Finite element methods for nonlinear elliptic and
parabolic problems with memory properties
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Preface

In this monograph we outline finite element methods for highly nonlinear bound-
ary value problems of elliptic and parabolic type in 1D and 2D with memory ef-
fects. These problems arise e.g. from a recent topic in the mathematical theory of
electromagnetism, viz the mathematical modelling and numerical evaluation of the
electromagnetic field in magnetic materials showing hysteresis behaviour. Thus, in
particular, we consider parabolic problems with nonlocal Neumann-BCs and we also
consider the coupling of a transient 2D-problem with a vector hysteresis model.

For each of the boundary value problems (BVPs) considered, the following 3
mathematical items are dealt with:

e the variational formulation in suitable function spaces (Sobolev spaces) on the
domain.

e the discretisation in the space variable by a conforming finite element method
with quadratic interpolation functions, followed by a modified Crank-Nicholson
finite difference method for the time discretisation.
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e suitable iteration procedures devised to take into account the strongly nonlin-
ear character of the differential equation (DE), as mentioned above. Actually,
the hysteresis concerns a major difficulty in the analysis.

The fully discrete approximation schemes are validated by comparison of numer-
ical results, obtained by means of the algorithms, with experimental values, where
the latter are available.

An outline of this work is now in order. For those readers who are not familiar
with finite element methods and finite difference methods, a short introduction is
provided. The same holds for the basic concepts of electromagnetic fields.

In Sections 2 and 3 we consider nonlinear parabolic problems with memory in 1D
and 2D respectively, using a scalar hysteresis model. In the 2D case we discuss both
the cartesian and the axi-symmetric setting. In Section 4 we return to a nonlinear
parabolic problem in 1D with memory, now invoking a vector hysteresis model.
The same vector hysteresis model is applied in Section 5, dealing with a 2D elliptic
problem. In each section we briefly state a physical problem, the mathematical
modelling of which precisely leads to the respective type of BVP considered. These
motivating problems all originate from the numerical evaluation of electromagnetic
fields in electric machines. However, the nonlinear BVPs with memory effects dealt
with in this monograph may also arise from other disciplines in engineering and
physics, cf. [1] for a readable, recent account.

1 Introduction

To keep this monograph self contained to a reasonable extent, we present in this
introduction some key features both of the finite element-finite difference methods
used and of the hysteresis behaviour of the magnetic materials considered.

1.1 Finite Element Methods (FEMS)

When describing the basic ideas of the specific FEMs used in this text, we may
restrict ourselves to two model problems of 2nd order elliptic problems on a bounded
interval ) C R or a rectangle 2 C R? respectively, with classical Neumann boundary
conditions (BCs). For the expository purpose we only consider here linear problems.
The modifications required for nonlinear problems will be discussed in some detail
in the specific sections where they are met. The same holds for the problems with
nonlocal BCs. The combined finite element - finite difference methods (FEMs-FDs),
used for the corresponding transient (parabolic) boundary value problems (BVPs),
are dealt with in Section 1.2.

As is well known, a FEM for a BVP rests upon a proper variational formulation
of this problem in suitable function spaces, obtained by applying Green’s theorem
in Sobolev spaces. This is recalled below. Throughout our work, for the sake of
numerical accuracy, in the finite element discretisation of the variational problems,
we shall use a quadratic finite element mesh. Thus, the trial and test functions will
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be taken to be continuous functions on €, which are piecewise quadratic polynomials
— piecewise with respect to the partition or triangulation of €2 in subintervals or
triangles respectively. For a comprehensive account on FEMs we may refer e.g. to
2] and [3].

1.1.1 A 2nd order model problem on a bounded interval

We consider the following inhomogeneous Neumann-problem on the interval 2=]0, 1|

Find a (real valued) function u € H*(Q):

—% [p(x)j—i] + q(x)u= f(x), a.e. in Q, (1.1)
p(0)u'(0) = g1, p(1)u/(1) = g, (1.2)

where the data p, ¢ and f are sufficiently regular (real) functions of z and where g;
and g, are given (real) constants. (The case ¢ = 0 in Q and g; = g = 0, being
disregarded, for the sake of uniqueness of the solution). Here H™ () = W3 (Q),
m € Ny, is the usual mth order Sobolev space on (2, i.e.

H™(Q) ={u € L2(22)| the generalized (distributional) derivatives

d*u/dz® € Ly(2),a =1,...,m} (1.3)

First step: Variational formulation in H'(Q)

We multiply both sides of (1.1) with an arbitrary test function v € H'() and
integrate over €. Next, we use the formula of integration by parts in H'(Q), i.e.

01 Cé—:vdx = w(1)v(1) — w(0)v(0) — /01 wZ—ZdL Yo, w e H'(Q). (1.4)

Invoking the BCs (1.2), the solution u of (1.1)-(1.2), is seen to be a solution of the
following variational problem (continuous problem)

Findu e HY(Q):

a(u,v) = 1(v),Yv € H(Q) (1.5)
where ' dud
a(u,v) /0 (péé + quv)dz, (1.6)
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By the well known Lax Milgram lemma, the existence of a unique, stable, solution
of (1.5) is guaranteed when

dpo > 0 (constant) : p > pg, a.e. in €, ¢ >0 a.e. in €. '

Moreover, (1.5) is seen to be formally equivalent to the problem (1.1)-(1.2). [Notice

that, due to the continuous embedding H*(2) — C°(Q), the trace (yv)(0) of v €
H'(Q) in the boundary point = 0 may simply be written as v(0), etc.]

Second step: Internal approximation of (1.5) — particular choice of a finite element
space

The Galerkin idea of the internal approximation of (1.5) is first to introduce a
suitable function space X,

X, C HY(Q), dimX;, < +oo, (1.9)

and then to rephrase the variational problem in that space. This leads to the discrete
problem
Find up € X, : aup,v) =1(v), Vv € X}, (1.10)

In standard FEMs, X}, is chosen to be a space of continuous functions on 2, which
are piecewise polynomials of some low degree — piecewise with respect to a partition
of Q in elements. To be specific, divide [0, 1] in n equal subintervals (elements) by
0=20< 23 <...<Top_o < To, =1, and let

Xy = {v € C°([0,1])] vis a quadratic polynomial in each element

1
[To—2,xor], 1 < k <n}, (h = — = mesh parameter). (1.11)
n

To identify a suitable basis of X}, we consider an internal node in each element, the
midpoint say, denoted by xor_1, k = 1,..,n, cf. Fig. 1.1. The cardinal basis of X}, is
then defined by

(gpi)?go C X, @i(xj) =6;, for i and 7 =0, ..., 2n. (1.12)
. o el T2kl -
U=x-0 - x;_, Xok 2 Kol xzn:l

Figure 1.1: A wuniform FE-mesh

Notice that ¢; isn’t identically zero only in those elements that contain the node .
Typical basis functions are depicted in Fig.1.2.
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Figure 1.2: (a)The basis function oy on its sup-
port (b)The basis function por_1 on its support

Third step: Algebraic form of (1.10)

First, taking v = ¢;, i = 0,1, ...,2n in (1.10), and next, inserting
2n
un =3y (1.13)
=0

we end up with the following algebraic system:
Find the column matriz [C] = [co, ..., con)? € RZHL
[K][C] = [F], (1.14)

where the stiffness matrix [K] € R*"*xR?*"*! and the force matrix [F] € R*"*x1
are defined as

[K] = [Kij]OSi,j§2n and [F] = [F(], ...,an]T (115)
with

Kij = a(pi, ¢5), Fi = l(¢1). (1.16)

The matrix K is symmetric. Due to the particular choice of the basis functions,
K is seen to have a band structure with bandwidth 5. Moreover, the conditions
(1.8) guarantee K to be positive definite and hence also non-singular. [In fact, the
Lax Milgram lemma automatically implies the problem (1.10), and, equivalently,
the algebraic problem (1.14), to have a unique solution].

1.1.2 A 2nd order model problem on a rectangle
We consider the following Neumann-problem on a rectangle Q0 C R2.
Find a (real valued) function u € H*(Q):

—div (p(x)gradu) + qu = f(z), a.e. in Q (1.17)
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p% = g(z), a.e. on 0N (1.18)

where © = [z, z5] and where p,q,f and g are sufficiently regular given functions of
z (now the case ¢ = 0 in Q, g = 0 on 0f) being excluded). Here the Sobolev space
H™(Q) = W3 (), m € Ny, is given by

H™(Q) = {u € L2(92)| the generalized (distributional) derivatives

olal
Du=—o € [0
= papang < L)
for all a = [ay, ] € N2, with |a] < m,|al = a; + ag} . (1.19)

Moreover, in (1.18), g—z € Ly(92) denotes the generalized normal derivative of u, i.e.

