Covariant Functional Calculi from the Affine
Groups

Yafang Gong

Abstract

Invoking the Clifford-Hermite Wavelets from Clifford analysis, we use
the covariances of affine groups to construct a kind of functional calculi for
several non-commuting bounded operators. Functional calculi are the inter-
twining transforms between the representations of affine groups in the space
L?*(R™) and in the space of bounded operators. It turns out that the Weyl
calculus is the value of this new functional calculus at the identity of affine
groups. Our approach is inspired by the mathematical ideas contained in the
paper “V. V. Kisil. Wavelets in Banach spaces. Acta Appl. Math. 1999, 59(1):
79-109”.

1 Introduction

An abstract theory of functional calculus has been proposed in [8]. The main
idea is to use group covariance to construct a functional calculus, which is the
intertwining transform between two representations of a group. In this way the
Weyl calculus (see [1]) is reobtained from the Heisenberg group, like the Riesz-
Dunford type calculus and the monogenic functional calculus are connected to
the fractional linear transform and the Md&bius group respectively (see [7-11]).
Recently Clifford-Hermite Continuous Wavelet Transforms (CHCWT) in Clif-
ford analysis have been fully developed by the Ghent Clifford research group
(see [3, 4, 5]). We find that they are suitable tools to realize the abstract theory
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from [8] for two affine groups, which is the main purpose of this paper. Although
the results are obtained using the ideas contained in [8], they have a value in their
own for at least two reasons. First, they can be used to verify the general theory
developed in [8], and at the same time they provide a new kind of functional
calculus, in particular they provide the possibility to study functional calculi for
non-commuting unbounded operators. Secondly, they could not have been re-
alized without the latest developments of CHCWT in Clifford analysis. So we
find new applications of CHCWT besides their traditional applications in signal
analysis and data compression.

The structure of this paper is as follows. In Section 2 we recall some results
about two kinds of Clifford-Hermite wavelets and some properties of two affine
groups. In Section 3 functional calculi are constructed as intertwining transforms
between the representations of each affine group in L?>(IR™) and in the Banach
space of bounded operators respectively. In each case the Weyl calculus is reob-
tained, more specifically the Weyl calculus is the value of functional calculus at
the identity of each affine group.

2 Prerequisites

2.1 Basic notions on the Clifford-Hermite wavelets

Denote by R(,,) be the 2"-dimensional real Clifford algebra with basis (see e.g.
[2,5])

{eo €1, Cmy s €y = €0 €yl s 1< 1 < < jr S,

where ¢y = 1 is the unit element, and ej, ..., e, are orthonormal vectors satisfying
the relations

e;ej + ejej = —251']‘, i,j =1,---,m. (2.1.1)
The Clifford involution of R,,) is the anti-involution defined by
€ji..jy = e_]ra, (1 < j1 < ... < jr < m), (2.1.2)
where ej=—ej,j=1,.,m.

Identifying a vector x in R with the Clifford vector x = xje; + ... + xpen,
then X = x161 + ... + Xpem, |Xx| = VXX = (Z;-”:l sz)% is the norm of x € R™. So
the inverse of x € R™ is x~! = x|x| 72 € R"(see e.g. [2, 5]).

Denote by 9, = 27’:1 eja% the Dirac operator in R™. A function f is called left
monogenic if 0y f = 27’:1 ejg—f = 0. Similarly a function f is called right monogenic

%
if fox = 14 g—fe]- = 0. The unit sphere in R is S"~1 = {x € R" : |x| = 1}.
%j
Then
Spin(m) = {wy..wy : w; € S"1,j=1,..,2I,1 € N}, (2.1.3)

is called the Spin group with respect to the usual Clifford multiplication. A spin
element s = wj...wy € Spin(m) has a unique inverse s7l = Wity = Wy.. w07 €
Spin(m) and ey is the identity element (see e.g. [5]).
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Assume n > 0. Put

Pu(x) = (—1)"ozexp <—%) , (2.1.4)
pil(x) = am%Lpn (57_&) , a€eRy, beR", (2.1.5)
Puk(x) = (—=1)"0% (eXp (—%) Pk(z)) , (2.1.6)

