition (ii) we let y; be a sequence in Y with the prop-
ertiesy; —» y € Y foro(Y,Zy), T(y;)) — z € Z for 0(Z,Yy) and limsup <
T(yi),y; > < < z,y > We must show that y € D(T), T(y) = z and <
T(yi),yi >—< z,y >. Obviously it is sufficient to prove the last convergence
for an infinite subsequence. The proof will be done by the following steps.

1. The functions A,(, {(y;)) remains bounded in Ly () for all |a| < m.
Indeed, for || < m we use the fact that v << ¢, which implies that for any ¢ > 0
there exists a constant K(¢) such that y(x,t) < k(e)¢(x, t) for all t > 0. Therefore

|Au(x,8(yi))| < au(x) +c1 | |E ¥y H(k(e)p(x, ecaDP(;)))+
Bl=m
a1 Y. ¢t (x (x,caDP(y))).

|Bl<m

When ¢ is sufficiently small, | leco DP (¥i)llp < 1 uniformly for all || < m.

I k(o) g ec2 DP () ly < 1+ k(o) | (e, ecaDP()
and
9 (9x,c2DPw)lly <1+ [ glx,cDP ()

we can conclude

1 Aa(x, SWi)lly < llawlly +e1 Y (14 K(e)llecaDP (yi)]] )+
Bl=m

c1 ). (1—1—/ng(x,czD/3(yi))) < const.

|Bl<m

To show the same property for |a| = m let w = (wy) € 11— Ep(Q?). By Az we

have
Y (Aulx, &) — Aa(x, (i), (i) (D*(yi) — wa) > 0.

|a|=m
for all x € Q) and hence

L L Admtwen < [ Adw 2D ) - [ Acx gD (1)

la|=m

_ /Q Y Aulx, (i), S (i) (D*(yi) — wa)

|af<m
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the first integral in the right hand side is < cst by assumption and the second
one remains bounded by the previous discussion. The third integral remains
bounded by Hoélder’s inequality provided |[A (., 7(yi),{(vi))||y is bounded. To
show this we use A, to get

1Al (), CuiNlly < Hawlly +er Y 1lpx (@(x, cowp))lly
Bl=m

toa X9 (ke)e(x ecaDP(v:)) Iy,

|Bl<m

where
9 (e cawp))l g < 1+ [ gl cacp) < const

for all | 3| = m, since wg € E,(Q)). moreover,

19" (k). c2DP (1))l |y < 1+K(e) | ol c2DP(yy) < const,

when ¢ is made sufficiently small. Thus we have shown that A,(,¢(y;)) remains
bounded in Ly (Q)) for all || = m for (Ly(Q), E»(Q)), which implies the bound-
edness in norm.

2.We may assume, by passing to a subsequence if necessary, that A, (, {(y;)) —
hy for o(Ly(Q)), E4(Q)) with some h, € Ly(Q)) for each |a| < m. Hence the linear
form z € Z = Y{§ can be identified to (h,) € I1Ly(Q)), ie.,

(z,0) = /Q Y hyD%vdx (12)

|a[<m

holds for allvin Y.

3. We are aiming to show that D*y;(x) — D*y a.e. in () for all |a| < m. By
Theorem 4. the imbedding of W{'L,(Q2) to WJ' 'Ly (K) is compact for any sub-
domain K with compact closure in () and any Musielak-Orlicz function ¢ which
is integrable on () with respect to x and increases essentially more slowly than
¢« near infinity, hence we may assume that D*y;(x) — D%y a.e. in Q for all
la| < m — 1. in order to get the a.e. convergence also for |a| = m we invoke the
Lemma 3. with the specialization 17y = n(y;), & = ¢(y;) and {x = {(y) for each
x € Q. In view of Lemma 3 it suffice to show that g;(x) — 0 a.e. in Q) with

9i(¥) = Zyaj=m (Aa (2,1 (yi), € (i) — Au(x,11(yi), E()))(D* (yi) — D*(y))-

In fact, as g;(x) > 0 for all x € (), it will be enough to show that
lim sup/ gi(x)dx < g, (13)
i O

where gp — 0ask — oo and O = {x € OO; |x| < k,|D*y(x)| < k for all |a| < m}
for any k € IN. Obviously O C Q41 and mes (Q\ U2 Q) = 0. We denote
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further

pi(x) = ), Au(xn(yi), &) (D*(vi) — D*(y)),

|a| <m
ri(x) = |Z Aa(x,1(yi), C(y))(D*(y) — D*(yi)),
si(x) = |Z Aa(x,11(yi), ¢ (yi))(D* (y) — D*(i))-
a|l<m-—1

then g;(x) = p;(x) + ri(x) + si(x) and the assertion (13) will be shown when we
prove that

lim sup/ pi(x)dx < g, (14)
i Oy
lim [ r;i(x)dx =0, (15)
1—00 Qk
lim [ s;(x)dx=0 (16)
1—00 Qk

forany k € N and ¢ — 0 as k — co.
4. We show the assertion (14). To this end we write

J pidx = [ Ao fuD iy — [T Acx () D (vi)dx

Q la|<m O\ la|<m
— [ ¥ A g))D*(y) = Hii) + Hali, ) + H(i, k)
K a|<m

by assumption and (12),
limsup Hi (i) < (z,y) / Y hyD%ydx.
i la|<m

By (A4) we have further
Hy(i, k) < /Q Y beD* (i) + b,

% g <m OO

where b € L1(Q)) and b, € Ey(Q) for all |a| < m. By Holder’s inequality

[T a0t <2 Tl - xobdle <¢ X110 - x0blly,

A\ la|<m la|<m la|<m

with ¢ some positive constant and yxj the characteristic function of the set ().
By the dominate convergence theorem we conclude that |[(1 — xi)ba||y — O as
k — oo.