Ou —( a_“)n +( @)n
on Wﬁxl ! 78@ 2

[n1,n2] = n = the outward unit normal vector to OS2 (1.20)
where v: HY(Q) — Ly(99) is the usual trace operator.
First step: Variational formulation in H'(Q)

We now lean upon Green’s formula, viz

ow

Q O0x;

ov . 1
vdr = /89(711’)(%7)”@'0[5 - /Qwa%df, i=1,2 Vvandwe H () (1.21)

to arrive at

Find v € H(Q) : a(u,v) = l(v),Yv € H (), (1.22)

where
a(u,v) = /Q[(p gradu)gradv + quv)dz, (1.23)
l(v) = /vad$ + /mg(vv)ds. (1.24)

Under the conditions (1.8) the Lax Milgram lemma again guarantees the existence
of a unique solution of (1.17)-(1.18).

Second step: Internal approximation of (1.17)-(1.18) — particular choice of a finite
element space

To construct a finite dimensional subspace X; of H'({), we may consider a
partition 7, of Q in triangles (elements) K. For the conventions tacitly made in
such a triangulation, see e.g. [2].

We take

X, = {v e C"(Q)] v is a quadratic polynomial in each element K € 7,}  (1.25)
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(h = mesh parameter = length of the longest side in 7,.)

To identify a suitable basis of X}, recall that a quadratic polynomial on a triangle
K is uniquely defined by prescribing its value in the 3 vertices of K together with its
value in 3 side points, the midpoints of the sides of K, say. Let [z}, 23], 1 <i < N,
be the set of all nodes, i.e. the set of all vertices of all triangles K € 7, and of all
midpoints of all corresponding sides. The cardinal basis of X}, is defined by:

()N, C Xy, wi(x],2h) =6 foriandj =1,...,N. (1.26)

The support of ¢; is the union of the triangles sharing the node 7. In particular,
when i refers to a side midpoint not belonging to 0f2, there are 2 triangles sharing
that node. For a vertex node 7 not lying on 02, ¢, is graphically represented by a
6-sided, quadratically curved pyramid resting upon the 6 triangles that share the
node 14, its top lying vertically above that node at the height 1.

Third step: Algebraic form of (1.10)

The equivalent algebraic version of the discrete problem (1.10) is obtained simi-
larly as in (1.14). A major task is to construct the stiffness matrix K and the force
matrix F. In practice this is performed by splitting the involved integrals over €2
and 0f) into contributions coming from the individual elements K € 7, and their
eventual sides on 02 and to reduce the element computations to a fixed master
element K and its sides by means of an affine, invertible transformation. In most
cases the integrations over K and its sides may be simplified considerably by using
appropriate quadrature rules.

1.2 Finite Difference Methods (FDMs)

For the transient BVPs of the parabolic type, encountered in this work, we will
apply a combined FEM-FDM. Beginning with the space discretisation by a FEM,
we arrive at an inital value problem (IVP) for a system of 1st order ODEs for the
time varying nodel values ¢;(t) of the approximate unknown uy(x,t) in the nodes
r=ux;, 1 <1< N, of the FE-mesh. This IVP is solved numerically by a FDM. We
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are led to a recurrent set of algebraic systems to be solved at each subsequent time
point t; of a time partitioning, cf. Section 7.4 in [4].

Below we illustrate the basic ideas for a simple model problem in 1D, which again
is chosen to be linear. The modifications required when dealing with a nonlinear
problem are discussed in some detail in the specific sections where these problems
are met.

A model parabolic problem

We look for a smooth function u(z,t), 0 < z < 1, t > 0, which obeys, in a weak
sense, the DE

ou 0%u
— =K 1 1.2
T max2,0<x< , >0, (1.27)
along with the BCs
K'u/(07t) = gl(t)7 I{Ul(l,t) = gQ(t)7t >0, (128)
and the 1C
u(x,0) = ug(z),0 <z < 1. (1.29)

Here g; and g are given, sufficiently regular functions of time; wug is a given, suffi-
ciently regular function of z and x > 0 is a given constant (e.g. a diffusion parame-
ter).

First step: Variational formulation

Treating the time variable ¢t as a parameter and proceeding similarly as above,
we arrive at the following variational formulation of the problem (1.27)-(1.29):

Find a function u(z,t), which has the properties that u(.,t) € H(Q) and
%(.,t) € Ly(Q2) for each t > 0 and which obeys:
Ju Ju dv
(E’U) + ’f(%> %)

along with the IC' (1.29).

= —g1()v(0) + ga(t)v(1), ¢ > 0, Yo € H'(Q), (1.30)

Here, for brevity, {2 denotes again the open interval ]0,1[, and (.,.) denotes the
Lo (§2)-inner product.

Second step: Semi-discrete (time continuous) approzimation by a FEM

Retaining the space X, (1.11), we approximate the problem above by
Find a function up(x,t), with up(.,t) and %Lf(.,t) € Xy, for each t > 0,
which obeys

0 Ouy, d
(%,U) + H(%> é) = —g1(t)v(0) + g2(t)v(1), t > 0, Yv € X}, (1.31)
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along with

where u) € X), is an appropriate approximation of ug (for instance the Lo(€2)-

projection of ug on X3). When uy € C°(Q), we may take u} to be the piecewise
Lagrange interpolant of uy in the FE-mesh. Denoting

2n
un(.,t) = ci(t)p;, t >0, (1.33)
i=0
and )
i=0

we may rewrite (1.31)-(1.32) as the following IVP:

Find [C(t)] = [co(t), e1(t), ..., can(t)]T which obeys

[M]% + [K][C] = [L], (1.35)
[C(O)] = [B] = [bo,bl, ...,bgn]T. (136)

Here, the mass matrix [M], the stiffness matrix [K] and the force matrix [L] read

[M] = [Mijlo<ij<an, Mij = (@i, 5), (1.37)
de; dp;
(K] = [Kijlo<ij<on, Kij = K(E’ d—aj), (1.38)
and
[L] = [_gl(t)70707'-'70792(t)]T (139)

respectively, where for the latter matrix the definition relation (1.12) is explicitly
used.

Third step: O-family of finite difference schemes (cf. Section 7.4 in [4])

Let At be a time step and let t,=k.At, k € N, be the corresponding equidistant
time points. Let moreover 6 € [0, 1] be a parameter. We define an approximation

[CW) ~ [C(te)], k= 1,2... (1.40)

by means of a recurrent set of algebraic systems, viz

A IE L eyoiem) + 1 - (et -
O[L(t)] + (1 — O)[L(trv)], ke = 1,2... (1.41)

starting with .
[CO)=[C(0)] = [B] (1.42)
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When useful, we may approximate [C(t)] for t,—1 < t < t; by means of linear
interpolation between [C*~1] and [C®)].

The coefficient matrix [M+K6At] resulting from (1.41) is symmetric and positive
definite and thus also non-singular. Notice that for # = 0 and 6 = 1 we get the
explicit and the implicit Euler scheme, respectively. The choice 6 = % leads to
the Crank-Nicholson scheme, which, we recall, is unconditionally stable and shows
O((At)?)-accuracy (whereas, the two Euler-schemes give only O(At)-accuracy, the
explicit scheme being moreover only conditionally stable).

1.3 Basic equations in electromagnetism
1.3.1 Maxwell equations and constitutive laws

It is well know that in electromagnetic field theory the magnetic field H [A/m],
the electric field £ [V/m] and the magnetic induction B [T] are connected by the
Maxwell equations [5]:

_ - 0D
H= — 1.4
rot J+ BT (1.43)
_ OB
E=—— 1.44
rot T (1.44)
divB = 0. (1.45)

Here J is the electric current density, while D is the electric flux density, itself related
to the electric charge density p [C'/m?] by

divD = p, (1.46)

In general, p and J are given quantities, while D, H, E and B are unknown vector
fields. In addition to these Maxwell equations 3 constitutive laws have to be imposed,
viz

B = B(H) (1.47)
J=J(E) (1.48)
D = D(E) (1.49)

In this monograph, the relation (1.48) will be assumed to be linear,

J=o0k& (1.50)

where o [S/m] is the electrical conductivity. Moreover, as capacity effects may be
neglected in this work, p and %—? may be taken to be zero and thus (1.49) may
be disregarded. For the problems considered in this text, the constitutive relation
(1.47) is a strongly nonlinear one, corresponding to the memory properties of the

material ("hysteresis properties’):

B = B(H, Hyas) (1.51)
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Here, the dependence on the past values of the magnetic field vector (‘memory’) is
denoted by flpast, for shorthand. The complex form of this constitutive relation will
constitute the major difficulty in the evaluation of the electromagnetic field. To illus-
trate the complexity of this relation, in the next subsection, we briefly discuss some
experimentally observed properties, for the simplified case that the magnetic field
vector H and the magnetic induction vector B are uni-directional (their magnitude
being denoted by H and B respectively).