P (x) = am%swn,k (g(a;b)s) 2.1.7)

where Py (x) is a homogeneous monogenic polynomial of degree k and s € Spin(m).
The functions ¢, (x) and ¥, x(x) are the so-called Clifford-Hermite wavelets and

generalized Clifford-Hermite wavelets respectively; $*2(x) and LPZ’%S (x) are the
corresponding respective CHCTW (see [3, 4]).
Denote the inner product of L?(IR™) by

(f.8) = (x)g(x)dx. (2.1.8)

Rm

Here f(x) stands for the complex-conjugate, or the Clifford anti-involution or
both of them, depending on whether f(x) is complex-valued, real Clifford algebra-
valued or complex Clifford-algebra valued.

Denote the Fourier transform of f € L' N L2(R™) by

(1) — —i(xu) — (plxu)
J(u) /]Rme flx)dx = (™, f), (2.1.9)
where x =} xjej, u = YL wjej, (x,u) = ¥ xju;. Then (see [3,4])
o m/2 NP7 |E|2
Pn(u) = (27)" =(—i)"u"exp (_T) (2.1.10)
P () = @260 G (au), (2.1.11)
2
@(E) = (Zn)m/2(_i)nE”Pk(iaz)exp (—%) , (2.1.12)
1P/Z’,%\S (1) = "2 100 (a5us)s. (2.1.13)

2.2 Some results on the ax + b group
Let U denote the half space

U={(ab):aeR",beR"} (2.2.1)
For any (a]-, Qj) € U, j = 1,2, define the binary multiplication - by

(a1,by) - (a2, by) = (a1a2,by + a1b,). (22.2)
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U is the usual ax 4 b group. In the case where m = 1, some properties of U can
be found in [12], §18. The following considerations are similar to those in [12].

Theorem 2.2.1 U is a non-abelian group; (1,0) is its identity element and (a,b) ' =
(1 —k) is the inverse of (a,b).

ul

Proof. Assume (a],b]) €U, j=1,2,3,then
((a1,b1) - (a2,b)) - (a3,b3) = (ara2,by +a1by) - (a3, b3)
= (ayapaz, by + a1by, + a1a3b3),

(a1,b1) - ((a2,by) - (a3,b3)) = (a1,b1) - (a2a3, b, + a2bs3)
= (maza3, by + a1(by + azb3)),

thus ((a1,by) - (a2, by)) - (a3, b3) = (a1,by) - ((az,by) - (a3, b3)), the associative law
is verified.

Next, as
(a/b) ' (1/Q) = (a,Q), (119) ' (a/b) = (a/b)/
@b)-(C,~2)=(1,0), G-2) @) = ,0),

(1,0) is the identity of U and (1, — ) is the inverse of (a,b).
Finally, obviously (ai,b;) - (az,bz) # (ap,by) - (a1,b,), so U is a non-abelian

group. m
Theorem 2.2.2 The left and right Haar measures of U are
dbda dbda
] and T (223)

respectively, which shows that U is a non-unimodular group.

Proof. Let g be integrable on U with respect to %. For any (a/,b") € U, we

have
dbda oo dbda
J, 8@ ) - @o)TET = [ ] st +ah)
oo . dbda
_ /0 /]R gld'a,a) T (2.2.4)

- [T swpn,

where &« = a’a, B = a'b are used in the above. Thus % is the left Haar measure

of U.
Similarly, let ¢ be integrable on U with respect to dbda , then

dbda o dbda
)@ )20 = [T gad bt at) =
[ 8t@p) - @ === [T g b+ar) =

Denote & = a'a, p = b + ab’, then dadp = a’dadb, thus

[ st@b) @22 = [" [ cwp = [T ] s p™,
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which shows that dbad“

Obviously, Z%ﬁ is different from

Define x4+ (u) = 3 (eo + ﬂ) and

|uf
HE(R™) = {f(x): f(w) = xe () folw), where fo(x) € AR™)},

then H2 (R™) and H2(R™) are the positive and negative boundary values of
Cauchy-type integral defined on the hyperplane R" respectively (e.g., [6,12]).

