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Abstract

We define some subclasses of Orlicz spaces of functions and establish here
a direct theorem of the approximation theory by rational functions.

1 Introduction and main results

Let ' be a rectifiable Jordan curve in the complex plane C and let G := Intl,
G~ := Extl’. Without loss of generality we suppose that 0 € GG. Further let T :=
{we C:|w| =1}, U:=IntT, U~ := ExtT. We denote by ¢ and ¢; the conformal
mappings of G~ and G onto U~ normalized by the conditions

¢ (00) = o0, lim ? (%)

z—00 gz

>0

and
1 (0) =00, lim 2y (2) >0

respectively and let ¢ and ; be the inverse mappings of ¢ and (.

Let also L, (I') and E, (G) (1 <p < c0) be the Lebesgue space of measurable
complex valued functions on I' and the Smirnov class of analytic functions in G
respectively. Since I' is rectifiable, we have ¢ € E; (G7), ¢, € E;(G) and v/,
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Y, € By (U™), which imply that the functions ¢ and ¢} admit the nontangential
limits a. e. on I' belonging to L; (I'), and Y'and wll have nontangential limits a. e.
on T belonging to L, (T') [8, pp. 419-453].

For z € I' and € > 0, we denote by I' (z,¢) the portion of I" in the open disk
of radius € centered at z, 1. e. I'(z,e) := {t € I": |t — 2| < e}. Further let |I" (z, )]
denotes the length of I' (z,¢).

Definition 1. T" is called a Carleson curve if the condition

1
sup sup — |I'(z,¢)| < o0
zel’ e>0 €

holds.

A convex and continuous function M : [0,00) — [0,00) for which M (0) = 0,
M (z) > 0 for x > 0 and
M (x)

M
lim (x):O, lim ——— = o0

x—0 x T—00 s

is called an N—function. The complementary N —function of M is defined by
N (y) == max{zy — M (z)}

for y > 0.

Let M be an N—function and N be its complementary function. We denote by
Ly (I') the linear space of Lebesgue measurable functions f : I' — C satisfying the
condition

[ M@lf (2)D)1dz] < oo

for some v > 0. Ly (I') becomes a Banach space with respect to the norm

F ey =50 { [ 17 g (1l s g € Iy @) plo M) <1} (1)

where p (g, N) = [t N (|g (2)]) |dz| [17, pp. 52-68].

The norm ||.||, y is called the Orlicz norm and the Banach space Ly (') is
called an Orlicz space.

It is known that every function in Ly, (T') is integrable on T, i.e. Ly, (I') C Ly (T)

[17, p. 50 ].
The N—function M is said to satisfy the Ay—condition if
lim sup M (2z) < 00
holds.

The Orlicz space Ly (I') is reflexive if and only if the N—function M and its
complementary function N are both satisfy the Ay—condition [17, p. 113].

The more general information about Orlicz spaces can be found in [16] and [17].

Let I, be the image of the circle {w € C: |w| =r, 0 <r < 1} under some con-
formal mapping of U onto G and M be an N—function. We denote by Fy, (G) the
class of functions f analytic in G and satisfying the condition

JMAf D1z < oo

uniformly in r.
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Definition 2. [13] The class Ey (G) is called the Smirnov— Orlicz class.

If M(z) =M (z,p) :==aP, 1 < p < oo, then the Smirnov—Orlicz class Ey (G)
coincides with the usual Smirnov class E, (G) . As was noted in [13], every function
of class Fj; (G) has a. e. nontangential boundary values and the boundary function
belongs to Ly, (T').

The class Ey (G™) can be defined similarly.

For ¢ € I we define the points ¢, € I" and ¢;, € I as

Shi=1 [90 (<) e“‘] ,S1p 1= {901 (<) 6“1] . h € 0,27]

and the shifts T, f and T3, f for f € Ly (I') by

0 (¢),sel (2)

and

/ (§1h)
o1 (1)) 72 4 (sun)
For example, if I' = T, then T, f (w) = f (weih), Tinf (w) = f (we‘ih) and
hence T}, f (w) € Ly (T), Thinf (w) € Ly (T) as soon as f € Ly (T') . Moreover, if

1 ()71 (0),c €T (3)

Tinf (<) ==

O<01§‘gpl(z)‘§cg<oo

or
0<63§‘<p1(z)‘§c4<oo

for z € I' and with the constants ¢y, ¢o, 3, ¢4, which are independent of z, then it
is easy to verify that L, (I') is invariant with respect to the shifts T, f and T f.
Starting from this we define the functions wj, (., f), wiy, (-, f) and 4, (., f) for § > 0
as

wir (6, f) = sup || f — TthLM(F) )
|h|<s

WTM (57 f) ‘= sup ||f - TlthLM(F)v
|R|<6

Q*M((Saf) :w}k\/[(&f)_l_wIM(éaf)