Finally, as xx D"y € E,(€)), we have

nh_r}r.}ngzk /QZhD“

kla|<m



72 A. Benkirane — M. Sidi El Vally

Consequently we obtain

limsup/ pi(x)dx §/ Y haD“ydx
1 Qk QO

\ Oy | <m

+c 1-— by —i—/ bdx := g,
“E,m (X = xi)bal |y 00 K
where g — o0 as k — oo.

5. We show that (15) hold for any fixed k. As D*(y;) — D"y for o(Ly(Q2),
Ey(Q)), it suffices to prove that xAu(x,7(vi), C(v)) — xxAa(x,1(y),C(y)) in
norm in Ey(Q)) for all |[¢| = m. From (A;) and (Az) it follows that
XkAu(x%,1(yi),C(y)) € Ey(Q) and that the a.e. convergence holds. So the norm
convergence follows by Vitali’s Theorem using the dominated convergence theo-
rem in the right hand side of (Aj).

6.We prove (16) for any fixed k. For all |¢| < m — 1 we may assume by the
previous argument that x;D*(y;) — xxD"(y) in norm in L, () and hence (16) is
obtained immediately by Holder’s inequality.

7. We have shown that (13) holds implying that D*(y;)(x) — D*(y)(x) a.e.
in O for all |a| < m, at least for a subsequence. By (A1) we can conclude that
Au(x,C(y;)) — Ax(x,l(y)) ae. in Q for all |¢| < m. On the other hand,
Au(x,0(yi)) — hy for o(Ly(Q)), E4(Q))), so that By Lemma 2. Ay (x,{(y)) = ha
for each || < m.Hencey € D(T) and T(y) = z.

8. to complete the proof of (ii) it remains to show that (T(y;),v;) — (z,y) =
(T(y),y). Bearing in mind the assumption that lim sup < T(y;),y; > < < z,y >
it will be sufficient to prove that

hmint [ 3 AmguD"w) > [ 8 AL, a7

By (A3z) we have, for all x € (),
Y. Aa(x,C(yi))D*(yi) = Y, Aulx, (i), E(y))(D*(yi) — D)

= =
+ ) Au(x,L(yi)) D" (y).

|a|=m
As a consequence we obtain, by (Ay),

| T A 2D ()

la|<m

L A u)D* ) + [ ¥ A )P ()

|<m-—1 \ la|<m

v
5
>

2
=
=
S
ad
NS
>
=
S
|
-
=2
S
+
5

Y Aa(x,{(yi)D*(y)

k |a|=m

4 /Q Y Aa(x,é(yi))D“(yi)—/Q Zb“D“(yi)_/Q\nkb'

e | <im
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Using the same argument as above, we get

limiimf/Q Z Ax(x,C(yi)) D" (yi) >

|a<m

LT Aot - [ Auxi)D*w)

la|<m O\ la|<m

—e Ll -xhlly= [ b= [ T A l)D* ()~

la|<m O\ la|<m

with ¢ — 0 as k — oo and we obtain (17).

To prove that (iii) holds, we let y varies in D(T) with [[y|[§ < cst and <
y—17,T(y) > < cst with respect to 7 = v. By a method similar to the first step of
proof of (ii) we can conclude that A, (x,¢(y)) remains bounded in Ly(Q2) for all
|a| < m, which clearly implies that T(y) remains bounded in W~ Ly (€}).

Let us finally show that the condition (iv) holds with respect to ¥ = v and any
fin W "E,(Q). Let f = ¥ jy<p(—1)*D*f € W"Ey(Q2), we claim that

{lyeD(T);<y—0T(y) — f><0} (18)

is bounded in WL, (Q2), which clearly yields the conclusion. If u belongs to (18),
then

/Q Y. (Aa(x,¢(y)) — fu)(D*y — D*v)dx < 0

|a|<m
and consequently, by (A4) and young’s inequality,

dl/Q Y ¢(x,d,D%(y))dx

|a[<m

< [ L (bt D Wdx + [ b= [ Y fuD*(0)dx

|a| <m |a| <m

< [ X vttt fars [ glo TP yix e

|| <m || <m r

where r > 0 can be taken as large as needed.
forr > diz, we have

dl/Q Z ¢(x,dD*(y))dx < i/Q Z ¢(x,d,D*(y))dx + cst

am rdy JO |2

this inequality, for » > ﬁ, provides abound on each integral [, ¢(x, d>D*(y))dx.
It then follows that each D*(y) remains bounded in Ly (€2).

Remark 1. By [17, Proposition 1], same arguments as above give an existence result for
the inequality associate to the above Dirichlet problem.
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The following Corollary improves the known existence results for the Dirich-
let problem in the variable exponent Sobolev spaces :

Corollary 2. Let Q) be an open subset of R". Let p : QO —]1,+00] be a locally in-
tegrable function such that 1 < p~ = infycqp(x) and p™ = sup, .o p(x) < oo.

Let f € W="# () (Q)) where p’ is such that ﬁ + ﬁ = 1. Then there exists at least

one weak solution u € Wy ) (Q) for the Dirichlet problem of the form:

A(u) = f
where A is defined by (11) and the Musielak-Orlicz function ¢ is replaced by tP(¥),
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