1.3.2 Hysteresis behaviour

In order to build models of the magnetic hysteresis phenomenon, we will begin with
an analysis of experimental magnetisation curves, giving B as a function of H (and of
H,ast), and we point out their fundamental characteristic features. These properties
are discussed theoretical in great depth by Mayergoyz in [14]. From this reference
text we adopt some terminology. First, we notice that B is not a single valued
function of H, precisely due to the hysteresis. As a consequence, in the BH-plane a
cycle or loop is observed. Next, a limit cycle is obtained as that BH-curve where H
varies from H,,q. t0 -Hpar and back to Hy,ee when H,,4, tends to infinity. Moreover,
when the time varying magnetic field shows local extrema minor loops inscribed in
larger BH-loops will occur.

Symmetry property

A property of almost every magnetic material is the symmetry with respect to the
origin (H=0,B=0) of the BH-curves occurring for opposite evolutions, see Fig.1.4,
i.e. when H(t) is symmetric with respect to the origin,

Nonlinearity and memory

The detailed relation between the magnetic induction B and the magnetic field
strength H in electrical steel is very complex. However, some specific properties may
be observed. Asshown in Fig.1.4, the relation between B and H is strongly nonlinear
and non single valued. Moreover, each point within the limit cycle may be reached
in various ways. One of the most important properties of these nonlinearities is that
the relation between B and H at each time point depends on the excitation enforced
to the material in the past. The material is said to have a memory in which the
history is stored. It is clear that the extreme values of H have an important influence
on the BH-characteristic.

We also observe that, when a minor order loop is closed, the BH-characteristic
behaves as if the minor order loop has never existed. The minor order loop is evaded
from the memory.

Accommodation

Experiments also show that hysteresis loop are often preceded by some stabil-
isation process. This means, for instance, that when the magnetic field changes
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Figure 1.4: Symmetry, Non linearity and Figure 1.5: Evading a minor order loop
memory property

from one time-periodic variation to another, the magnetic induction B also obtains
a new time-periodic variation after some transients. Thus, a considerable number
of periods may be required before a stable minor loop is achieved, see Fig.1.6. This
stabilisation process is called the reptation or accommodation process. In some cases
the accommodation process isn’t negligible, so that it must be modeled.

Noncongruency

Finally, in Fig.1.7, a measured BH-relation is given with five minor order loops.
Each minor order loop is enclosed by the same minimum and maximum value for
the magnetic field strength H, but corresponds with a different induction level B.
We see that these minor order loops are non-congruent.

2 1D Nonlinear Parabolic Problems with a scalar hysteresis model

2.1 A motivating physical problem and its mathematical model

The evaluation of the electromagnetic losses in electrical machines is based upon a
magnetodynamic model for one lamination of the material, see Fig.2.1, where the
thickness 2d of the lamination is very small relative to its width 6. This model starts
from the well known Maxwell equations, (1.43), (1.44), (1.46) and (1.45).

Throughout the lamination, which is assumed to be isotropic, the time dependent
flux reads ¢ = ¢1. (per unit length in the y-direction), with

1 d R
= - B -1.dy. 2.1
o=y [ o [, B Ty (2.1
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Figure 1.6: Accommodation Figure 1.7: Non-congruency

Figure 2.1: Magnetodynamic model of one lamination
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Neglecting the end effects, as d << b, and taking into account the isotropy as well
as the symmetry in the lamination, we have

H = H(z, D1, = H(—z, 1)L, (2.2)
B = B(x,)L. = B(—z, 1)L, (2.3)
J=J(x, t)1, = —J(—x,t)1, (2.4)

Finally, invoking the constitutive relation (1.50) we arrive at

190°H 0B
- - ) 2.
o at,0<x<d,t>0 (2.5)

This differential equation (DE) must be completed with the appropriate boundary
conditions (BCs) and initial conditions (ICs), viz

OH(x =0,t)
ox

OH(z =d,t) odd

= = —— 2.
0 Ox 2 dt (2:6)

and
H(x,t=0)=0. (2.7)

The first BC reflects the symmetry in the lamination. The second BC follows when
combining (2.5) with the symmetry and with the definition of the flux ¢(¢), (2.1),
through the lamination. Finally, the IC (2.7) corresponds to the demagnetized state
of the material.

To obtain a well posed boundary value problem (BVP) for H(z,t), B must be
eliminated from (2.5), by means of the material properties. For this purpose, in
the next section we lean upon a suitable hysteresis theory, more precisely a rate
independent and next a rate dependent Preisach model.

The aim is to determine the B H-relation from this mathematical model, as this
relation will allow us to evaluate the iron losses, during a time interval [t1,t2], with
length equal to an integer multiple of the period of the enforced magnetic field Hy(t)
or enforced magnetic induction B,(t), according to the formula

E= ttz Hb(t)djadt (2.8)

where
B.(1) = 2. 29)
Hy(t) = H(z = d, ). (2.10)

In practice two types of problems may occur: either the average flux B,(t) in the
lamination is enforced, from which the magnetic field strength Hy(t) at the surface
of the lamination must be derived, or vice versa.
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2.2 Classical Preisach model versus rate-dependent Preisach model

In the Preisach model, the material is assumed to consist of small elementary dipoles.
We first discuss the basic properties of such a dipole and next we comment on the
Preisach model itself.

2.2.1 Behaviour of the elementary Preisach dipole

The elementary dipoles, composing the ferromagnetic material, are characterized by
two parameters, namely the switching fields o and (3, entering the Preisach model,
[6].

! _I_,v’,
TYeE-i-777 £=5000Hz
S : ]

gy a0 4 £=50Hz

S BT =

asym. case I N 5
-0.4 +asyn T N P

-0.6 T

-0.87 (AJm) asym. case

1o +tAlm) ; i . ,
=300 -200 -100 4] 100 200 300

Figure 2.2: (My,H )-characteristics Figure 2.3: Enforced H(t)

In the classical (rate independent) Preisach model (CPM) the magnetisation M,
of the dipole only takes the value +1 or -1, see Fig.2.2 (dotted line). Explicitly,

Mo — +1 :H(t)>aor (< H<aand Hys > @) (2.11)
7 =1 :H{t)<Bor (f<H<aand Huy < ) '

Here Hj,s is the last extreme value kept in memory outside the interval [3,a]. Thus
the CPM is rate-independent.

In the rate dependent Preisach model (RPM) of [7] the dipoles are assumed to
switch at a finite rate, proportional to the difference between the local magnetic field
H(t) and the elementary loop switching fields a and 3. The factor of proportionality,
denoted by kg4, is a material parameter. Explicitly, the evolution in time of the
magnetisation M, is given by

ka(H(t) — ) ,if H(t) > a and My < +1
=1 kq(H(t)—p) ,if H(t) < and My > —1 (2.12)
0 , in the other cases

dM,
dt
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Figure 2.4: Frequency dependency of the area enclosed

To give an idea of the (Mg, H )-characteristic of one dipole in the RPM, we consider
two relevant examples.

Example 1 (Symmetric case)

For the imposed magnetic field H(t), represented by the dashed line in Fig.2.3, the
corresponding (Mg, H)-loops are shown in Fig.2.2 (dashed and dash-dotted). As
may be observed from Fig.2.2, the dipole can switch on completely for sufficiently
low frequency, while this is no longer the case for higher frequencies.

The area enclosed by the (My,H)-loop during one cycle is given in Fig.2.4 as
a function of the frequency, for the indicated set of data. Below a first critical
frequency fy 1, the extra enclosed area in comparison with the case of the CPM
is proportional to y/f. Above a second critical frequency fi2, the total area is
proportional to % and may become smaller than the classical area 2(a — (3). In the
latter case the Preisach dipole does no longer switch completely from +1 to -1 and

from -1 to +1.
Example 2 (Asymmetric case)

A more complex situation results for the imposed magnetic field, represented by
the solid line in Fig.2.3. Due to the asymmetry of the field strength relative to the
a-f parameters, the corresponding (Mg, H)-characteristics are asymmetric as well,
as shown in Fig.2.2 (solid line).

2.2.2 Material characterisation

The relative density of the Preisach dipoles is represented by the distribution func-
tion P(a, 3), cf. [6] and [7]. Correspondingly, the induction B(H (t), Hpast(t)) takes



Finite element methods for nonlinear elliptic and parabolic problems 17

200 T
o4
100 T
(&/m) :
0 1 :
b
l
-100'!' !
i |
-200+ g
. _x107? %
0 1 2 () 3 ¢ 4 5

Figure 2.5: The variation of the magnetic field H in the interval [0,ty]

the following form in the Preisach model:

BUIW), Hpua®) = 5 [ de [ agn(e,s0P(a,0). (213)

Here, P(«, 3) is assumed to be negligible small when either o > H,, or § < —H,,,
where H,, is directly obtained from the experimental evaluation of P. Moreover
n(a, ,t) is the value at the time ¢ of the magnetisation M, for the dipole with the
parameters a and 5. From (2.11) or (2.12), n(«, 3,t) obviously depends on H(t)
and Hp,s(t). Of course, this leads to the induction B to depend upon the magnetic
field H(t) and its history Hp.s:(t).

