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Abstract

Let D be the open unit disk in the complex plane. For ¢ > 0 we consider
the sector . = {z : |argz| < ¢}. We will prove that for certain classes of
functions f in the Besov’s space B, (D) such that f(0) = 0, the B, norm is
obtained by integration over f~1(%.).

1 Introduction

Let D be the unit disk in the complex plane. For p > 1, we denote by B, = B,(D)
the Besov space of the holomorphic functions on ID such that

£, = [ (1= 12F)"" 1F(:)PdAR) < oo,

where 2 = x + iy = re? and dA(z) = —daxdy = —rdrdf is the two-dimensional
iy

Lebesgue measure on . Each f € B, induces a Borel measure py on the plane
defined by

up(B) = [ (1= 12P) 17 G)P dAG).

Our problem concerns the angular distribution given by such a measure. We are
interested in knowing if given € > 0, we can find a constant § > 0, depending only
on p and ¢, such that

[, G B IFGCIPAAG) > 8111, W)
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for all functions f € B, satistying f(0) = 0, where
Ye={weC:larg(w)| <e}.

This question was suggested by an article of D. Marshall and W. Smith [1]
where they analyze a problem of this type for functions in the classic Bergman’s
space (without weight) AP. The principal result of [1, Theorem 1.1] ensures that for
all £ > 0 there exists a 6 > 0 such that

[, 121 4AG) > 8 [ 1) dA),

for any univalent function in A® fixing the origin. It is an open problem to show
whether their result still holds if the hypothesis that f is univalent were omitted.

Pérez-Gonzédlez and Ramos [2, 4] have extended the results of Marshall and
Smith to the widest class of weighted Bergman space AE. They proved the following
theorem:

Theorem 1. If & > —1 and p > 1 satisfy a > 2p — 1, then for all € > 0, there exists
a constant 0 > 0, depending only on p, o and ¢, such that

/fl@s)lf(zﬂp (1= [22)" dA(2) >5/D\f(z)\p (1=12)"dA(z),  (1.2)

for any univalent function f € A2 with f(0) = 0.

Also, they gave an example where the above theorem does not hold for all € > 0
when v < 2p — 2. If p =1 and o > 0, then Theorem 1 is true (see [3]). The case
when 2p — 2 < a < 2p — 1 needs to be explored. On the other hand, if we omit the
condition that the function is univalent, does the result continue to be true?

In this article, we consider a similar problem, but in the spaces of Besov B, with
p > 1. We will prove the following result:

Main Theorem. Assume p > 1 and € > 0. Then there exists a constant K > 0
depending only on p such that

2\P72 L1y |f/(0)
o (= ) O 4AE) 2 K0 (1.3

for any nonnull function f € B, with f(0) = 0.

The above theorem implies that the inequality (1.1) is true for certain class of
functions in B,. For instance, if we consider functions in the Besov’s space that fix
the origin and such that |f’(0)| > k| f||s, for some constant k > 0, we obtain the
following result:

Corollary 1. Suppose € > 0, p > 1 and k a positive constant. Then there exists a
constant 3 > 0, depending on p and k, such that

/fl(Zs) (1 - |Z|2)p—2 ()" dA(2) > Bp, k)e I fII, (1.4)

for any function f € B, such that f(0) =0 and |f'(0)| > k|| f||, -
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The third section of this paper is devoted to constructing an example using
conformal mapping, that shows that the inequality (1.4) is not true, for all £ > 0, if
we omit the hypothesis |f'(0)| > k|| f||z,. However, in the last section of the paper
we will prove the following result for conformal mapping:

Theorem 2. Suppose ¢ > 0 and let h be a conformal map on B,, p > 1, with
h(0) = 0. Then there exists a constant K > 0, depending on p such that

S, (L) WGP dAG) = K@) IH(O)= (1.5)

2 Proof of the Main Theorem

The following well known result will play an important role in the proof of the main
theorem. We will denote by D(a,r) the Euclidean disk with center a and radius r.

Theorem 3. [1/4-Koebe] If g(0) = 0 and ¢/(0) = 1, then D(0, 1) C Q, where g is a
conformal map from the unit disk ID into a domain ).

