Forced Symmetric Oscillations

Michal Feckan* Ruyun Ma' Bevan Thompson

Abstract

We show the existence of forced periodic solutions to certain symmetric
ordinary differential equations. First and second order systems of ordinary
differential equations are investigated with and without damping with periodic
and symmetric forcings. We study both resonance and nonresonance cases.

1 Introduction

Let A:R™ — R" be an orthogonal matrix with respect to a scalar product (-,-) on
R", i.e. A* = A~'. So |Az| = |z| for any z € R". We also suppose that AP = T for
some p € N. Let T" > 0 be fixed. Then we consider the Banach spaces

;X:{xEO%&Rﬁm&+TﬁaMﬂ% WGR}
Y = XNCYR,R").

Clearly, if x € X then it is pT-periodic. Moreover, |z(t)| is T-periodic, since |z(t +
)| = |Az(t)] = |=(1)]-

Now we consider the differential equation

&= f(z) + h(t), (1.1)
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for h € X, f(z) = VF(x) and F' : R" — R smooth and A-invariant, i.e. F(Az) =
F(z), Vx € R™.

When A = —I then we get the anti-periodic case studied in [2]. Our results
for 1 ¢ o(A) of Section 2 are extensions of similar ones for the anti-periodic case
A = —I. We call that case a nonresonant one, since we derive existence results

without further conditions.

On the other hand, we get for 1 € o(A) a different situation studied in Section
3. We call that case a resonant one, since the solvability of studied equations is
reduced to a global bifurcation condition. So we need addition assumptions on such
equations in order to solve that bifurcation condition. In both Sections 2 and 3, we
also derive similar results for the damped system

i+ 60+ VF(z) = h(t) (1.2)

with 6 > 0. There we use topological degree arguments.

The last Section 4 is devoted to undamped symmetric second order equations
with gradient nonlinearities, i.e. to (1.2) with 6 = 0, which are not studied in
previous Sections 2 and 3. That is again a resonant case. Hence we use a Ljapunov-
Schmidt method to get a global characterization of forcing terms h(t) for which
studied equations are solvable. There we use the Banach fixed point method to
solve such equations.

Finally we note that we have already investigated related problems in [3] for
symmetric heteroclinic cycles of perturbed symmetric ordinary differential equa-
tions, and more recently, in [1] for symmetric evolution partial differential equations,
respectively.

2 Nonresonance Systems
We start with the following results
Lemma 1. It holds f(Az) = Af(z), Vx € R™
Proof. Differentiating F'(Az) = F(z) we get DF(Ax)Av = DF(z)v. Since DF(x)v =
(VF(x),v), we have (VF(Az), Av) = (VF(z),v) and so A*VF(Ax) = VF(x), and
A7'WF(Ax) = VF(x) which implies VF(Az) = AVF(z). The proof is finished.
Lemma 2. If1 ¢ o(A) then there is a constant M > 0 such that

Mlzllo < [|2[]2 (2.1)

T

for any x €Y, where ||z||o := I%%{X|x(t)| and ||z||e == /[ [ |x(t)|? dt.
0

Proof. We solve the boundary value problem

z(t) =h(t) e X
z(T) = Ax(0).
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t

We get z(t) = x(0) + [ h(s) ds and

So

The proof is finished.

Remark 1. If 1 € 0(A) then (2.1) is not valid, since then Jv € R™ such that
Av = v and a constant function x(t) = v belongs to Y, for which (2.1) is not true.

Theorem 1. For any h € X, equation (1.1) has a solution x € Y.

Proof. By using the Leray-Schauder topological degree method [5], it is enough to
prove that there is a constant K > 0 such that any solution x € Y of (1.1) satisfies

lzllo < K.

So let x € Y solve (1.1). Then we get

T

]2 :/(VF(x(t)),js(t)) dt+/(h(t),:i:(t))dt:

< [[Afl2]l2]]2 -

Hence
[Z]l2 < [|A]]2-

Then Lemma 2 gives
K = [|hll2/M .

The proof is finished.

Similarly, if we consider (1.2) for § > 0, then we have
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Theorem 2. For any h € X, equation (1.2) has a solution v € Z := X N
C*(R,R").

Proof. Again, it is enough to show the existence of a constant K > 0 such that any
solution of (1.2) satisfies ||z|lo < K. So let x € Z solve (1.2). Then

(&(t), i (1) dt+5/ya: \2dt+/ (VF( /T

Hence
T

2(0)]? . .

