Rigidity theorem for complete spacelike
submanifold in S; 7 (1) with constant scalar
curvature *

Shicheng Zhang

Abstract

In this paper, the complete spacelike submanifold with parallel normal-
ized mean curvature vector and constant normalized scalar curvature is dis-
cussed in (n + p)-dimensional connected semi-Riemannian manifold S, tr(1)
(1 < g < p) and a rigidity theorem is obtained.

1 Introduction

Let L be an m-dimensional connected semi-Riemannian manifold of index s
(s > 0); this is called a semi-definite space of index s. In particular, L;’+p (c) is an
(n + p)-dimensional connected semi-Riemannian manifold of constant curvature
¢, of index g(1 < g < p). Itis called an indefinite space form of index ¢q. according
to whether ¢ > 0, c = 0 or ¢ < 0, it is denoted by S;H_P(C), RZ+P(C) or HZ+P(0).
A submanifold immersed in L;z+p (c) is said to be spacelike if the induced metric
in M from that of the ambient space LZ+p (¢) is positive definite. Spacelike sub-
manifolds usually appear in the study of question related to causality in general
relativity.
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More precisely, level sets of a function of global time are spacelike subman-
ifolds. Also, spacelike hypersurfaces with constant mean curvature are conve-
nient as initial hypersurfaces for the Cauchy problem in arbitrary space time and
for studying the propagation of gravitational radiation. Aiyama [1] had proved
that a compact spacelike submanifold with parallel mean curvature vector and

flat normal bundle in de Sitter space Sz+p(c) is totally umbilical. Alias et al. [2]
obtained also some rigidity results for spacelike submanifolds with parallel mean

curvature vector in pseudo-Riemannian space forms N;l +p+1(c). Cheng [3] gen-
eralized the results obtained in [4] to complete spacelike submanifolds in de Sitter
space SZ+p (¢). Li [5] extended Montiel’s result in [6] for complete spacelike sub-
manifolds with parallel mean curvature vector with two topological ends. Liu
[7], characterized the complete spacelike submanifolds M", with parallel mean
curvature vector satisfying H? = 4(n — 1)c/n*(c > 0) in de Sitter space SZJFP (c).
He shows that M" is totally umbilical, or M" is the hyperbolic cylinder in S gﬂ? (c)
or M" has unbounded volume and positive Ricci curvature. Recently, in [8], Baek
et al., obtained an optimal estimate of the squared norm of the second funda-
mental form for complete spacelike hypersurfaces with constant mean curvature
in a locally symmetric Lorentz space satisfying some curvature conditions and
characterized the totally umbilical hypersurfaces. In particular, semi-Riemannian

space forms N; r (c) are examples of locally symmetric semi-Riemannian spaces.
In this paper we extend the last result to higher codimensional spacelike sub-
manifolds with parallel mean curvature vector in a semi-Riemannian space form
N;,Z r (c). Moreover we extend also to spacelike submanifolds a gap theorem ob-
tained by Brasil et al. in [9] and Chaves and Sousa in [10] for hypersurfaces. In
the context of submanifolds, there is a well known result of Ishihara [11] that,
for an n-dimensional complete maximal spacelike submanifold M" immersed in
N;,Z+p(c), if c > 0, then M" is totally geodesic and if ¢ < 0, then 0 < S < —npc.

In [12], Alias and Romero studied the complete maximal spacelike subman-
ifolds M" in Sg+p (c). They prove that if M" is compact maximal spacelike in
Sg+p(c) with Ric(M) > (n —1)c, then M" is totally geodesic. M. Mariano [13]
studied the complete spacelike submanifolds M" with parallel mean curvature
and second fundamental form locally timelike in a semi-Riemannian space form
NG P (c).