As (iu)? = |uf?, then x: (u)x—(u) = x—(u)x4(u) = 0and (x+(u))* = x+(u),
(x—(u))?> = x—(u). Soboth H3 (R™) and H? (R™) are closed subspaces of L2(IR™).
Moreover L?(IR™) has the orthogonal decomposition

L?(R™) = H2 (R™) & H2 (R™).
Theorem 2.2.3 Let f € H2 (R™) (or H2 (R™)), and for any (a,b) € U, define
1 . x—b
(Pap ) (x) = —5 f(5=)- (2.2.5)

Then p is an irreducible and unitary representation of U in H3(R™) respectively.
Proof. Take (aj,hj) € U,j=1,2,thenby (2.2.2) and (2.2.5), we have

is the right Haar measure of U.

dbda
a

,so U is a non-unimodular group. n

1 x—b 11 (5 -b
_ A7\ a =
Plarb)P (an) f(X) = Wp(azrbz)f< o ) T an aT/Zf ( o ) ’
(2.2.6)
1 X —by —ab
O((arby) (a2 b)) f (X) = P(ayar by +arby) f(X) = CTALE f ( v ) (2.2.7)

which means that 0(a1,61)P(a2,6,) = P((ay,by)-(a2,by))"
Let f € H7(IR™), by assumption that there exists a fo(x) € L?>(IR™) such that

f(”) =X+ (E)fo(u). Since
@ = ¢ "0 flau) = e 0%y, (au) fo(au) = e Y x 1 (u) fo (au).

Obviously, p(, ) f € HL(R™).

It is easily seen that [|o(,) fll2 = [ fll2, where || - ||z is the norm of L*(R™)
induced by (2.1.8). So p is a unitary representation of U in the space H% (R™)
respectively.

Let f € H3(R™) be any fixed nonzero function, put S = {p(, 4 f : V(a,b) €
U}, then S is a closed subspace of H2 (R™).

To prove the irreducibility of p in the space H3 (R™), we only need to prove
that S = H2 (R™). If it were not, assume g(x) € H2 (R™)\S to be orthogonal to
S; then by Plancherel’s Theorem, we have

/Rm 8(@X)p(p f(x) = 0= (zi)m /]R 3(W)p(ap f (u)du

am/2
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then ¢(u)f(au) = 0 for almost all u € R™. As ¢(u) # 0 with a positive measure
and both f,g € H2 (R™), then f(au) = 0 & f(u) = 0, and hence f(x) = 0, which
contradicts the assumption that f is a nonzero function.

The irreducibility of p in the space H? (R™) can be proved similarly. ]

2.3 Some results on the affine group V
Put V = U x Spin(m) , i.e.
V ={(a,b,s):a € RT,b € R",s € Spin(m)}, (2.3.1)
its multiplication law being defined by
(a1,by,51) - (az,by,50) = (ayaz, by + a151b,51,5152). (2.3.2)

Theorem 2.3.1 V is a non-abelian group.
Proof. Take (a]-,Qj, sj) € V,j=1,2,3,then by (2.3.2), we have

((a1,by,51) - (a2,by,52)) - (a3, b, s3) = (a1a2, by + a151b,51, 5152) - (a3, bz, s3)
= (a1a2a3, by + a151b,51 + a1025152035157, 515253)

and

(a1,by,51) - ((a2,by,52) - (a3,b3,53)) = (a1,by,51) - (a2a3, by + a252b357, 5253)
= (ayapaz, by + a151(by + a252b357)51, 515253)
= (a1a2a3, by + a151b,51 + a1a25152035; 51,515253),

thus ((a1,by,51) - (a2,by,52)) - (a3,b3,53) = (a1,b1,51) - ((a2,by,52) - (a3, b3,53)).

Next, as
( ) (1/Q/eO) = (albls)l (1191 eO) : (albls) = (albls)/
1 sbs ., 1 sbs _ B
(ﬂ b S) (E’_7/S) - (]'/Q/e())/ (51_715) : (albls) — (119160)/

(1,0, ep) is the identity of V, and (1, —% ,5) is the unique inverse of (4,1, s).
So V is a non-abelian group with respect to the multiplication law (2.3.2). =
V is called a generalized affine group.