We now give the proof of our main theorem. We can observe that inequality
(1.3) is true if f/(0) = O therefore we can suppose that f’(0) # 0. First, suppose
that [|f||z = 1. Since f is an analytic function on the disk D (0, %), we can apply
the Cauchy integral formula to obtain

) 1 ron f’(rew)‘
FENS gr [ s 46

where |z| < % Multiplying both sides of the above inequality by r and integrating

from r = % tor = g we can see that there exists a constant K; > 0 such that

()] < K | ()| dA(s),

{G<lsl<g}
with |z| < 1. By Hélder’s inequality we have
1) < Ka || fll g, = Ko,

for all z such that |z| < 3. Here we have used the fact that if s € {2 < |s| < I},
then (1 — \3\2)% > 5. Next, we define h(w) = ﬁ{f’ (%) — f(0)}, forweD. It
is not hard to see that:
(i)  heHD),
() h) =0,
(i)  |h(w)] < 1.

Invoking Schwarz’s lemma, we obtain

[h(w)] < Jwl, (2.1)
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for all w € D. Taking w = 2z from (2.1) we have
[f'(2) = F(0)] < 4Kzl

for 2| < 1.
Now, if we take

L
R=8—K2\f(0)|,

then X
[1'(z) = SO < 5 11O

with |z| < R. In particular, for 21, 25 € D(0, R) with z; # 2o, we have

£2) = F(e0) = £10) (2 = 20l < [ 1) = FO)]dz < 51z = ] 1£0)].

Thus, f(21) # f(22) and the function f is one to one on the disk D (0, R). Thus, if
we define the function

1
"= R0

f(Rz), z€D,

we can see that g(0) = 0 and ¢’(0) = 1. Then by the 1/4-Koebe theorem, we have
D (0,1) C g(). This implies that D (0,0) C f (D(0, R)), where

/(0)?
32K,

g =

Therefore

L ey (L 1) IR G dAG2)

-2
> 1= 122" 71 ()P dA
> /fl(w(op)m(m( =) ()P dAG:)

> K. "(0)" / a4
= 3(p) ‘f( )‘ f~1(2enD(0,6))ND(0,R) (Z)
K3(p)

> / 0 p/ / 2dA
> S P OF [ o O AAG)

= Ku(p)e |1/ (0)],

where in the second inequality we have used |z| < R < &, [f'(2)] > 3[f(0)], and
also, the fact that if f is 1-1 on the set E then

JIF P dAG) = area(£(E)).

This concludes the proof of the Theorem. [
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3 An example

In this section we give an example where we show that the inequality (1.1) is not
true, for all € > 0, if we omitted the condition |f'(0)| > k[ f|| 5,

For each n € N with n > 2, consider the Riemann map f, : D — D (1 —n,n)

given by
1—-2n

R i P

It is not hard to see that f,,(0) = 0 and f/(0) < 0. Furthermore, since f,, is analytic
in a neighborhood of the closed disk D is clear that f, € B, for all n > 2. Also,
there exist positive constants C and Cs such that

C 1— 2> C
—1” < / %Wl(z) < —22;:
(1= ff) P e (1-I=)
for n large enough (see [6], Lemma 4.2.2). Hence lim, .o || fy ]l 5, = oc.

In this example we observe that

) =2t
£0) =2 -~ <2

therefore, there is no constant £ > 0 such that
|fr/z(0>| >k||f”HBP7 for allneN

On the other hand, if we fix ¢ < 7, then by elementary calculations from trigonom-
etry we have |f,,(z)| < K(g) = sec(e) for all n > 2 and for any z € f ' (T), where
T =%.ND(1—-n,n). Also, since f, is a linear fractional transformation, we can

see that ) . )
/ n—
< _
1) < |2 = = 1)

Thus, there exists a constant Ki(¢) > 0 such that

[fa(2)] < Ki(e), =€ f, (D).