In this paper, we apply Cheng-Yau'’s technique to complete submanifolds in

Sg+p (1) in order to prove the following results

Theorem 1.1. Let x : M" — SZJFP(l) (n > 3,1 < g < p) be a substantial isomet-
ric immersion of a complete Riemannian manifold. Assume that the normalized mean
curvature vector of M" in SZ +P(1) is parallel and constant normalized scalar curvature
R satisfying R < 1. if the squared norm of the second fundamental form S satisfies
sup S < 2v/n — 1, then either

(1) S = nH?, M" is totally umbilical submanifold and S = n(1 — R); or

(2) supS = 2v/n—1and M" (n = 2) is totally umbilical submanifold, or M"
(n > 3) lies in a totally geodesic submanifold S;lﬂ(l) of SZ+P(1) and M" isometric to
a hyperbolic cylinder S"~1(1 — tanh?r) x H'(1 — coth?r).
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Theorem 1.2. Let M" be a complete spacelike submanifold in S;Hrp (1) (1 < g < p)with
parallel normalized mean curvature vector. If sup K denote the function that assigns to
each point of M" the supremum of the sectional curvature at that point, there exists a
constant B(n, q, H) such that if sup K < B(n,q, H), then either

(1) n = 2 and M? is totally umbilical or

(2) n > 3 and M" is totally geodesic.

2 Preliminaries

Let S;Hrp (1) be an (n + p)-dimensional semi-Riemannian space with index g (1 <

g < p). Let M" be an n-dimensional connected spacelike submanifold immersed
in S;H—p (1). We choose a local field of semi-Riemannian orthonormal frames

e1, - ,epypin SZ+P(1) such that at each point of M", e1, - - - , e, span the tangent
of M" and from an orthonormal frame there. We use the following convention on
the range of indices:

1§A/B/CI"'/§71+P} 1§Z/]1k11§ n, n+1§a/,81r)//"'/§ n+p

Take the correspondent dual coframe {wy, - -, wn+p} such that the semi-Rie-
mannian metric of S;H_p(l) is given by ds? = Y, w? — Y, w2 = Y aeaw}, we
define

ea=11<A<n+p—q); ea=-1n+p—qg+1<A<n+p).

then the structure equations for S; *P(1) are given by

dwy = —) epwpa Awy, €pwpa+eawap =0, (2.1)
B
1
dwap = — ) ecwac Awcp — 5 Y _ecepKapepwe A wp. (2.2)
C C
Kapcp = €aep(d4coBD — 6ADdBC)- (2.3)

Next, we restrict those forms to M". First of all we get w, = 0, so the Riemannian
metric of M" is written as ds> = ¥ wl.z. Since 0 = dwy = —};wyj A\ wj, from
Cartan’s lemma, we can write

Wyi = th;a)], hf; = h;xl (24)
J

Set

1
B = Zs,th}wiw]’e,x, h= . Z(Zhﬁ)ea and H = |h| =
22 1

1]

Q=

L )?

1

the second fundamental form, the mean curvature vector and the mean curvature
of M", respectively.
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Using the structure equations we obtain the Gauss equation
Rijui = (6ix01 — 8udjr) — ) ea (Mighly — highs). (2.5)
o
The normalized scalar curvature R is given by
n(n—1)R=n(n—-1)—n’H>+S, (2.6)

where S = Za,i,j(h‘ix].)z is the squared norm of the second fundamental form of M".
We also have the structure equations of the normal bundle of M"

dwy =Y [ wap Awp, weg+wpy =0, (2.7)
B
1

dw,xﬁ = way N Weyy — 5 ZRmﬁijwi N wj. (2.8)

v i

where
Rapij = Y (Hf; — Wh). (2.9)
)

Denote the first and the second covariant derivatives of h;; as h;j and h;jx; we
have

Yo = iy + Yoo + Lo — L eneghicop, (210)

Zl:h?jklwl = dhfy + thqjkwml + ) i womj + Zh?]’mwmk — %sasﬁhgkwﬁa(zll)
m m m

Then we have the Codazzi equation and Ricci’s identity

R (2.12)
Mg — Wi = ) Ty Roitt + Y i Ronjaa + Zsﬂeﬁtha/&kl- (2.13)
m m ﬁ

Next, we compute the Laplacian Ahf‘]- = Y hijkk. From (2.11) and (2.13), it
follows that