Theorem 2.3.2 'V is a non-unimodular group; its left and right Haar measures are

given by %d@ds and %dbds respectively, ds being the Haar measure of Spin(m).

Proof. Let ¢ be integrable on V with respect to dfjﬁ’fs , then for any (a’,b’,s") €

v,
p dbdads _ PR dbdads
/g((ab "Y(a,b,s) e / /m/5m1 ('a, b’ +a's'bs/, s )

dﬁdwdv
_/ /H{m/;ml ,,r)/ m+1/

where we have puta = a'a, B = b +4a's'bs’, ¥ = s's and dBdady = a™tldbdads.

Thus dfdfﬁs is the left Haar measure of V.

m
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Similarly, let ¢ be integrable on V with respect to “24%% then for any (', b/, s')
eV,
dbdads © dbdads
NN 1% . ! 1= 4o
[ 8l bs)- @V, NZTE = [T [ gaa, b+ astsss) T,

Put a = ad’, B=b+ asb’s, v = s's, then dadBdy = a'dadbds. As

dbdads o0 dBdudy
/= 14 . =
/ /]Rm/sml aa’,b+ asb's, ss’) . —/0 /Rm/sm_lg(oc,ﬁ,'y) T

dbdads

it is seen that ===

As db,’ji‘;ls is dlfferent from

is the right Haar measure of V.
dbdads
a

, V is a non-unimodular group. [

Theorem 2.3.3 Let f € H3 (R™) (or H2(R™)), (a,b,s) € V. Define

s(x —b)s

a

Plaps)f(x) = — /2f (2 ), (2.3.3)

then B is an irreducible and unitary representation of V in H3 (R™) respectively.
Proof. Take (aj,bj,s;) € V,j=1,2,and f € L2(R™). Then we have

ﬁ(ﬂl,bl,sl ﬂz,bz,sz)f(K ”1”2/171+a151b251r5152)f(x)
5152 5152(x — by — a151b,51)s152
(aq1a7) ’”/7- aia
S1S2 5152(x — by)s152 — a152b,52
(a1a3) m/2 aia;
and S(x— by)
51 S1\X — U1)51
.B(ul,bl,sl),B(abbz,sz)f(l) = m/z.B (ag,by, sz)f( )

a
aq 1

(Sl(xulbl) — by)ss
- 7{1/2 m/Zf as

__ 51% f 52 51(x — by)s152 — a152b,52
(alaz)””/2 ajaz '

and also Ba, by 1) Blar s s2) = Blar sy (o)
By a straightforward calculation it is seen that ||B 4,5 fll2 = [/ f|l2-

Let f € H2(R™) be any fixed nonzero function, i.e., there exists fo(x)
€ L2(R™) such that f(u) = x+ (1) fo(u). Then

—

Blaps fu) = a2 OMsf(asus) = a2~ M sy (asus) fo(asus),

which means B, ) f(x) € H3 (R™).
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Let f(x) be a non-zero function in H2 (R™), and put S = {Baps)f(x):(ab,s)
€ V}. Assume that g(x) € H2(R™)\S is orthogonal to S; then by Plancherel’s
Theorem,

a e < > S asuS u,
v 2/m v ¢(u)sf (asus)du

thus a/2§ (u)sf (asus) = 0 for almost every u € R™. As f, g belong to H2 (R™),

and ¢(u) # 0 with a positive measure in R", then a"/2sf (a5us) = 0 < f(u) =0,
and hence that f(x) = 0, which contradicts the assumption that f is a non-zero
function. So B is an irreducible representation of V in H2 (R™).

Similarly B is proved to be irreducible and unitary in the space H2 (R"). =

3 Covariant Functional Calculi

Let X be a Banach space, let L(X) be the space of linear bounded operators from X
to X. Let X(,;) = X ®R R(y,), and let L(,,,) (X,,)) be the space of linear bounded op-
erators from X,,) to X(,,). By natural embeddings X C X(,,), L(X) C L)(X())-

Denote by A = Aje; + ... + Amen an m-tuple operator, where the A; € L(X)
do not mutually commute, but however commute with the vectors in R,,). For
(Au) =Y ujAj, leto((A, u)) be the spectrum of (A, u). Assume that A satis-
fies the condition o((A,u)) C R for all u € R"; then the joint spectrum y(A) of
A is a bounded subset of R™ (see [7]). Obviously, A € L,y (X())-

Next we will use the abstract theory of [8] to construct functional calculi for
the affine groups U and V.