Therefore, for n € N large enough we have

/fnlm (1= =) 1)l dA) <

i \

=
—~
™
SN—

‘\

K (e
—1°

~—

<

]

Hence, there is no a constant 4 > 0 such that
p—2
/J“@ ) (1= 1=P)" () dAG) > 811 allf,

for all n € N and for any ¢ < 7.
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Remark 1. The referee has pointed out to us the failure of (1.1) is due to the
Mobius invariance of the Besov norm. To see this we can note that

1All5, = [l fall,
where f, = f oy, — f(a) and p,(2) = (a — z)/ (1 —az) is the Mobius map of the
disk D that interchanges 0 and a € D. So f,(0) = 0 and a change of variables shows
-2 p—2
1—2)3)" ;zpdAz:/ 1—z)? "(2)P dA(2).
[, G IR@PaaG) = [ (1= R) P dAG)
So if (1.1) held it would follow that

51715, = 811fulls, < [ (1= 1=P) 1P ()1 dA),

“HEetf(a))

for all @ € D and f € B, which is not possible.

4 The angular distribution of mass by conformal mappings

In this section, we show that an estimate like (1.3) is true when we consider conformal
maps that fix the origin on B, with p > 1. Before the proof of theorem 2 we gather
some results about conformal maps that we will need for our goal (see [5]).

We consider z € D, g a conformal map from the unit disk ID into a domain §2.
We denote by dq (g (2)) the Euclidean distance from g (z) to 92 where 0f) denotes
the boundary of €.

Theorem 4. [Distortion] If g(0) = 0, then

ii / 1 - |Z| (5 / 1+|Z|

1 2 / 2 /
(i) 5 (1= 1=P) g () < da (F(2) < (1= 12P) 1o’ ()],
for any z € D. The key to our results is the following lemma:

Lemma 1. Suppose € > 0 and let h be a conformal map in B,, p > 1, from the
open unit disk D into a domain €2, with A(0) = 0. Then there exist a Euclidean ball
B, C €y, and a constant K (p) > 0 such that

/hl(EEmBT) (1= 1212)" " WP dA(2) = K (p) [ (0)] <. (4.1)

Proof. We consider r = £dq, (0) and let B, = D(0,7) be the ball with center at the
origin with radius r. By the distortion Theorem, if w = h(z) € B, then

(1 + 1) h(:)] < 3 (4.2

1
2l < 75
|(0)]
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Thus, there are positive constants Ky(p) and K;(p) such that
p—2 -
Kop) < (1= 121°)" < Ki(p), zeh™(B).

On the other hand, applying the distortion theorem again and the estimate (4.2),
we can see that there is a universal constant K5 > 0 such that

1— 7] _
R(2)| > |R(0) ——= > K, |[W(0)|, zeh(B,).
|()|_|()|(1+|Z|)3_ 2 |1 (0)] (B;)
Similarly, there is a universal constant K3 > 0 such that
1
W < WOl < kwe), zen ).
(1—1z])
Therefore,
-2
1—122)" |W(2)|P dA
[, () P dA)
> Ko(p) K5 W O)F [ dA(2)
h=1(ZcNBy)
Ko(p)KS ., p—2 2
> 0PI gy / B (2)| dA
> |1/ (0)] h*l(EgﬂBr)| (2)I"dA(2)

> Ky(p) |W(0)" <.

The proof of Lemma 1 is now complete. Now we can proceed to the proof of
Theorem 2 [ |

Proof (of Theorem 2).
Theorem 2 follows from Lemma 1, because >.N B, C X, which completes the proof.
[

An application of the Theorem 2 is the following result on angular distribution
of a conformal mapping in B, fixing the origin.

Corollary 2. Suppose € > 0 and p > 1. There exists a constant K(p) > 0 such
that

p—2
[, (=R WGP aAG) = Ko) WO, 43
for any univalent function h € By, with h(0) = 0 and |#'(0)| < 1/||h|s,.

Proof. The corollary follows from Theorem 2 because 1 > |A/(0)[" |||, . L]

Remark. Since the inequality (1.1) is trivially true for all ¢ > 7, we can ask if there
exists an angle €y < 7 such that if € > ¢ then there is a constant ¢ > 0 satisfying

/f ey (1 22 7 () PdA) > OIS, (4.4)

for all functions f € B, with f(0) = 07

A similar estimation is indeed true if we consider the Bergman spaces Al in [4]
Pérez-Gonzélez and Ramos proved the following theorem:
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Theorem 5. [4] Given a > —1, there exist an angle ¢y € (0, 7) and 6 > 0, depending
only on «, such that

L@ =12)" aA@) <o /f o ) (1= 121?)" dA(z)

for any f € Al satisfying f(0) = 0.
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