Let w(0) be a nonnegative, continuous, nondecreasing real function such that
w(0) =0, w(d) >0for 6 >0, and w(nd) < ¢5 n w(d) for every natural number n

and with some constant c5 > 0.
We define the classes of functions Hf Ly, (I'), HYEy (G) and HEE)y (G7) as

Hy Ly () :=A{f € Las () - 3 (6, f) < c6 w (9)},
HEEy (G) :={f € Ex (G) 1wy (6, f) < 7 w(d)},
HyEy (G7) ={f € Ex (G7) :wip (0, f) S s w (9)},

where the constants cg, ¢; and cg are independent of f and 4.
It is clear that if f € Hf Ly (T'), then T, f € Ly (T) and Tipf € Ly (T) .

Our main results are the following.
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Theorem 1. Let I' be a Carleson curve, Ly (I') be a reflexive Orlicz space on I’
and f € HE Ly (T) . Then for each natural number n there exists a rational function
R, (z, f) such that

1 = B 5 Dl ) < € w(1/n) (4)

holds with a constant c, which is independent of n.

Corollary 1. If f € H{Ey (G), then for each natural number n there exists an
algebraic polynomial P, (z, ) of degree < n such that

1f =P (5 Dl oy < € w(1/n) (5)

holds with a constant c, which is independent of n.

Corollary 2. If f € H{Ey (G™) then for each natural number n there exists a
polynomial B, (1/z, f) of 1/z such that

1= Bu (5 Dy < cw(l/n) (6)
holds with a constant c, which is independent of n.

Theorem 1 is new also in the spaces L, (I'), 1 < p < co. To the best of the authors
knowledge in the literature there are no results studying the direct theorems of the
approximation theory by polynomials and rational functions in the Orlicz spaces
and Smirnov-Orlicz classes.

When T' is a smooth Jordan curve and 6 (s), the angle between the tangent
and the positive real axis expressed as a function of arclength s, has modulus of
continuity €2 (s, 0) satisfying the Dini-smooth condition

/5Q (s,0)

S

ds < o0, 0 >0

some inverse problems of the approximation theory in the Smirnov-Orlicz classes
were investigated by Kokilashvili [13].
Under different restrictive conditions upon I' = JG the similar problems in L,, (T")
and E, (G),1 < p < oo, spaces were studied in [1], [2], [9], [14], [6], [4], [10], [11].
Throughout this paper we shall denote by ¢, ¢, ¢o, . . . constants depending
only on numbers that are not important for the questions of interest.

2 Auxiliary results

Let T be a rectifiable Jordan curve and f € Ly (I'). Then the functions f* and f~
defined by

1o f@)
FHE) =g [ S e (7)

and . f( )
)= 5 Fg_gzdg, ceG 8)

are analytic in G and G~ respectively and f~ (o0) = 0.
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The Cauchy singular integral of f € Ly (I') at z € I is defined by

St <f) (Z) = hml./I‘\F(z,s) : (g) @,

e—0277 S—=z

if the limit exists.

For f € Ly (T), if one of the functions f™ and f~ has nontangential limits a. e.
on I', then Sr (f) (2) exists a. e. on I" and also the other one of the functions f
and f~ has nontangential limits a. e. on I'. Conversely, if Sr (f) (2) exists a. e. on
', then the functions f* and f~ have nontangential limits a. e. on I". In both cases,
the formulae

FrE) =St () ()4 57 (), f () =50 () ()= 57 (2) )
holds a. e. on I' [8, p. 431] and hence
F=gte g (10)

a.e.onl.

For f € Ly (I'), if Sr(f) (2) exists a. e. on I', we associate the function Sr (f)
taking the value St (f) (2) a. e. on I'. The linear operator St defined in such way is
called the Cauchy singular operator.

The following theorem, proved in [12], characterizes the curves which the singular
operator Sr is bounded in the reflexive Orlicz space Ly (T') .

Theorem 2 The singular operator Sr is a bounded linear operator in the reflexive
Orlicz space Ly ('), i. e.,

1S (Ml zyay < cllfllp,, s £ € L (L) (11)

holds, where c is a constant depending only on M and T, if and only if T is a
Carleson curve.

Let k be a nonnegative integer. Then the function ¢’ (2) " (z) has a pole of
order k at oco. Hence there exists a polynomial By (z) of degree k and a function
E) (z) analytic in G~ such that Ej (o00) = 0 and

P (2) ¢ (2) = By (2) + B (2)
holds for every z € G™.