3.1 Covariant Functional Calculus derived from U

It is clear that 1pf,’b(g) = P(ap)Pn(x). Denote the CHCWT of f € L?(R™) and
g € L*(R™) by

1 —_ A
En(@,b) = oty f) = oy Pl ¥ f) (3.1.1)
and )
Gn(a/b) — <p(u,b)l/)n/g> — (27{)’” <p(u,b)l/)n/g’\> (312)
respectively. The following Parseval formula holds (see [3]):
1 .5
(G Bl = (&) = Gy 8 1) (3.1.3)

where the inner product of Ly (U, C;; 'a~ "+ dadb) is defined by

(G, F] = / Gul@,B)Fa(a,0) -t da . (3.14)
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Here C, is the so-called admissibility constant given by

o da 1 [P, (1)1
Co= [ P = [ du= Q)" (315)

The original function f is recovered from (3.1.3) in the L?(IR™)-norm by

£@) = o [ 0t @ Oappn) 1), S @) e (316)

Define ¥, : L*(R™) — L?>(R™) by

()@ = [z y)f@)dy, (317)

where ) ;
e — a
Yulxy) =& /up(u,m% (1) (P (a,0)¥n) () g db- (3.1.8)

It follows from (3.1.6) that ¥, (x,y) is the reproducing kernel of ¥,,. Because the

%2
Clifford-Hermite wavelet i, (x) has a component e_%, by Fubini’s Theorem the
order of integration may be interchanged from (3.1.6) to (3.1.8).

Let ¢/{44) be defined by the Trotter-Daletskii formula. The Weyl calculus is
defined by (see [1])

1
(270)™

Wal(f) = /]R el f(u)du. (3.1.9)

Assume ¢/(AL) = ¢~ 1AM Substituting ¢(u) = e~ 4% in (3.1.2) and (3.1.3) yields

1 —— da
Wa(f) = & [ Guale B)Fu(a b)—rdb, (3.1.10)
where G, 4(a,b) may also be written as
1 —_—
Gn,a(a,b) = 20" Jgo O(ab)¥n(u)e 1A gy

au)e~ A dy

~—~

am/Z ) p—
_ 4 i(bu)
= (27‘()m /]Rme lpn
1 __ b A (3.1.11)
= W/]Rm ¥n(u)exp <1< p &)) du
1

So the Weyl calculus W4 (f) in (3.1.9) is reobtained from (3.1.10).
Denote by L(L(m) (X(m))) the space of bounded operators from L) (X)) to

L) (X(m) ),and by B(U, L(L ) (X(,y)))) be the mappings from U to L (L) (X(m)))-
As el\44) € L,y (X)), by (3.1.11), Gy a(a,b) € B(U, L(Ly(X(m))))-
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Take (a,b) € U, and define

o 1 LA—b
P(a,@el(”Jm:am/zeXp (1< . ,z>), (3.1.12)

then g, p) ¢!tA) is a continuous operator-valued wavelet in B(U, L( Limy(X(m))))-

Theorem 3.1.1 f is a representation of U in the set of all operator-valued wavelets
el<A/E> .

Proof. Take (a,b) € U, and (c,d) € U. Then

~ - . 1 LA—d
PleaPan)exp(i{A,w)) = — 7P (ap)exp(i ,u))
1 Ad_p
= /2 am/zexp(l . P _IE>)
1 A—d—cb
= Qo)
On the other hand,

. . . . 1 L A—d—cb
B(cd)-(ap)@XP(I{A, 1)) = D(acdrcr)€XP(i(A, 1)) = WQXP(Z<T/E>)-
So we have 0 4)0(a,p)@XP(I{A, 1)) = P(ca).(a,p)@XP(I{A, 1)). ]

Now know from (3.1.11), (3.1.12) and Theorem 3.1.1 it follows that
=7 1 " ~ i(Au ~
Gn,ala,b) = 2 /]Rm P ()P (o )" M dit = P p) Wa(Wn) (3.1.13)
and
Oe,d)Gn,a(a,b) = Prea)Pap) Wa(Pn) = Ped)-(ap) Va(Pn). (3.1.14)

Definition 3.1.2 Let x € R"™ be embedded in U as (1, x). Define

1 d
o) 2 & [ Coa@h) Puppuob)Wasrde,  (3115)
and
¥, 4 f € I2(R™) — [¥, 4f](x) = /IR () f(y)dy. (3.1.16)

Then [¥,,4f](x) is a functional calculus from L*(R™) to B(U, L(L ) (X(m)))) parame-
trized by x and A.