To illustrate in a theoretical way, the difference between the CPM and the RPM,
we consider the variation of the magnetic field H as shown in Fig.2.5 for a chosen
time interval [0,tp]. The two models are compared on two levels: the function 7 in
the (a,()-plane and the BH-relation obtained by (2.13).

As mentioned above, in the CPM, n(«, §,t) only takes the values +1 or -1. The
region (—H,, < a < H,,, —H,, < # < «) is divided into two subregions ST and S~
where n(a, 3,t) equals +1 and -1 respectively. The interface between S~ and S*
is determined by H(t) and Hp.s(t), as described in detail in [6]. Fig.2.6 shows the
function 7 at time point ¢ = t.

For the CPM, (2.13) becomes:

B(H (1), Hyaa(1)) = 5 / dadp P(a, §) — / dads P(a, ). (2.14)

More generally, when the field strength H varies monotonously in time, the variation
of the induction B, in absolute value, is given by:

AB(H(!), Hyualt)) = [ dadBP(c.3) (2.15)

where Dj is the region in the («,()-plane in which the dipoles switch from one
polarisation to the opposite one.
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Figure 2.6: Typical Preisach diagram
for the CPM and for the RPM at time
point t = to when considering the H-

Figure 2.7: BH relation obtained by
the CPM and the RPM when consid-
ering the H-variation in Fig.2.5

variation in Fig.2.5

In the RPM however, n(a, 3,t) varies (at each fixed time t) within the whole
range from -1 to +1, according to (2.12). Now, the function 7 can be visualized for
each time point in the (a,()-plane using n-isolines. Fig.2.6 shows the n-isolines for
the time point t = t.

Finally, using (2.13), we obtain for the RPM the BH-relation given by the full
line in Fig.2.7, while the CPM results in the BH-relation in dashed line. These
BH-relations correspond to the time interval [0,to] in Fig.2.5.

2.2.3 Relation between %2 and H

In view of the magnetodynamic model, %—? must be related to the magnetic field

H(t), both for the CPM and for the RPM. In the former case one simply has

0B 0BOH OH
_—— = tHast—,t>07 216
Here, the introduced function pg is the ’differential permeability’ of the magnetic
material. It can be derived numerically from the Preisach model using (2.13), the
latter making evident the dependency of pg on H(t) and Hpas(t).

In the RPM however, (2.13) combined with (2.12), written out for n(«, 3,1t),
leads to:

0B OH

E = ,urevﬁ + kl(H(t)7Hpast(t)) -H — k2(H(t)7Hpast(t))7 t>0

(2.17)
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with
k‘d kd
ba(H0), Hyawlt)) = 5 [ Pl B)dadd+ 5 [ Plaf)dads (219
and
k k
o (H(2), Hpa (1)) = [ aP(e A)dads + > /D  BP(@.B)dadd. (2.19)

Herein ji,.¢, is the reversible differential permeability. D; and D, are the domains
in the Preisach plane that represent dipoles in an intermediate state, switching to
positive and negative saturation, respectively. Of course, the time dependency of
Dy and D, is through the magnetic field H(t) and its history Hpast(t).

2.3 Combined magnetodynamic model - hysteresis model

In the CPM-case, combining (2.16) and (2.5) we get

2
O aH 1), Hyalr, 1)L 0<w<d t>0,  (220)
o Ox2 ot

where now p4 also depends on the space variable, through H(x,t) and Hpas(,1t).
Similarly, in the RPM-case, we arrive at

10°H OH
o oz = Hrev gy TR (H (0, 8), Hyast(@, ) H = ka(H (2,1), Hpaw(2,1)),

0<z<d, t>0, (2.21)

where the functions k; and ks have a similar form as (2.18) and (2.19) respectively,
however now showing the z-dependency too.

As stated above, to these respective governing DEs for H(x,t), we add the BCs
(2.6). Finally, the IC will be taken to be

o n(z,a,0,t=0)=+1 whena+ <0
H(z,t=10) = O’{ n(x,a,5,t=0)=—-1 whena+ (>0 "’ (2.22)
reflecting the chosen initial state of the material at ¢ = 0. This initial state corre-
sponds to the state reached after a sufficiently long time during which a magnetic
field is enforced of the type

H(t) = Hye “cos(2r ft), (f: frequency ) (2.23)

where H,, is defined by (2.13) and 0 < € < 1. By definition, that limit state is
the ’demagnetized’ state of the material. According to the Preisach model, in that
state, the magnetisation of each dipole is precisely given by (2.22).
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2.4 Variational formulation

Case of CPM

We proceed as in Sections 1.1-1.2. Explicitly, let W (]0,d[) be the usual first order
Sobolev space on the interval |0, d[. Multiplying both sides of (2.20) with an arbitrary
test function w € W3 (]0, d[), integrating over the interval ]0, d[, invoking the formula
of partial integration in Sobolev spaces, (1.4), and applying the BCs (2.6), we arrive
at the following variational problem:

Find the function H(x,t), which for each t > 0 fulfills H(.,t) €
W3(]0,d|), with 8H( ) e 1,()0,d[), and which moreover obeys

d(‘)H td (9H t) d) d
—/ (z, wlz /,Ud (z, ()df:w—é)df,

Vw € Wy (]0,d[),Vt > 0 (2.24)
along with the IC' (2.22).

This variational problem may be shown to be formally equivalent with the original
BVP (2.20)-(2.6)-(2.22).

Case of RPM

Proceeding similarly for (2.21), the variational equation now reads

_/d OH(x,1) dw / vaaH (z,?) (x)dx+/0dk:1(:v,t)H($,t)w(x)dx
= /Od ko(x, t)w(x)dx + %% Yw € Wzl(]o,d[), vVt > 0. (2.25)

Here, for brevity, we denoted k1 (x, t)=k1(H (x,t), Hpast(x, t)) and similarly for ko (x, t).

2.5 Finite Element Approximation

We apply the method described in Section 1.1. Consider the 2n+1 equidistant nodes
0= < 22 < ..T2 < Topy1 = d. Denote Q =|0,d[ and introduce the function
space

Wi = {v € C°(Q); V][ 1.00.11) 1S @ polynomial of 2nd degree,1 < s < n}

C Wy (Q) (2.26)
Let (¢;(7))7* be the canonical basis of Wj,. Thus,
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Case of CPM

Following e.g. [4], we construct a FE-approximation of (2.24) by determining the
function Hy,(z,t) € W(Q), for ¢t > 0,
2n+1 _
Hy(z,t) = > alt)pi(z), v€Q, t>0, (2.28)

i=1

which obeys the discrete version of (2.24), viz

1 4 0Hy(z,t) dw(x) d  OHp(z,t) _ w(d) do
o /0 Ox dx de+ /0 P51 w(z)de =

2 dt’
Yw e Wy, t>0 (2.29)
along with the IC

n(z,a,0,t=0)=+1 a4+ <0

n(z,a,0,t=0)=-1 :a+F>0 ' (2.30)

Hy(z,t=0) = O,{

Here, we have deliberately approximated the space dependency of the differential
permeability pq by passing to ji4, defined by

,&d(I, t) = Hd($23> Hh(I2s> t)> Hpast,h($28> t))7

Tos 1 < T < Xogy1, 1 < s<n,t>0. (2.31)

Thus, we have discretized the space dependency of 1y by means of the values in the
element midpoints, being consistent with the finite element method and resulting in
a manageable memory data.

The resulting initial value problem (IVP) for the nodal values Hj(x;,t) = ¢;(t),
t > 0, reads:

Find the column matriz [C(t)] = [c1(t), ..., cans1(t)]T which obeys

d|C
0% k01 = 110> 0 2.32)
along with
— 77($s>04>ﬁ>t:0)=+1 :Of+ﬁ<0
WO”—O’{n@is,a,ﬁ,t:m:-l a+f>0 tSssm (239

Here, the mass matrix [M], the stiffness matrix [K] and the force matrix [F] have
the form:

d
[M(t)] = [Mijhi<ij<onsi, My :/0 flaspipjdr, (2.34)

1 rdde; dp;
(K ()] = [Kijhi<ij<ont1, K= p e d—; ’

(2.35)
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1d
[F(t)] = [Filicicont1,  Fi= §d_f5i(2n+1)' (2.36)

Case of RPM

Proceeding in a similar way, the IVP for Hy,(z,t) ~ H(x,t) shows the same form as
(2.32)-(2.33), however with the mass, stiffness and force matrix now being defined
by

[M(#)] = [Mi]<ij<onta, Miy = /Od firevpipjd, (2.37)
[K(8)] = [Kijh<ij<ant, Kij = % Od Zﬁi%dx - /Od ka(w, ) pi(@)ps(w)de (2.38)
[F(t)] = [Filicicon1, i = /Od ko (0, t)pi(x)da + %Z—f@(znm- (2.39)
Here, for g=jiev, g=k1 and g=k,, we put
g(x,t) = g(as, t), xos—1 < & < Tasy1,1 < s < n,t>0. (2.40)
For brevity we denoted
ki (2, t) = ki (Hy (2, t), Hypast (., t)) (2.41)

and similarly for ky(x,t).