The polynomials By (z) (k=0,1,2,...) are called the Faber polynomials of the
second kind for G' and satisfy the expansion

1 . s Bk (Z)
w (w) — - - = wk+1

for z € G and w e U™ [18, p. 95].
Now let’s consider the function [y (z )}k_2 ga’l( ). This function is analytic in

G\ {0} and has a pole of order & at the point 0. If we denote its principal part at 0
by By, (1/2), then there exists an analytic function Ej (z) in G such that

1 (N2 01 (2) = Bi (1/2) + By (2)
holds for every z € G\ {0} and for the principal parts By (1/z) the expansion

—2 © Bk 1/2’)
InERP Y e

(12)

zeG,weU” (13)

holds [4].
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3 Proofs of the new results
Let f € Ly (I'). Then f € Ly (I') and hence the functions

fo(w) = [ (w)] ¢ (w)

and
fi(w) = f [ (w)] ¢y (w) w?

are integrable on 7. We can associate the series

fo (w) ~ Z agw® (14)
k=—0o0
and -
fi(w) ~ Z apw” (15)
k=—00
forweT.
Let

K,(0)= Y Amem?

m=—n

be an even, nonnegative trigonometric polynomial satisfying the conditions

;ﬁ/an(G)d@_l (16)

and
/0 "0k, (0) 6 < co/n (17)

for n = 1,2, ... and with a constant ¢g > 0. In special case, the Jackson kernel

B 3sin’ (nf/2)
Jn (9) T (2n2 + 1) sin? (9/2)

satisfies these conditions[5, p. 203].
Let’s consider the integral

1 flsee) ¢ (<)
I1(0,z):= i () < = ng,z cG.

Substituting ¢ = v (e”) here, we obtain

eit

1(0,z)= 217r/7;f0 (ei(t_e)) W(ﬁ.

Since by (14)

£ (eit) - Z akeikt
k=—0o0
and by (12)
ez‘t o0 Bk (z)
b ety —z ~ Z ikt

k=0
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we can associate [3, pp. 74-75] to I (6, z) the series expansion, i.e.,

1(0,2) ~> apBy (2) e ™.
k=0

Then by the generalized Parseval’s identity [3, pp. 225-228]
1 47 "
[ K (0)1(6,2)d0 = > N By (),
2 —n k=0

because the function K, (6) is of bounded variation and I (-, z) € L; ([—m, 7). Hence

we have o) ,()
I f(s=0) ¥ (s — (n)
— | K,(0)do| = T Zde=)> A\ B
4W2i[w (6) re (cg)s—=z : kz:% e B (2)

for z € G. Now, we consider the integral

1 f (s1c0) o1 ()] 72 ¢} (<) .
2= 27”'/%)1‘2 (s1-0) ¢4 (1)) A

Making the change of variable ¢ = 1; (¢”*) we obtain

—2it

1 = <
Il (0, Z) = — fl (el(tie)) 1/}16dt

21 J—r (e) — z

Similarly, according to the relations(13) and (15), the function I (,z) has the
Fourier expansion

L(0,z) ~ —Z&kék (1/2) e
k=0
by [3, pp. 74-75]. Since the kernel K, (f) is of bounded variation and I (., z) is
integrable, the generalized Parseval identity [3, pp. 225-228] yields again that

1 /7 n ~
ﬂ/ K, (0) 1, (6,2)d0 = =S ANVa,By (1/2), 2 € G,
o k=0
and by definition of 1 (6, z) we have

| f (s10)) 01> (5) @} (5)
R n (0)do
47T2'i/_7rK ( )d FQO;2 (gl(—ﬁ)) SO,I (§1(—0)) c— 2z dg

= S AWVaBy (1/2),2 € G
k=0
Therefore,

Po(o f) e — /WKn ) do [ L1=0) 2y eq

T 4n%i) s r¢ (sog)s—2
is a polynomial of degree n and
I AGIE 12(s) ¢
Q) = e [ ) AM080, o
Am?i ) Ty (§1(_6)) ©1 (§1(—9)) C— =z
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is a polynomial of degree n of 1/z.
Since the kernel K, (0) is an even function we have