Theorem 3.1.3 Let ¥, 4(x,y) be defined as in (3.1.15), and (c,d) € U. Then

< 1 da
(P(c,@)‘yn,A)(Lw = C, /an,A(a,Q) p(c,@—l.(ﬂ@.(lé)lpn(y)de. (3.1.17)
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Proof. Note that a~"+Ddadb is the left Haar measure of U, and so by Theorem
3.1.1, (3.1.13) and (3.1.14), we have

- 1 L da
Plea¥nalry) == /umc,z)f)(a,@)WA(an) Pab)- (L) ¥n(Y) g db

1 5 da
-G, /up(cfd)'(ﬂ/b)WA(wn)P(a,b)'(l,z)Lpn(y)de

1 N da
=C. /up(u,b)WA(an)p(c,g)1-(a,b)~(1,g)ll)n (¥) rrdb- m

Theorem 3.1.4 Y, 4 is an intertwining transform between p and p, more precisely
if (c,d) € U, and f € L*>(R™), one has

Pea) [¥naf(W)(x) = [¥nalocaf) () (x). (3.1.18)

Proof. By Theorem 3.1.3 and a direct calculation it is shown that

)
d
Cm/2 [C—n /an,A(a/b) (p(ﬂ,b)'(lrl)Lpn)(d—i_ Cg)gm%db} f(g)dy

A

— [ & L Coa ) prea e e st £y
/.0
= P(cd

b

) [¥n,af (y)](2)- n

Corollary 3.1.5 W(f) is the value of [¥,, af](x) at the identity (1,0) of the affine
group U, i.e, Wa(f) = [¥n,af](0Q).

Proof. By Definition 3.1.2, Theorem 2.2.1 and (3.1.10), we have

%410 / - /anab 0 0P ) | F(y)dy

o |6 5t ab¢n)()i+1d4f(y)dy
L[ GaaD [/R Pan P W (0)dy| s
= Wal(f). .

3.2 Covariant Functional Calculus derived from V
From (2.1.7) and (2.3.4) it is easily seen that ¢ ”kb x) = Ba,b,s) ¥ k(X)-
Let f, ¢ € L2(R™), then

1 —

Fo(a,b,5) = (Bays)¥ni f) = 2 (Baps) ¥ ), (3.2.1)
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—

. 1 =
Gn,k(ﬂ/bzs) = <13(a,b,s)l/}n,krg> = (27T)m <ﬁ(u,b[s)tljn,kzg>/ (322)

are called the generalized CHCWT of f and g respectively.
Define the inner product of L,(V, C,’ ta= ("1 dadbds) by

(Gopo Fas] = / Corl@ 5 Fyila b, ) o0 0 g, (32.3)

n k
where C,, i is the admissibility constant given by

400 _—_ e

Cn,k = /Spin(m) 0 lpn,k(agﬂs) ¢n,k(ﬂ§u5 ds = / Lpnk l/)n k( )

du
||

(3.2.4)
If P(x) is chosen such that ¢, k( u) P, (1) is real-valued, then C,, ; < +oo (see [4]).
The following Parseval formula holds: (see [4])

Gual,5,3), Fopa, 9] = (3.f) = s (8.1 (325)

The original function f may then be recovered in the L?(IR™)-norm from (see [4])

f(ﬁ) = [ﬁl(u,b,s)lpn,k (E)/ Fn,k(ﬂ, b, S)] B
- Crk /x/ank(ﬂ b, S) ——dbds. (3.2.6)

Define

Tn,k(iz Z) = [(,B(a,b,s)¢n,k)(£)/ (,B(a,b,s 12 k)(y)]