The IVP’s (2.32)-(2.33), where the mass matrix, stiffness and force matrices are
given by (2.34)-(2.36) in the case of the CPM and by (2.37)-(2.41) in the case of the
RPM, are nonlinear. Indeed in the CPM-case the elements of [M] depend on the
(approximated) differential permeability fi; that is a function of the (approximated)
magnetic field Hy,(z,t) and its history Hp past(2,t). Similarly, in the RPM-case, the
elements of [M| depend on fi,¢,, that is a function of Hy(z,t), while the components
of the stiffness matrix and of the force matrix depend on ki and ks respectively,
both being functions of Hy(z,t) and Hy, past(,t).

2.6 Time discretisation: Modified Crank-Nicholson method

The nonlinear IVPs derived above will be solved numerically by a suitable FDM,
viz by a modified Crank-Nicholson scheme, cf. the procedure described in Section
1.2, combined with an iterative procedure. Thus, we will properly take into account
the hysteresis behaviour of the material, reflected in the dependence of pg on H
and Hp,s in the CPM-case and reflected in the dependence of fi,¢, on H and in the
dependence of Dy and Dy on H and H,,s in the RPM-case.

Case of CPM

Let At be a time step and let t;=] - At, [ = 1,2,3,4,..., be the corresponding
equidistant time points. We want to define an approximation H}(z) of Hy(x,t;),

2n+1 2n+1

Hf(x) = ; Moi(x) = Y eit)pil), (2.42)

i=1
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by means of a recurrent set of nonlinear systems for
(V) = [Cgl),cgl), ...,cgl,)LH]T,l =1,2,.... (2.43)

First, notice the discontinuities with respect to time of the differential permeability
fa(Tas, t) = g—fl,]z(ff%t)’ (2.31), in two cases: (a) when %2+ changes sign, (b) when a

minor order loop is closed, cf. Fig.2.8. From (2.32) we get

/ " [M]%dwr ) | "t = / "R > 0. (2.44)

To properly take into account the possible jump of fig(x2s,t) in the interval [t;, ¢11],
we approximate the first term as

/ttm[M]% dt ~ [MUD]([C0D] — [HED)) 4+ (MO ([HED) - [€©),  (2.45)

where [M"] is a square matrix and [He(?[l)] is a column matrix, defined by
. d
MY :/0 fia(x, t)pi(x)p(x)de, i,j=1,..,2n+1, (2.46)
1
He(lm—lté)r—l = g[cglr—’_—ll) + Cg?—l]? r= 17 w1 + 17 (247)
(TS cgf_ll) + c§9_1 if there is no jump of fig(x,t) in [t;, t41
Heptor =4 2
erner Gort, if there is a jump of fig(z,t) in [t;, t141]

r=1,..n. (2.48)

Here, ga, 4, is the approximation of the extremal value of ¢, (t) in the interval [¢;, ¢;11],
as shown in Fig.2.8 | corresponding to the cases (a) and (b) mentioned above. More-
over in (2.46), fiq(x,t;) stands for the approximation of ji4(z,¢;), (2.31), which is
found when we use H}(x), 1 < p <[, to describe the dependency on the magnetic
field and its history up to t = t;.

Let 0 < 6 <1 be a parameter of the method. We approximate the 2nd and 3rd
term of (2.44) as follows

K] /t:m [Cldt ~ [K](0[CUHD]) + (1 — 6)[CD))At, (2.49)

/t:l“ (Fldt ~ (0[F (ti2)] + (1 — 0)[F(t)])At. (2.50)

Finally, combining (2.45), (2.49) and (2.50), we get from (2.44)

(B o) e = (B2 - o ) e

At At

' (WH)Z Wm]) (HEE) 4 0(F ()] + (1= O)[F@), 1=0,1,2... (251)
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Figure 2.8: Parabolic interpolation arc for
the magnetic field (upper curve); correspond-
ing differential permeability (lower curve)

along with
[CcO] = 0. (2.52)

As the matrix [M+1)] and the matrix [He(?[l)], introduced in (2.46) and (2.47)-(2.48),
depend on the unknown H;',, (x), we set up a Newton-Raphson iteration procedure to
solve the nonlinear system (2.51) at each time point ¢ = ¢;. The approximation of C'"
at the k-th iteration level is denoted by C'W:(*). The corresponding approximation of
(2.28) is written as H,(Ll)’(k) (x). In the final iteration level n; we write H,(Ll) = H,(Ll)’("l),
which is then used as the input for the iteration procedure at the subsequent time
point ;4.
In practice, convergence has been observed in 4 iterations.

Case of RPM

Let again 0 < 6 < 1 be a parameter of the method. We now define an approxima-
tion H} (z) of Hy(x,t;), (2.42), by means of the following recurrent set of nonlinear
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systems for [OW], (2.43), [ = 1,2, ...,

Tr(1+1) ~ 7 (+1) -
<[MAt ] + Q[K(l—i-l)]) [C(l+1)] - <[MAt ] —(1- 9)[[((1)]) [C(’)]

+OFUI (1 -0 [FY], 1=0,1,2,..., (2.53)

along with
[C©] =0, (2.54)

Here, the approximated mass matrix (M) ~ [M(t)], stiffness matrix [K?)] ~
[K(t;)] and force matrix [FF(V] ~ [F(t;)] are defined by

M(l / :urevgplgpj (255)
o _ L [tdeidy; SOV )
K == [ == / O @)ei() g5 (w)de, (2.56)
1dg
/ B (@)ps(w)da + 5 2 0ionn), (2.57)
with
i, = (1= 0)fireo (H () + Oftres (H (). (2.58)

Moreover, k" (z), appearing in (2.56), is the approximation of ki (z,#;), (2.41), that
is found when we use H;(r), 1 < p <1, to describe the dependency on the magnetic

field and its history up to t = t;; lzrgl) (x) is obtained in a similar way.

As the mass, stiffness and force matrices, entering (2.53), all depend on the
unknown, as just mentioned, we again set up a usual Newton-Raphson iterative
procedure to solve the nonlinear system (2.53) at every time point ¢;. Again, in
practice, convergence has been observed for 4 iterations.

2.7 Experimental Validation

The magnetodynamic model, including either the CPM or the RPM, as well as its
FE - FD discretisation, as outlined in this chapter, has been verified by numerous
experiments. The numerical results obtained for relevant physical quantities, such
as the BH-loops and the iron losses, are in good agreement with the values obtained
by measurements.

Here, we consider two materials with different magnetic structure, referred to as
Mat.1 and Mat.2. The former is a material with high carbide contents and large
mechanical stresses. Mat.2, known as V-450-50-E in the classification of [8], results
from Mat.1 by the process of decarbonizing and stress relieving. We compare the
quasi-static and the dynamic behaviour of the two materials.

The quasi-static behaviour is obtained at sufficiently slowly varying period mag-
netic fields, such that a BH-loop occurs in which dynamic effects can be neglected.
Typically we can take 10 seconds for one period.
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A. Quasi-static characterisation

Fig.2.9 shows the measured Preisach functions P(«, (3), being introduced in Section
2.2.2. for Mat.1 and Mat.2. The Preisach function is measured by the technique of
[9], which is based upon the Everett theory. Notice that the Preisach function for
Mat.1 shows two extrema, while Mat.2 shows only one extremum. As a test for these
Preisach functions, Fig.2.10 and Fig.2.11 show a very good agreement between the
quasi-static measured B H-loops and the loops obtained from the hysteresis model.

a (A/m)
200 100 0] -100 -200
l ] 1 !

] M: : ‘ 800
-2001 ar. -
AP=150,1076 B

(A/m)
0 400 1
(A/m)
0, 5

B

100 |
400+

200 J
— =800~

Figure 2.9: Preisach function P(«,[3) for Mat.1 and
Mat.2, AP denoting the difference between 2 neighbour-
ing isolines of the Preisach function. The most inner

1soline is the one with the highest P-value, denoted by
Pmam

B. Dynamic characterisation

We now consider the following type of excitation: we enforce the time dependent
magnetic field strength at the outer boundary of the lamination, denoted by H,(t).
The average magnetic induction B,(t) through the lamination is a direct result. The
calculated and the measured dynamic B, H,-loops are observed to coincide, which,
of course, results in a striking good agreement between the numerically obtained
and the measured values of the total iron losses. The numerical values are evaluated
from the expression (2.8).

The electrical conductivity o, entering (2.20)-(2.21), is directly measured. It
takes the values 0=29.2 10° and o =30.7 10° for Mat.1 and Mat.2 respectively. The
parameter 6 in Section 2.6 is given the value 0.5.