PO 45 [lewe e < pplali..
0

But |#(T)| = |A2(0)| = |£(0)|. Consequently, we get

[ (T)[* —
2

1
K = —llhll.
The proof is finished.

Example 1. Consider n = 2 and
0—-1
A= ( 0 ) |

i1 = fi(w1, v2) + ha(t)
To = fg(l'l, 513'2) + h2<t) ,

where f;(z1,22) = £ (21,25), F € CY(R%R) with F(—z2,21) = F(x1,25). This
gives

Then (1.1) has the form
(2.2)

filr,m2) = fo(=22,21),  faz1,22) = — fi(—22, 71) (2.3)
hi(t+T) = —ho(t), ho(t+T)=hi(t). '

Consequently, Theorem 1 can be applied to a forced gradient system (2.2) under
symmetry conditions (2.3).

3 Resonance Systems
Now we study the case when 1 € o(A). Let
Ry :==ker(I- A), Ry:=R;.

We consider the Banach spaces

XiZ:{I'GX|ZE(t)ERi}a

Y; = X;NC'(R,R),
ZszZﬂCQ(]R,R), 221,2
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We note that X, Y} and Z; are just Banach spaces of T-periodic functions. We
need the following result.

Lemma 3. There is a constant M > 0 such that inequality (2.1) holds for any
T €Y.

Proof. We again solve the boundary value problem

z(t) = h(t) € X
z(T) = Az(0), z €Y.

Now we have
h(t) € Xo < h(t) Lker(I— A) < h(t) € Im (I — A*).

But since

[— A =T-A'=A"lo(A-TD)=(A-T)o A,

we obtain

Im (I — A) =Im (I — A*) = ker(I — A)*.
Consequently, Rs = Im (I — A) and hence

h(t) € Im (I — A)

T
for any t € R. Hence [h(s)ds € Im (I — A), and then
0

2(0) = (A — ]I)’l/h(s) ds |

where (A —1)"': Ry — Ry. Thus

t

x(t) = (A— ]I)_l/h(s) ds + /h(s) ds € Ry

for any ¢t € R. The proof is finished.

Let P : R" — R" be the orthogonal projection onto Ry, and @) :=1— P. We
split any = € X by

z(t) =u(t)+ov(t), v(t) € R, u(t)e Ry, VteR, (3.1)
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and then we decompose (1.1) as follows
a(t) = PVF (u(t) + v(t)) + ha(t) (3.2)

and

0(t) = QVF (u(t) + v(t)) + ha(t) (3.3)
for hz(t) S Xz‘, 1= 1,2

Lemma 4. Decomposition (3.1) holds if and only if v € X7 and u € Xs.

Proof. Let (3.1) hold. Then from Ax(t) = x(t + T) we get
Au(t) —u(t+T) =v(t+T) —v(t),

and so
Ry (A=Tu(t) +u(t) —ut+T)=v(t+T)—v(t) € Ry.

Hence
v(t)=v({t+T), Au(t)=u(lt+T)

which gives v € X; and u € X5. Reversely, if v € X; and u € X, then clearly
v(t) € Ry and u(t) € Ry, Vt € R. The proof is finished.

Lemma 5. If v € X; and u € X, then

Proof. We must show
QVF(u(t+T) +v(t+T)) = QVF (u(t) + v(t)) , (3.4)

and
PVF (u(t +T) +v(t+T)) = APVF (u(t) +v(t)) . (3.5)

But since Qo (I — A) =0, u(t +7T) = Au(t) and v(t +T) = v(t) = Av(t), we get

QVF (ult +T) +o(t+ 1)) = QVF (Au(t) + Av(t)) =
QAVF (u(t) + v(t)) = QVF (u(t) + v(t)).

This gives (3.4). By using Ao P = P o A, which follows from (I — A) o @ = 0 and
Qo (I — A) =0, we similarly derive (3.5). The proof is finished.

Now we split

and decompose (3.2)-(3.3) as follows

a(t) = PVF (u(t) + 2(t) +w) + ha(t) (3.6)
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and
£(t) = QVF (u(t) + <>+w)+hu< )
T
3.7
T/ +2(t) + w) dt (3.7)
0
and
17 )
- = / QVF (u(t) + 2(t) + w) dt + (3.8)
0
_ _ T
with hy(t) = hi1(t) 4+ h1, hi := 3 [ hi(s) ds. Now it is known [2] that
0
Izllo < VT )12z (3.9)
Furthermore, from (3.6)-(3.7) we have
T
lal3 + 11203 = [ (TP(u(t) + 2(t) +w), ilt) + £(8)) dt+
. 0
/ dt+/ (hua (1), 2(1)) dt <
F( (T) +2(T) + w) — F(u(0) + 2(0) + w) + [[halla[[@l]2 + [|ha1]l2]|2]]2 =
F(Au(0) + 2(0) + w)) = F(u(0) + 2(0) + w) + |hz[l2/|@ll2 + ([P [2]|2]]2 =
IBallallills + [ Basllallzll2 < y/likall3 + 1R 3/ 1113 + (12113
Consequently, we obtain
VIal3 + 1213 < /1 hall3 + a3
By using Lemma 3 and (3.9), we get
lallo + ll2llo < (M~" + V)12 ll3 + [l 3. (3.10)