1 d 2.
= o ) B P O Blon o) ) igdids 327
and the integral operator ¥, ; : L>(R™) — L?(R™) by
(i) (@) = [ Fusxy)fp)dy, (328)

then (3.2.6) can be rewritten as f(x) = (¥, xf)(x). As 8 is an irreducible and uni-
tary representation in L?(IR™) (see Theorem 2.3.3), then obviously Bieas)¥nk =

Tn,k,B (cds):

If we substitute $(u) = e {44 into (3.2.5) and (3.2.2) respectively, then we
have

Wa(f) = a8, 5,5)F (0, 5) - 0 s (32.9)
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and
1 N
Gn’k’A(a'b'S) - (Zn)m ]RmIB(a,b,s)Lpn,k(E)e <A’*>dﬂ
qn/2 ’ — '
= Gy o ¢ k(a5 5l A
Rm
1 — (. A-D
= W/ ¥,k (Sus)sexp (z( p ,g)) du (3.2.10)

_ (271) a0 exp(<"‘7‘b,su§>)du

— 27r / ank — 77 EXP ( (Q E>) du.

Relation (3.2.9) shows that again the Weyl calculus W4 (f) is reobtained.
Theorem 3.2.1 If for any (a,b,s) € V, put

N ; 1 A—Db)s
Bl = s ewp (ICEEE ) (32.11)
then B(M/S) is a representation of V in the set of all operator-valued wavelets 'A%,
Proof. The proof is similar to that of Theorem 3.1.1 and is omitted. n
Now by (3.2.10), we have
S 1 —_— 3
Gn,k,A(a/Q/S) = (27T) ¢n k( ).B ab,s)€ ,B a,b,s) WA(¢71 k) (3'2'12)
and

Bicas)Gnia(a,b,s) = Beas)BapssWa@nk) = Beas) (aps)WVa(Pur). (3.2.13)

Theorem 3.2.2 Let f € L>(R™), let (a,b,s) € V and let x € R™ be embedded in
Vs (1,x,e). Put

1 —_— da
‘P”rkrA (K’ g) - Cok /V Gn,k,A (a/ b, S) (ﬁ(u,@,s)-(l,&eo)lpn,k) (z) deds (3'2'14)

and

i fl) = [ Yupalen) vy, (3215)

then ¥, i 4 is an intertwining integral transform between B and B. More explicitly, for
any (c,d,s") € V, we have

Bioas) [Fnpafl(x) = ¥uialBasfl(x). (3.2.16)

Proof. As — da_dbds is the left Haar measure of V, then for any (c,d,s’) € V, we
have

0 d
:B nk,A ( Z) nk/ ﬁcds nkA(LZ b S)(IB(abs Lpnk)( )m—ildbds
~ d
/ ﬁ c,d,s’) ubs WA(an k)(ﬁ ub,s)-(l,g,eo)q]n,k) (_)deds
~ d
/ ﬁ a,b,s) Wa Lpnk)(ﬁ (cd,s")1-(a,bs) ( Lpnk)( )m—aHdeS
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On the other hand,

T alBleasnf1@) = [ ¥uualn) (Beasf) W)y

- 1
= le
= /IRm Bieds)¥npa(xy)f(y)dy

k/VGn,k,A(a’Q’S) (16 c,d,s’) 1ﬁ ab,s)- l/)nk)( ) Z_Hdbds f(z)dy

= E(c,d,s’) [Tn,k,Af] (K) [ |

Corollary 3.2.3 Wy(f) is the value of [¥,, x af](x) at the identity (1,0, eo) of the
affine group V, i.e., Wa(f) = [¥Yuraf](0).

Proof. Direct calculations show that

[¥uxafl(0) = / . {

:Cl [ m[ [ Bans ) WS Wiy |

C /GnkAabs) nk(abs) da —7dbds
—WA(f)- u

Remark 3.2.4 As ,(x) and ,, 1 (x) are rapidly decreasing functions, they enjoy
very nice properties and are possibly suitable to construct a functional calculus for both
unbounded and non-commuting operators. In as far the results contained in this paper
can be generalized to that kind of operators is a subject of further research.
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