B.1 Limit cycles
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The enforced magnetic field Hy(t) is taken to be a piecewise linear function of time,
namely the piecewise linear interpolant of the extremal values Hy(¢;) in the successive
points ¢;, i=0,1,2,...

For brevity we denote this as:

le(t)]:lO Hy(t1) Hy(ts) ... Hy(t;) Hy(tisr) ]
t 0 t to t; tiv '

Mat. 1

For this material the CPM is found to be sufficiently accurate for describing the
dynamic behaviour. Fig.2.12 shows the B, Hy-loops, corresponding to the field

l Hy(t) ] _ l 0 1200 —1200 1200 —1200 .. ] = 5008z,
t 0 = == v TF
ay ay af ay
while Fig.2.14 gives the total iron losses for one cycle as a function of the frequency
f
Mat.2

The hysteresis behaviour of this second material can no longer be described ade-
quately by the CPM. Instead, this behaviour turns out to be rate-dependent. How-
ever, it can be modelled correctly by the RPM, with & = 55m/As. (Moreover, this
value itself is observed to be frequency independent). Fig.2.13 and Fig.2.14 show
the B,Hy-loops and the corresponding total iron losses respectively; the measured
values are compared with the numerical values (obtained by both using the RPM
and the CPM). In this case the enforced excitation reads

[Hb(t) ] _ [ 0 400 —400 400 —400 £ — 500H

t 0 % i a1
For the FEM we typically take n=10 (quadratic) elements. In the time discretisation
we observed that the time step At must be taken much smaller in the RPM-case
than in the CPM to retain the same accuracy, typically At = m and At = ﬁ
respectively. The parameter 6 in Section 2.6 is given the value 0.5.
B.2 Minor Loops

The mathematical model outlined in this chapter also provides adequate results
for the minor order loops B, H,, corresponding to the local extrema of the magnetic
field H(t), as described for instance in [10]. Again for Mat.1 the dynamic behaviour
is found to be accurately modelled when using the CPM, while for Mat.2 the RPM
must be used to describe the hysteresis behaviour properly. As an example, we
consider the B, Hy-loops for Mat.1 and Mat.2 in the case of H-excitation, under the

enforced fields
Hy(1)
t

| 0 —400 400 —150 200 —150 200 —150 200 —400 0
| 0 0.02 0.03 0.0368 0.0412 0.0455 0.0498 0.0542 0.0585 0.0660 0.071
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Figure 2.16: B,Hy-loop for Mat.2 with
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and

[ Hy(t)

t

—_

0 1000 -1000 1000 -300 300 —1000
0 001 003 0.05 0.063 0.069 0.082

respectively. Fig.2.15 and Fig.2.16 show a good agreement between the measured
and the numerically obtained loops.

3 2D Nonlinear Parabolic Problems with a scalar hysteresis model

3.1 A motivating physical problem and its mathematical model

In this part we deal with 2D nonlinear parabolic problems with memory effects
arising in the context of electromagnetic field calculations in one lamination of an
electrical machine. These field computations are important for the evaluation of the
electromagnetic loss in the magnetic circuit. A part of such a magnetic circuit is
shown in Fig.3.1.

"

/

=

Figure 3.1: A part of the magnetic
circuit, with corresponding flux lines;
T:tooth, Y:yoke

Fig.3.2-3.3 show the cross section of a tooth and a yoke respectively. The elec-
tromagnetic losses are determined from the magnetic field H in a cross section S,
both of the tooth and the yoke, orthogonal to the direction of the time varying,
enforced flux ¢(t).

The relevant Maxwell equations for the magnetic field H, the electric field F, the
electric flux density D and the magnetic induction B are given by (1.43)-(1.45), while
the constitutive relation for the current density vector .J is given by (1.50). Again
neglecting the displacement current and the electric charge density, the magnetic
field H is found to be related to the magnetic induction B by the following DE:

—rot(rot(H)) = aaa—f in S, t>0. (3.1)
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Integrating both sides over the section S, using Green’s formula, see (1.21), and
invoking the definition of the total flux, viz

:/B-dS, t>0, (3.2)
S

H is seen to obey the following nonlocal, inhomogenous BC on 9.:

/ rotH - dl = —ad¢—(t), t>0. (3.3)
s dt

The magnetic motoric force per unit interval of the space variable in the flux
direction (with unit-vector 15) may be assumed to be space independent along 9.5,
as the magnetic flux lines, shown in Fig.3.1, can be approximated to be uniform
along 0S5, see [11]. Thus, denoting the corresponding segment along a flux line by
I, the following inhomogeneous Dirichlet BC must be imposed:

/I‘H : 1fld’}/ = Cb(t), (34)

Here Cy(t), which varies in time, but which is space independent along 05, is not
known a priori, but must be determined as part of the problem.
Finally, the system (3.1)-(3.4) must be completed with initial data, viz
= n(a,B,t) =41 whena+3<0 . B
H_O’{n(a,ﬁ,t)z—l when o+ 8> 0 inS, att =0, (3.5)

corresponding to the demagnetized state of the material.

Actually, the value C(t) is the physical relevant quantity in the present field
problem. Indeed, the electromagnetic loss [joule] over a time interval (77,75) per
unit interval of the space variable in the flux direction is given by [5]:

E = Cb( )d¢

" il (3.6)

Assuming the material isotropic, H may taken to be unidirectional, i.e. H =
H - 1j. Consequently, also B is unidirectional. Therefore, a scalar hysteresis model
may be used to describe the BH-relation. We again will use the CPM and RPM
presented in the previous sections. Thus, we are left with a scalar parabolic problem
for H, with a monlocal Neumann boundary condition on 0S5, as well as with a
Dirichlet side condition, in which the boundary value of H on 05 is unknown too.

Alternatively, we can consider the parabolic problem where the function Cy(t),
entering (3.4), is given, while the flux ¢(¢), appearing in (3.3), must be sought as
part of the problem. We will consider the parabolic problem in both the tooth
and the yoke cross section, cf. Fig.3.2 and Fig.3.3, where we use a cartesian and a
cylindrical coordinate system, respectively.
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3.2 Combined magnetodynamic-hysteresis model

3.2.1 Parabolic problem in a tooth cross-section S

Case of CPM

Taking the cartesian coordinate system as in Fig.3.2, the problem (3.1)-(3.5) for the
magnetic field H = H - 1g, (15, = 1,), in a cross section S of a tooth simplifies to
the following scalar parabolic problem for H (z,y;t):

1 (0*°H 0°H 0H .
; <8x2 + ayg ) = lud(H(x>yyt)prast(l',y,t))E m S, t> 0, (37)
oH . do(t)
és%dl_a—dt , t>0, (38)
H = Cy(t),on 05, t >0, (3.9)

_ n($7y7a7ﬁ7t):+1 Whena+ﬂ<0 .
H—O,{ n(z.y. 0, 8.1) = —1  when a + 8> 0 , V(z,y)€ S, att=0. (3.10)

....... |
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Figure 3.2: Cross section of a tooth, orthogonal to the flux line

Case of RPM

Now the governing DE becomes

1 (0°H 0°H oH
; ( o2 + ayz ) = ,ureva + k’l(H(l‘,y,t), Hpast(l',y,t))H
— k2(H(x7y7t)7Hpast($,y,t)) ZTL S, t> 0, (311)

along with the BCs (3.8)-(3.9) and the IC (3.10).

In both cases, as said above, we have one of the two situations: either C(%) is
not given a priori, while ¢(t) is given (enforced), or vice versa.
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3.2.2 Parabolic problem in a yoke cross section S

Case of CPM

Taking the cylindrical coordinate system as in Fig.3.3, the problem (3.1)-(3.5) for
the magnetic field H = H1y, (15, = 1,), in a cross section S of a yoke can now be
reduced to the following scalar parabolic problem for H(r, z;t):

1/0,10 0’H oOH
L (g grto) + G ) = 00200, Etr 2,00 51
inS, t>0, (3.12)
OH 10(rH) ~do(t)
I e S (3.13)
rH = Cy(t), on 0S, t > 0, (3.14)

— n(T,Z,OZ,ﬁ,t):—{—]_ Whena+ﬁ<0 -
H—U,{ n(r 2z, 8,8) = —1  when a+ 8> 0 , V(r,z) e S, at t=0. (3.15)

T (e

- /R

[ /"

I
!

F 3

Figure 3.3: Cross section of a yoke, orthogonal to the flux line

Case of RPM

Now the governing DE becomes

10,10 O0*H 0OH
(o )+ ) = S+ (5200, Hr 2, )

o
— ko(H (7, 2,t), Hpast (1, 2,t)) in S, t>0, (3.16)
where we retain the BCs (3.13)-(3.14) and the IC (3.15).