1o flo)  flsmo) ] ¥ (s)
Pz f) = 4722,/0 K, (6) d@/r L@’ OB (§6>] s

Qn(zaf>:

and

1 7" ST ) ’
Y Ty [ T R O A
47124 Jo gl@ §10) ®1 (gl(_e)) ©1 <§1(_9)) ¢—Zz

for z € G and z € G respectively. Then by (2) and (3) we obtain

1 = d
Po(ef) = 15 [ K @) a0 [ [Tf () + Tenf ()] =z €@
and
1 = d
Qu(e.f) = 1 [ K )8 [ [Tf () + Tacnf ()] =5 2 € 67
Taking the relations (7) and (8) into account we finally get
Paef) = 5 [T K ®) [(To)* )+ (Tag) ()] 0. 266 ay)
and
Qn(z, f 27T/ K, {wa (2) + (Tl(_g)f)(z): 9, z€ G=.  (19)

Proof of Theorem 1. Let f € H¥ Ly, (T). By (16) for 2 € G we have
() = ;ﬁ/_?;ﬁ () K. (0) do = ;ﬂ/ 2/ (') K, (6) do.
which together with (18) implies that
() -p(z, 2W/ K, {2f+ () - [(Tgf)+ (=) + (7o) (z)] } do.
Limiting z° — z € T, along all nontangential paths inside I', by (9) we have
FHE =P f) = o / K, — (1) (=) + Se (£ — (Ti-oyf)) (2)] a6
o / K, (0) [(f = (To1) (2) + (£ = (Tof)) (2)] do

for almost all z € I". Now using the norm (1) and later applying the Fubini theorem
and getting the supremum in the integral sign we obtain

| =rn],, =5 [ 7 |19 ()] 1]
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/K )85 (f = Tof) (2) + Self = T ) (]a) | 9 () || =)
+sup / [ KO~ T0p) )+ (= T ) (1] 1 9(2) ] =
<owp [ {5 (K@ 1S (F = To) () |+ 1 807 = o) () 140} | (2) [ d= |
s [{ = [Ka@ [ =To) () |+ 17 =T ) ) 1o} 1 92) ] =)
< o [[Ku {sup/ru S (F =Tf) () | +1 Se(f =T ) () [ 1 9(2) | dz [} a9
b [T @) {sw [[1 0 =T00) () 1+ 10 = Ten $) () [ 9(2) 1 e |} ao
< L LK) 1507 = TPl + [0 (= T f)], o | 0

4 / K |:||f Taf“LM(F) + Hf T f LM(F):| a0,

where the supremums in the above are taken over all functions g € Ly (I'), with
p (g, N) < 1. By virtue of (11) from this we conclude that

| =P )

sy S 010 [ B O {1F = Tof ey + £ = Tof] o b8
and then by definition of w?, (-, ), we have

| =Pcn, <CH/ K, (0) iy (0, F)d (20)
Similarly, for 2 € G~ we obtain

7 ()-u ) = o [[Ka@ {21~ () = [T () + (Tiaf) " ()]} @0

Here letting 2 — z € I along all nontangential paths outside I, by (9) we get

FF@=Qu=h) = 5 /K (S (f = Tif) (2) + 5S¢ (f = T f) (2)] do
o [[Ka0) [Tl = 1) () + (TS~ £) (2)] a6
for almost all z € I". Therefore,
17 = Queh|,, gy < e [ K @ d0{1f = Ty + | = Tic0 ], o}

and by definition of wi,, (-, f) we obtain

|77 =Qutnl,, o S| Ka(@)win 0. 5)d (21)
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If we set R, (2, f) := P, (2, f) — Qn (2, f), then by(10), (20), (21) and by definition
of 0%, (-, f) we get

I1f = Ru s Dl < Hf*—P (-, f) H S LTl s
< 014/ K, ( 0,f)do
< cl5j( K (
- 015/ K, (8) w (nf/n) db
<

crow (1/n) /0 K, (8) (nf + 1) db.
This relation and (17) gives (4).

Proof of Corollary 1. Let f € HEEy (G). Let’s take z° € G~. Since f €
Ey (G) C Ey (G) we have by the Cauchy theorem

= (z) _ b f(g)/ de = 0.

2mJrs — 2

So f7(2) =0 for almost all z € T and hence f = f* a. e. on T'. By (20) we have

1f = Pa i Dy < cn/K )wis (6 1) d0

018/ Kn
0

< crw (1/n)

AN VAN

and hence (5) is proved.

Proof of Corollary 2. Let f € H¥Ey (G~) and 2° € G. Then by the Cauchy
formula we have

2m r¢— 2

Hence f*(z) = f(00) a. e. on T and by (9) we have f = f(c0) — f~ a. e. on I
Now, setting B, (1/z, f) := f(0c0) — @, (1/2, f) and applying the relation (21) we
conclude that

IN

1 =Bl Dy < en | KaO)wi (0:1) a0

021/ Kn
0

cw (1/n),

IA

IN

and the proof is completed.
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