Ahj; = thkij + Y I Roije + Y 1, Runiic + Zsasﬁhﬁ{mﬁjk. (2.14)
k m,k m,i kB

Now, suppose that the second fundamental form is locally timelike. Then, we
can assume that

n+p

B=- ) Zh?jwiwje,x, (2.15)
a=n+p—q+1 i,j
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and }; ; hf;- =0foralla <n+ p—gq. hence,

1 M

Yo (Y h)ea. (2.16)

h a=n+p—q+1 i

h—

Therefore h is timelike in S;Hrp (1) and

n+p

S= ), Y (2.17)

a=n+p—q+1 i,j

Recall that M" is a submanifold with parallel mean curvature vector h if

V+E = 0, where V< is the normal connection of M" in Sg+p(1). If H # 0,
we choose e, p_g+1 = h/H. Thus

Y h; =0, HYH"TPoath = griroatige, (2.18)
k

1 1
grtr—a+l _ Etrh”“’_‘”l — H and H* = Etrh“ =0, a #n+p—q+1,(2.19)

where h* denotes the matrix [hf;] Let us define

¢Z+P_q+1 _ hZ+P—[]+1 B Héi]'/ q)‘l,’;, — h‘l.’;., Q 7£ n+p—q+ 1. (2.20)
Therefore
QUFP=atl — grp=atl _HI @ = H*, a #n+ p—q+1, (2.21)

where ®* denotes the matrix (CID;"]) Then

12 = |@MHPIHL2 = gp(HTPIH2 g2, (2.22)
=Y o= Y (2 (2.23)
aFn+p—q+1 B#n+p—q+1
and
tr(®%) =0, Va. (2.24)
Thus,
n+p
s= Y |erR (225)
a=n+p—q+1
By (2.22),(2.23), and (2.25), we get
S = |®|* +nH? = |u|® + |1|* + nH?, (2.26)
and so
AS = A(tr(H" P12 1 A(|7]?). (2.27)

We will need the following lemma.
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Lemma 2.1. [14] Let pq,- -, pn be real numbers such that Y; y; = 0 and Y; y? = B,
with B is constant, then

3 <&B%
IZijw_ T
and equality holds if and only if
_ n—l
PFi=-"=Mn-1=— n—l

Lemma 2.2. Let M" be a spacelike submanifold in Sn+p( 1) (1 < g < p). Suppose that
the normalized scalar curvature R is constant and R < 1. Then

Y- ()2 > w?|VHP?
i,jku

and the symmetric tensor T defined by (2.35) is positive semi-definite. Moreover,

i) when R < 1, if the equality holds on M, then H is constant and T is positive
definite;

ii) when R = 1, if the equality occurs on M, then either H is constant or M lies in a
totally geodesic subspace S;’“ of SZJFP and, in the former case, the matrix h" ! has rank
1.

Lemma 2.3. [15] Let ay, - -+ ,an; by, -+ -, by(n > 2) be real numbers satisfying Y ; b; =
0. Then

) _aiaj(b = bj)* > — D).
1,] 1

By substituting (2.5) and (2.9) in (2.14), we obtain

1 - ity p—q+1 y ntp—g+l
EA(tr(H”er q—i—l)Z) — Z( ka q +Zh” pP—q Ahn P—q
i,jk
Pty TPt
= Z( ka 1 —|—Zhn - nH)lj—l—ntrH,%er_qH
i,jk
—n?H? - nHtan+P_q+1 + [tan+p_q+1]2

+ ) [wHuppgraHgl% (2.28)
B>n+p—q+1
1
SAlT = Y 2+ Y hAR
ijka>n+p—q+1 ija>n+p—q+1
- Z ( ?;'k)z +n|t* = nH Z tr(HiHnij—qH)

i,jka>n+p—q+1 a>n+p—q+1

+ Y [tr(HpypgnH)*+ Y. [tr(HaHp)]*. (2.29)
a>n+p—q+1 &,B>n+p—q+1
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It is easy to check that tr(u) = tr(®"TP~9t1) = 0. By using Lemma 2.1, we
obtain

n(n—2)