In both cases, a similar remark concerning Cy(t) and ¢(t) applies as in Section
3.2.1.
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3.3 Variational formulation

3.3.1 Parabolic problem in a tooth cross-section S

Case of CPM

To derive a suitable variational form of this problem, we introduce the function
space
V = {v € W5 (S) | vlas is constant}. (3.17)

Here W3 (S) is the usual first order Sobolev space on S and the condition

"v|as is constant " must be understood in the sense of traces, as defined e.g. in [2].
Then, multiplying both sides of (3.7) with a test function v € V, integrating

over S, applying Green’s formula (1.21) and invoking the boundary condition (3.8),

the problem (3.7)-(3.10) is found to be (formally) equivalent with the following

variational problem:

Find H(x,y;t), obeying H € V and 88—];1 € Ly(S) for every t > 0, such that

do(t)
dt

OH 1
/ fg——0 dxdy + —/ gradH - gradv dxdy = vlgs, Yo €V, t >0 (3.18)
st Ot oJs
along with the IC (3.10)

Notice that by the requirement H € V for every t > 0, (3.9) is automatically taken
into account.

Case of RPM

The variational form of the problem (3.11), (3.8)-(3.10), is obtained in a similar way:
Find H(x,y;t), obeying H € V and %—Ij € Ly(S) for every t > 0, such that
OH 1
/,Ureu —v dxdy + — / gradH - gradv dzdy +/ ki(x,y,t)Hv dxdy
S ot oJs S

do(t)
dt

= / ko(x,y, t)v dedy +
s
along with the IC' (3.10).

vlas, Vv € V, t >0, (3.19)

3.3.2 Parabolic problem in a yoke cross section S

Case of CPM

Introducing the new unknown H (r,z;t) = rH(r, z;t) and retaining the function
space V', (3.17), the problem (3.12)-(3.15) may be reduced to the (formally) equiv-
alent variational problem:
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Find f](r, z;t), obeying HeV cmd B c Ly(8S) for every t > 0, such that

do(t)
dt

/ ,ud— v drdz + — / ~gradHgradv drdz = vlgs, Yo €V, t >0, (3.20)

along with the IC (3.15), rewritten for H.

Case of RPM

The problem (3.16), (3.13)-(3.15), now leads to the following variational problem:

Find f](r, z;t), obeying HevV cmd A c [,(8S) for every t > 0, such that

/,umv —v drdz + — / gde gradv drdz +/ —ky (1, 2 t)Hv drdz

do(t)
dt

along with the IC (3.15), rewritten for H.

= / ko(r, z,t)v drdz + vlgs, foreverywv eV, t >0, (3.21)
S

Notice that, by the choice of the new unknown H , we arrive at a variational equa-
tion similar to (3.18) and (3.19), respectively, apart from a weight factor %, (which
is of course smooth in S), entering the integrands. This is particularly attractive
from computational point of view, viz when constructing the mass and stiffness ma-
trices in the FEM-FDM, outlined in the next section, starting from the variational

problems.

3.4 Nonstandard FE-approximation in the space variable

We extend the method described in Section 1.1, to take into account the nonstandard
BCs.

3.4.1 Field problem in a tooth cross section S

For the triangulation 73, (h mesh parameter), shown in Fig.3.4, we consider a usual
quadratic finite element mesh (with ny the number of triangles).

By ¢;(z,y), (j = 1,...,J), we denote the standard cardinal basis functions, as-
sociated to the nodes (xj,y;), (j = 1,...,J), J being the total number of nodes.
Here, the nodes, being either vertices of the triangles or midpoints of their sides, are
numbered such that the first I of them, I < J, belong to the open domain S. We
then have, with C°(S) being the space of continuous functions on S and with P(T')
being the space of polynomials of degree < 2 on the triangle T,

X, = {v € C°9); v|r € P(T), VT € Th} = span(gaj)jzl (3.22)

and
Xon={ve Xy;v=00n 05} = span(apj)JI»:l (3.23)
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Figure 3.4: The triangulation 1, of S

Next we introduce the special function
J
Vralz,y) = Y gi(r,y) € X, (3.24)
j=I+1

On a side ¢ of T' € 73, for which ¢ C 05, we have ¢;11|¢ = 1, as clearly ¢;1]¢ is a
quadratic function of one variable (either x or y) showing the value 1 in the 3 nodes
on (. Consequently,

1 =1 on 0S (3.25)

Moreover, 171 is readily understood to vanish throughout S apart from the triangles
T € 7, adjacent to 0S.

Writing, for convenience, v; = ¢;, 1 < j < I, we finally define
Vi = span(y;)iti = Xon @ span(iri). (3.26)
This space V}, is suitable for a conforming FEM as
Vi CV. (3.27)

Indeed, for v € V}, one evidently has v € X} C W3 (S), while also v is constant on
0S5, due to (3.25). Moreover, the particular choice of 17,1, (3.24), will turn out to
be attractive from computational point of view.

From here on we must distinguish between the cases CPM and RPM.

Case of CPM

The finite element approximation Hy(z,y;t) € Vj, of H(x,y;t) is defined by a
variational problem similar to (3.18), (3.10), now with V replaced by V},. Here, we
simplify the space dependency of pg4, by passing to jig ~ pg,

:&d(xa Y, t? Hh(x> Y; t)7 Hh,past(xa Y; t))

= pa(@p, Y7t Ho(@p, Y7, t), Hhpast (07, Y7, 1)), in T, VT € 7y, t >0 (3.28)

where (25, y5) is the center of gravity of T'. This will allow us to take properly into
account the non-linear and hysteresis effects, resulting in the complicated form of
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the differential permeability pg. pg now depends upon the finite element approxi-
mation Hy(x,y;t) and Hp pest(z, y;t) of the magnetic field H(x,y;t) and its history
Hyast(x, y; t) respectively.

Explicitly, decomposing Hj, as
I

Hh($>y; t) = Cj(t)%(fl%?/), t>0, (329)
1

+
[y

<.
Il

we have ¢;(t) = Hp(zj,y5:t), 1 < j < I, and cr41(t) = Hp(z,y;t)|ss, due to the
proper choice of the basis functions of V},, (3.26). A similar result holds for the finite
element approximation Hp, past (7, y;t) of Hpest(z, y; 1), the expansion coefficients now
being denoted as cpast.1(t), Cpast.2(t),---, Cpast.r+1(t).
Thus, we are led to a system of first order ODEs for the coefficient functions ¢;(?),
1< < T+1, viz,
d[C]

[M(t)]W + [K][C] = [F], t>0, (3.30)

along with the I.C.

_ n($§“>y§“>a>ﬁ>t:0):+1 Whena+ﬁ<0
wm”_a{n@awwx@tzmz—d whenat >0 1< B3

where
[C(t)] = [Cl(t)7 CQ(t)7 sy CI+1(t)]T>
[CPGSt(t)] = [Cpast,l(t)7 Cpast,2(t)7 AR Cpast,]+1(t)]T (332)
and
[M(t)] = [Mym)i<im<isr, K] = [Kimli<im<i+1 (3.33)
with .
Kim= —/ gradiy; - gradip,, dxdy, (3.34)
o Js
My = [ fal,y.t, Hal, 1), Hpoa(, i) dody, — (3.35)
and moreover J
[F(t)] = d—f[o,o, ., 0,17 (3.36)

In the last equation we used (3.25) and the fact that 1,19, ..., ¢ all vanish on 95.
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Case of RPM

Proceeding in a similar way, the IVP for Hy(x,y,t) ~ H(x,y,t) shows the same
form as (3.30)-(3.31), however with the mass, stiffness and force matrix now being
defined by

[M(t)] — [Mlm]lgl,m§1+1> Mlm - ‘/S,&revwlwmdxdy7 (337)

1
K () = [Kinhictmersr, Kin =~ /S gradirgradipy,dzdy

+ [ Fa(a,y tyvnindady, (3.38)
. do
[F(t)] = [Flhi<i<it, Fi= /Sk‘z(ff,y,t)%/}zdxdy + o 0u+)- (3.39)

Here, for g=jiyev, g=k1 and g=k,, we put
g(x,t) = g(a5,y5, 1), Y(x,y) € T, VT € . (3.40)
For brevity we denoted
ke (2, y,t) = ki (Hy(2,y,), Hypast(7, 9, 1)) (3.41)

and similarly for ky(z,t).

3.4.2 Field problem in a yoke cross section S

As mentioned above, by introducing the new unknown H (r,z,t) = rH(r, z,t), the
magnetic field problem in a cross section S = {(7,2)[0 <71 <7 <719, 21 < 2 < 22} of
a yoke, has been given a variational formulation similar to the problem (3.18),(3.10)
for H(x,y;t) in the cross section of a tooth. Formally, the only modification required
is due to the smooth weight factor % in the integrand.

In particular, for the IVPs, when allowing for non-linear effects or hysteresis
effects, it must be noted that in the CPM case, the evaluation of [i; rest upon
H, and its history instead of Hj, and its history. Similarly, in the RPM case, the
evaluation of i ey, 12:1, 1252 rest upon Hj and its history.