Inequality (3.10) gives a uniform estimate of all possible solutions of (3.6)-(3.7) for
any w € Ry. But then the set

Sy 1= {(u, z) € Xo x Xi | (u,z) solves (3.6) — (3.7)}

is a nonempty and compact subset. So we can consider the map w — B(w), B :
R, — 2% given by

B(w) := {;/QVF(u(t) +2(t) +w)dt | (u,z) € Sw} :

Clearly, the sets B(w) are nonempty and compact. Moreover, the mapping B is
upper-semicontinuous. Summarizing, we have the following result.

Theorem 3. If 1 € o(A) then (1.1) is solvable if and only if —h; € Im B(-).
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To get more reasonable results than Theorem 3, we have to consider additional
conditions for F'.

Theorem 4. If there is a nonsingular matriz C' : Ry — Ry, a nondecreasing
function ¢ : [0,00) — [0,00) and positive constants « > 1, ¢1, ¢o such that

i) (VF(w),Cw) > ¢;|w|*™ — ¢y, Vw € Ry,
i) (VF(u+w) — VF(w), Cw) > —|w|o(Ju])(Jw|[*~! + 1), Yu € R", Vw € Ry,
then (1.1) has a solution x € Y for any h € X.

Proof. For any v € R", |u| <r, w € Ry, we have

(VF(u+w),Cw) = (VF(w),Cw) + (VF(u+w) — VF(w), Cw)

> e w]*t — ¢y — [w]p(r)(jw]* Tt + 1) (3.11)

Let 7 be the right-hand side of (3.10). Now we put the right-hand side of (3.8) into
the homotopy

7 [ QUE(Mu(t) + =) + w) dt + Ay =0 (3.12)

for A € [0,1]. So we solve (3.6), (3.7) and (3.12). Then the estimate (3.11) implies
that for |w| = R with R sufficiently large, we have to compute the Brouwer degree

deg (QVF, Bp, 0> , (3.13)
which is just the topological degree to the system (3.6), (3.7) and (3.12). But from

i)for 0 < A<1,u€ Ry, |u/=R>1, we get

(AQVF (u) + (1 — X\)Cu, Cu) > Aey|ul*™ — Aea+

1 1—X\
122 2:)\( Ro+L ) 1T A m oy,
A= Nigpll = Maf™ —e)+ m=p

So the Brouwer degree (3.13) is equal to sgn det C' # 0. Consequently, (1.1) is
solvable. The proof is finished.

Similarly we have the next result.

Theorem 5. If there is an open bounded subset Q@ C Ry such that 0 ¢ QV F(09)
and

deg (QVF, Q. o) 20,
then for any € # 0 small, the equation

&= f(x)+eh(t)

has a solution x € Y.
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We note that the above approach is valid also for (1.2). Consequently, similar
results like Theorems 3, 4, 5 hold for (1.2) as well.

Example 2. Consider n = 2 and
10
A= ( Lo ) .

T = fi(x1, 2) + (1)
Ty = faw1,22) + ho(t),

where again f;(z1,25) = g—i(xl,xg), F € CYR* R) with F(zy,—x3) = F(z1,x2).
This gives

Then (1.1) has the form

fi(wy, —x9) = fi(w1,22),  folw1, —22)

= —fo(w1, 72)
hi(t+T)=hi(t), ho(t+T)=—ho(t).

Now
Ry = (21,15) €ER? | 25 =0

Ry = (ZEl,J]Q) S R2 | 1 =0
QVEF(xy,19) = fi(z1,22) .
Then Theorem 4 can be applied, for instance, if

Sz, o) = 27" + (21, 22)

for g bounded on R2. To be more concrete, we can take
22

1
2n + 2

F(xy,29) = + 21 COS Ty .

Then g(x1,z3) = cos xs.

4 Undamped Second Order Equations
In this section, we study (1.2) for § = 0 of the form
&+ VF(x)=h(t). (4.1)

Then Theorem 2 is not valid for (4.1). In order to solve (4.1), we use Theorem 1 of
[4], which we quote here for the reader’s convenience:

Theorem A. Let H be a Hilbert space. Assume that L is selfadjoint and N is
a continuous gradient operator. Let A, B : H — H be two continuous linear and
selfadjoint operators such that the following hold:

i) N— A and B— N are monotone,
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ii) L — (1 —A)A — AB has a bounded inverse for every X € [0, 1],
then L — N is a bijection from D(L) to H.