_nHtan""P g+1 —ﬁ

Vv

H|u|* = 3nH?|u|* — n*H*

— 1
—ﬁfﬁz(ﬂ”Hz + sz) —3nH?|u|* — n* H{2.30)

where a is any positive number.
Letting a = (n —2vn—1)/(n — 2), and substituting (2.30) into (2.28), we
obtain

1 _
ZA(tr(Hn+p q+1 > Z :’];’p q+1 +Zhﬂ+p q+1 nH)

i,k

+|uf? n—is .
W - )
Fora givena > n+p —q+1, we may choose {ej,e-- -, en}, such that ij; =

Hady, iy P = 1Py Then

(2.31)

1 1
_nHtr(szcHn+p—q+1)+ [tr(Hn—i-p q—i—lHtx ZhrﬁLp T n+p " (hlx h%‘)zr

Since ) ; hf; = ntrH* = 0, we can use Lemma 2.3 and obtain

—nH Y tr(HiHuppgr1)+ Y, [tr(Hugppge1Ha))

a>n+p—q+1 a>n+p—q+1
n 2
> —————|71|°S. (2.32
>~ slis. 23
Substituting (2.32) into (2.29), we obtain
%A|T|2 > Y. (h&)? + [T {n — — g (2.33)
ijka>n+p—q+1 2yn—1
From (2.27), (2.31) and (2.33), we obtain
1 n+ +1 2 n
“AS > Y (W) + Zh P21 (nH)jj + (S — nH*){n — ——=S}. (2.34)
2 wiik i 2vn—1
Let T = %; jTjjwjw; be a symmetric tensor on M" defined by
T, = nHo;j — hj.”;ﬂ"q“. (2.35)

According to Cheng-Yau [16], we introduce the operator [] associated to T acting
on any C2-function f by

—g+1
Uf = Zszfl] Y ( ”H5ij—h:}+p T i

i
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Choosing f = H in above expression, we have

O(nH) = Y. (nHé; — 1P~ (nH);
i,j

= %A(nsz) |grad(nH)| Zhn+p Y (nH);;. (2.36)

From (2.34) to (2.36) and Lemma 2.2, we obtain the next Lemma has an essen-
tial role in the proofs of our results.

Lemma 2.4. Let M" be a complete spacelike submanifold in Sn+p (1),1 < g < p) with
parallel normalized mean curvature vector and constant normalzzed scalar curvature R,
R < 1. Then the following inequality holds

O(nH) > |®|? (n — (2.37)

n S)
2vVn—1 )

The following Lemma appeared in [17], for p = 1. Like in the proof of Propo-
sition 2.2 in [18], we have

Lemma 2.5. Let M be a complete spacelike submanifold in Sn+P( 1) (1 <gq < p)with
constant normalized scalar curvature R, R < 1. If the mean curvature H of M" is
bounded, then there is a sequence of points {py} € M" such that limy_,., nH(py) =
nsup Hlimy_,o |VnH(py)| = 0and limsup,_, .. (O(nH)(px)) <0

We recall the following indefinite version of a lemma due to Erbacher [19].

Lemma 2.6. Let : M — Q:Z“Lp (¢) be an isometric immersion of a connected indefinite
Riemannian manifold into a space form. If there exists a k-dimensional parallel normal
subbundle L(p) which contains the first normal space N1(p) for all p € MY, then there
exists a (n + p + k)-dimensional totally geodesic submanifold Q" P~ of Q1P (c) such
that p(M?) C Q"P=K ie., ¢ admits a reduction of codimension to k.