In our case we take

H = L*((0,T),R"), Lzx=3i&, N(z)(t)=-VF(z(t),
D(L) = {w € W22((0,T),R") | Az(0) = (T), Ai(0) = a’:(T)}

It is not difficult to verify that L is really selfadjoint with a point spectrum o(L).
So in order to find o(L), we solve

=X, xzeD(L). (4.2)
Elementary calculation shows that (4.2) has the following solutions:
i) A=0if and only if 1 € 0(A) and then z(t) = v € ker(I — A),

ii) A = —w? < 0 with coswT € U(A*;A>.

We note .
(AS_AQE,JL) = (Azx,x),
which implies
—|z* < (A* il A:C,:L‘) < |z|*.
So .
(XN

We remark that 1 € J<A*2+A> if and only if 1 € 0(A). Summarizing we obtain the

following result

Lemma 6. [t holds o(L) = M for

2 *
M::{—<W+T2k7r> | w € [0, ], coswEa(A ;A>, kEZ}.

Now we can apply Theorem A to derive the next result
Theorem 6. If there are two constants o < 3 such that

i) lo, Bl M =0,

ii) o(Hess F'(u)) C [, —a], Yu € R".
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Then (4.1) has a unique solution x € Z for any h € X.

Proof. We apply Theorem A to (4.1) in the above framework with A = ol and
B = . The proof is finished.

When h is only pT-periodic continuous in (4.1) then we can apply the above
procedure, but then we get

4k>7?

instead of M. Indeed, we have here the case A =1 and T is replaced by pT'. The
set M,, for large p is denser than the set M. This gives that for some F' we can
show the existence of pT-periodic solution of (4.1) with h € Y but not for general
pT-periodic continuous h. For instance, if 1 ¢ o(A) then 0 ¢ M while 0 € M,,. If
F satisfies 1), ii) of Theorem 6 for @ < 0 < [ then we have a unique solution z € Z
for any h € Y, while for a general continuous pT-periodic h we do not know the
existence of pT-periodic solution of (4.1). More precisely, assuming conditions i), ii)
along with [«a, 5] N M, = {0} and then by using the Ljapunov-Schmidt reduction
procedure and Theorem A like in [6] to (4.1), we obtain the bifurcation equation

p; [ VP@(e ha)(t) + ) dt = Iy (4:3)

for a mapping ¢ and
pT

h(t) = ha(t) + hu, /hg(t)dt:(), /w(c,hg)(t)dt:(), c e R".

Hence the existence of a pT-periodic solution of (4.1) for pT-periodic continuous h
is reduced to (4.3). Summarizing we arrive at the particular following result.

Theorem 7. Let 1 ¢ o(A). If there are two constants o < 0 < 3 such that
a) [o, )N M =10,
b) [e, 5] N M,, = {0},
c) o(Hess F(u)) C [, —a], Yu € R",
d) VF is uniformly bounded on R", i.e. sup |VF(u)| < oo,

u€R™

then for any h € X, (4.1) has a unique solution x € Z, which is of course
pT -periodic. While there is a huge set S of pI'-periodic continuous functions h €
Cor (R, R™) for which (4.1) has no pT -periodic solution.

Proof. Let M := sup |VF(u)|. Then the mentioned set S is given by
ucR”™

pT
S:={heCun®RR | |h|> M, h(t)=ha(t) +hi, /hg(t)dt:O
0
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This follows directly from (4.3). The proof is finished.

We can easily check that conditions a) and b) of Theorem 7 hold for an arbitrary
£ > 0 and « such that

arccos® \pge ~ 4m?
O>0z>max{— Tz ’_pQTQ}’

where A4, is the largest eigenvalue of matrix %.

Moreover, we note that if h € X C Cpr(R,R™) then

pT p—1 (DT -1
pThy = /h(t) dt=>Y" / h(t)dt =Y [ A'h(t)dt =
0 =0 iT =0

h(t)dt = 0.

D\Ho\;H

<I§Ai> /Th(t) dt = (T— A) o (T— A)~!

1=

Hence hy = 0 for any h € X. Consequently, X N'S = () which of course follows also
from the statement of Theorem 7.
Finally, it follows from (4.3) that for any h € Cpr(R, R™) with

h(t) = ha(t) + plT 0/ VE (e, ho)(t) + ) di

pT
for ¢ € R and hy € Cpr(R,R™) \ X with [ he(t)dt = 0, there is an pT-periodic
0

solution of (4.1) which does not belong to Z.

Summarizing, under conditions of Theorem 7, there are many h € Cyr(R,R")
for which there is no a pT-periodic solution of (4.1), while there are many h €
Cpr (R, R™) for which there is a pT-periodic solution of (4.1) not belonging to Z, but
for any h € X, there is a unique pT-periodic solution of (4.1) belonging to Z.
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