Lemma 2.7. [20][21] Let M" be an n-dimensional complete Riemannian manifold whose
Ricci curvature is bound from below. Let F be a C>~function bounded from below on M".
Then there is a sequence of points { py } in M", such that

lim |VF(px)| =0, limsupAF(py) >0, lim F(px) = infF.
k— 00 k—o0

k—o0

3 Proof of the theorem

Proof of Theorem 1.1. The following relations may be readily from the (2.6) and
(2.25)

S—n(n—1)(R—1)
2

H? = , (3.1)

n—1)S+n(n—1)(R—-1)

o =
n

(3.2)
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|®|? = n(n—1)(R—1+ H?). (3.3)

By our assumption sup S < 2y/n — 1 and (3.1), we can know H is bounded.
By our assumptions, from Lemma 2.5, there is a sequence of points p; in M",
such that

lim (nH(py)) =nsup H, limsup(d(nH)(px)) <O0. (3.4)

k—00 k— o0

As R is constant, it is clear from (3.1) and (3.3) that limy_,(S(px)) = sup S and
limy, 00 (P(px)) = sup .

From Lemma 2.4 and (3.4), we obtain

sup |®|*(n — sup S) = limsup(d(nH)(px)) = 0. (3.5)

n
Zm k—o0
Then sup |[®> = 0orsup S = 2v/n — 1.

(1) If sup |®]> = 0, then S = nH?, M" is totally umbilical submanifold and
S=n(l-R).

(2)If sup S = 2v/n — 1, we get H is constant.
(i) If n = 2, according to Cheng [3] had proved the theorem, we can know M" is
totally umbilical submanifold.
(i) If n > 3 and supS = 2v/n — 1, then all the estimates employed to derive
this inequality are, actually, equalities and keeping in mind Theorem 1 [22] and
Lemma 2.6, we can obtain M" lies in a totally geodesic submanifold S} **(1) of

S;l+p (1). From the equality in lemma 2.1, we know M" isometric to a hyperbolic
cylinder $"~1(1 — tanh?r) x H'(1 — coth®r) in S¥T1(1). ]

Proof of Theorem 1.2. By (2.9), (2.14), (2.18) and (2.19), we obtain

Y HEHE R = %ZN(H“Hﬂ — HPHY)
«,B

w,B,1,7,k
and
1
SAS = ) (hp)® +n ) WHG + 2 ZN (H*HF — HPH")
w,i,jk w,i,j
+ ) hi e Rimijic + Y. hljhmlRmkjk, (3.6)
o,i,j,m,k o,i,j,mk

where N(A) = tr(AA"), for all matrix A = (a;;).

Next, we will obtain a pointiest estimate for the last two terms. For each fixed
a, let AY be an eigenvalue of h* and denotes by sup K the supremum of the sec-
tional curvature at a point p of M". Then

< Z h; hkm mijk + Z hz]h“mszk]'k) = Z()‘?—/\@ZRikik

ij,mk ijkm ik
< (supK) )_(AF = Ap)?
ik
= 2n(sup K)N(P*). (3.7)
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Therefore,
Z HgiHen Ronijic + Z Iy Rk < n(sup K) ) N(@*) = n(sup K)|®|*(3.8)
o,i,,mk ai,jmk «

On the other hand, since

Z tr(Hn+P—q+1(Hpc)2) —

a>n+p—q+1
Yoo (@M (@Y)?) + H|®2 + 2Htr (" TP T2 4 nH?, (3.9)
a>n+p—q+1
and
Y. [e(H*HP)? = Yoo [tr(@DP)] + 2nHAr (@ TP 2 HY
a,p=n+p—q+1 ap=n+p—qg+1

By applying Lemma 2.3 to ®* and ®"F~7+1, we obtain

|tr(q)n+p—q+1 (q)oc)Z)| < n—2 |q)n+p—q+1| ’q)tx’Z
n(n—1)
< 122 jop (3.10)
nn—1)

Using the Cauchy-Schwartz inequality;, it is easy to prove that

n+p n+p
@*<qg Y (N@))*<q Y [r(d¥F)% (3.11)
x=n+p—q+1 a=n+p—q+1

So, we obtain

Z h mz]k+ Z hlz);h“mszkjk

o,i,,mk o,i,,mk
= n|®> - nHZtr(H”+P—q+1(H“)2) + Y [tr(H*HP)J?
«,B

+5 ZN (H*HF — HPH")
2 uh

2 _
z]q>|2(|¢| _mn=2) ]HHCIDH—n—nHz). (3.12)

q vnn—1)

For technical reason, we will write the expression (3.6) for the Laplacian of S as

1
EAS > 1—a< Z ]’l m1]k+ Z hz]hmszkjk)

o,i,j,mk o,i,j,mk

( Z h mz]k+ Z hz] mi mkjk) (313)

o,i,j,mk o,i,j,mk
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From (3.8), (3.11), (3.12) and (2.25), if 2 > 1, we obtain

1 1
AP = ZAS >
2| | 5AS =

a!q>|2(|¢|2— n(n —2) |H|]<I>|+n{ H2+(1aa)supKD. (3.14)

q vnn—1)

—g+1 . -
Let A7 777" be an eigenvalue of "7 ~9*1. we know

Ric(e;) = (n—1)—nHK}"" q“+2 PPty

2 2152
= <)Ll - 7) + (7’! — 1) — 1

n?2H?
i

> (n=1) -
So, we know Ricci curvature of M" is bounded from blow. By Lemma 2.7, Thus

we may apply Omori and Yau’s result [21] to the function F = 1i|<1>\ =, which is

a positive smooth function on M". Like in the proof the theorem [23], then

O  nn-2)
0> su cI>2<S“p| - H|sup |®|+
n 1—H2+(1ai)sup1<]). (3.15)
Let

a

‘B(TI,E], H) = 4(a _ 1)(1’1 — 1) (4(71 - 1) - [q(n - 2)2 -1—4:(71 - 1)]H2)

If supK < B(n,q, H), it can be easily checked that

sup [P]*  n(n—2)

q Vvnn—1)

sup r<b|2( |H] sup | @]+

n|1—H2 4 (122 - ”)supKD >0. (3.16)

Moreover the equality holds if and only if supK = B(n,q,H) and sup |®| =
ng(n — 2\/n (n —1)). Thus, if supK < B(n,q,H), from (3.14) and (3.15), we
conclude that sup |®| = 0 and M" is totally umbilical.

If supK = B(n,q,H), we will suppose that M" is not totally umbilical and
derive a contradiction. First, let us prove that g = 1. all the estimates employed to
derive this inequality are, actually, equalities. From (3.10) and (3.11), we deduce
that

lim sup(N(@" 7771 (py))) = limsup(|® (py)) = sup [B].  (3.17)

k—o0 k—o0
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n—+p
sup [@* =g ), limsup(N(P"))*(pi) =
a=n+p—g+1 k—o
n+p
g Y. (limsup N(®")(pk))* (3.18)
a=n+p—qg+1 k—oo

From (2.23), (2.25), (3.16) and (3.17), we have sup |®|* = gsup |®|* and which
implies g = 1.

Next, let us prove that sup K = 0. Since  is parallel and the equality holds in
(3.6), (3.9) and (3.12), we can get

0 = limsup %A|CI>|2(pk) = n(sup K) sup |®|*> = n(sup K) (sup |®|)%.
k—o00
Therefore, sup K = 0.

Now, we are in position to prove that M" is totally umbilical. Observe that
supK = 0 and g = 1 yield

4(a—1)(n—1)

0=supK = B(n,q,H) = (4(n —1) — n?H?).

Hence n>H? = 4(n — 1), according to Montiel [6], either M" is a totally umbilical
hypersurface or n > 2 and the supremum of the scalar curvature of M" is equal
to (n —2)2.

Because M" is not totally umbilical, we conclude that the supremum of the
scalar curvature of M" is equal to (n — 2)?, which contradicts the fact that sup K =
0. Therefore, M" is totally umbilical.

AS a is arbitrary, taking the limit for 2 — co in

sup K < f(n,q,H) = g5 (401 = 1) = [an =27 +4(1 = 1)}
we obtain
sup K < B(n,q, H) = o5 (4n = 1) — [g(n = 2)* + 4(n ~ 1] ),

Moreover, since M" is totally umbilical, if n > 3, we have

1— H? = supK < (4(n—1) = [g(n —2)* + 4(n - 1)|H?),

4(n—1)
thus g(n — 2)H? < 0, which implies H = 0 and shows that M" is totally geodesic.
So the proof is concluded. n
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