3.5 A modified #-family of finite difference discretisations in time and an
iterative procedure

We only discuss the time discretisation of the IVPs (3.30), (3.31), (3.34)-(3.36) and
(3.30), (3.31), (3.37)-(3.39), resulting from the FEM for the field problems in a tooth
cross section. The IVPs resulting from the FEM for the field problem in a yoke cross
section may be discretised in a similar way. We recall that the underlying variational
formulations took a similar form as in the case of a tooth cross section, when passing
to a suitably chosen new unknown.

Case of CPM
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To take properly into account the jump discontinuities of uy with respect to
time, we outline a modified #-family of FDMs in time for the problem (3.30)-(3.31),
0<O<1.

Let At be a time step and t; = [At, (I =0, 1,2, ...), be the corresponding equidistant
time points.
We define an approximation H; (z,y) of Hy(z,y,t;), explicitly

I+1 I+1
Hl T y Z & wz xz y) Z Cz(tl)wz($>y) = Hh($>y7tl)> (342)

i=1
by means of a recurrent set of nonlinear systems for [C (l)]:[cgl), E cglil] similar

0 (2.51)-(2.52).
Now, the stiffness matrix K take the form (3.34), while the mass matrix is ap-
proximated by

MZ] = ‘/Slad(l’>y7t7Hh(l’>y7t)7Hh,paSt(I>y7t))wiwjdxdy7 (343)

and the appearing column matrix [He(;[ | is defined in a similar way as (2.47)-(2.48),
explicitly

9T, . if there is a jump of fig(x,t) in one of
g the triangles T sharing the node 7 in (3.44)
ext,r [tl> tl—l—l], .

e + D] in the other cases.

Case of RPM

Let again 0 < § < 1 be a parameter. We now introduce an approximation H; (x,y)

of Hy(x,y,t,), viz
I+1

Hy (z,y) =Y (), (3.45)
1=1
by means of the following recurrent set of algebraic systems for [C'()]= [cgl), .. cglll] )
1=0,1,2,...,
[M(H-l)] - [M(l—i—l)] B
IO (oD = —(1=0[KD|[1c®
(At+[ 1) foten) = (B - ooy (e
+O[FHY] 4 (1 - 9)[FY), (3.46)
starting from
[c”]=o0. (3.47)

Here, the approximated mass matrix (M) ~ [M(t)], stiffness matrix [K?)] ~
[K(t;)] and force matrix [F(] ~ [F(t;)] are defined by

M = / i wiapsddy, (3.48)
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~ (1 1 7(l
K =~ [ gradis- gradv,dedy + [ K(z,y)vaydedy,  (3.49)
- ~ d
Fj(l) = /Sk‘gl) (x,y)Y;dxdy + d_f(;j(]+1), (3.50)
with
/jl"g‘le)’l) = (1= 0)flreo (Hl*—l(I> Y)) + Ofires (Hl* (z,9)). (3.51)

Moreover l%{” (z,y), appearing in (3.49), is the approximation of ki(x,y,t;), (3.41),
which is found when we use H}(x,y), 1 < p <1, to describe the dependency on the

magnetic field and its history up to t = t;; 12;5’) (x,y) is obtained in a similar way.

As the mass, stiffness and force matrices, entering (3.46), all depend on the
unknown, as just mentioned, we again set up a Newton-Raphson iterative procedure
to solve the nonlinear system (3.46) at every time point ;.

3.6 Computational aspects

In practice, the construction of the mass matrices M and the stiffness matrices
K, entering the IVPs that results from the FEM, only requires an adaption of a
standard technique for BVPs with a classical Neumann condition throughout 05,
see [2] and [3].

This attractive feature follows from the proper choice of the basis function ¥,
(3.24). Indeed, return to the basis (¢;)7_; of Xj, (3.22), and denote

M) = / gprpmdady, 1 <1,m < J (3.52)
’ S
where
) in the CPM-case
9= { firev  in the RPM-case ’ (3.53)
Then, we have for the (symmetric) mass matrix M,
My = lef;’nl) for 1<Ilm< 1, (3.54)
4 1
M= > MY for1<i<I, (3.55)
k=I+1
and
J J @
M[+17[+1 - Z Z Mnk . (356)

k=I+1 r=I+1

Thus, the assembling of the global mass matrix from the local element mass
matrices, has to be modified as compared to the standard construction of [M (],
see e.g. [3], as follows: in the Boolean selection matrices associated to the triangles
adjacent to 05, the nodes which belong to 0S must all be treated as one single
node. The same remark applies to the stiffness matrix K. Similarly, in the case of
RPM, the actual force matrix may be constructed out of the classical force matrix
in a simple way.
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3.7 Numerical results

The effectiveness and the reliability of the variational approximation method for
the problem (3.1)-(3.5), as outlined in the previous sections, has been confirmed by
several numerical experiments, both for the yoke and the tooth. Thus, Example 1
illustrates the reliability of the method, by comparison with results from a common
1D model, while Example 2 shows that the approach is effective for the evaluation of
the physical quantity, we are looking for. In the numerical examples we have taken
a quadratic finite element mesh similar to the one of Fig. 3.4 (with 348 triangular
elements), while At = ﬁ, (f being introduced below). Again we have taken § = 0.5
in Section 3.5.

Example 1: Recovery of the electromagnetic loss in a tooth, calculated
from the 1D model.

We consider a linear model, with g = 2000uy [H/m], pro = 471077 and o =
3071108 [S/m], for a tooth with cross section as shown in Fig.3.5, for the cases
2d = 0.35 mm, 2d = 0.50 mm and 2d = 0.65 mm.

Y &

__“_
Y

Figure 3.5: The cross section S of the tooth with width 2d and length L

The enforced flux is:
¢ = 2dLBy,sin(27 ft), (3.57)

where By, = 17T and f =50 Hz.

In Fig.3.6, the electromagnetic loss E, defined by (3.6), with T — T} = %, is

plotted versus A = %. For increasing A (i.e. for increasing length relative to the
width) the computed values of E tend to these obtained by the 1D model, as it
should.

Example 2: Evaluation of the electromagnetic loss in a yoke (with
increasing curvature)

According to (3.6) the electromagnetic loss over one time period is given by:

E={§ Co)ds (3.58)
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Figure 3.6: The electromagnetic loss versus A = %

We now consider the axi-symmetric model, with hysteresis effects, of the magnetic

field in a cross section of a yoke, shown in Fig.3.7, with 2d = 0.5 mm and ro —r; =
1 em. We retain o = 307110® [S/m). pq is derived from the Preisach model, directly

using the experimentally obtained distribution function P(«, (3), as described in [12]
(in contrast to [13], where an approximating analytical expression for P(a,f3) is
constructed, based upon data fitting). Furthermore we retain f = 50 Hz.

Figure 3.7: The cross section S of the yoke
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Figure 3.8: (Cy, ¢ )-loops

ri(m) E (J) E, (J)
0.0025 | 0.00014878 | 1.5095
0.0225 | 0.00055418 | 1.5334
0.0425 | 0.00096351 | 1.5435
0.0625 | 0.00135212 | 1.5243
0.0825 | 0.00175755 | 1.5285

Table 1: Electromagnetic loss E and energy loss density E,
In Fig.3.8, C} (i.e. the constant value of H on 05) is plotted versus the en-

= 82.5 mm
r1=62.5 mm

r= 42.5 mm

r= 22.5 mm
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forced flux for different values of rq, viz r; = 0.0025;7r; = 0.0225;r; = 0.0425;r; =

0.0625; 7 = 0.0825. The surface enclosed by the respective (Cy, ¢)-loops is a mea-
sure of the electromagnetic loss E, (3.58), shown in Table 1. For physical reasons it

can be expected that for increasing r; (with retaining ro = r1 + 1) the influence of

this radius (curvature of the yoke) on the energy loss density becomes neglectible.

This is confirmed by our numerical experiment, summarized in the E,(J)-column of

Table 1.

4 A 1D nonlinear Parabolic Problem - use of a vector hysteresis

model

4.1 A motivating physical problem and its mathematical model

The magnetic behaviour of ferromagnetic laminations can be described in terms
of the macroscopic fields, taking into account the interacting hysteresis and eddy

current phenomena.
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We consider a single lamination of length [, width w and thickness 2d, see Fig.4.1.
Throughout the sheet, which is assumed isotropic, the time dependent total flux
vector ¢(t) flows parallel to the (z,y)-plane. Thus the magnetic field and the mag-
netic induction take the form H=H,1,+H,1, and B=B,1,+B,1,, respectively. As
d << w and d << [, eliminating the edge effects, we may assume H,, H, and B,,
B, to vary in the z-direction only.

Next, we recall the relation J = ¢ E, (1.50), between the electric field £ and the
current density J (both parallel to the (z,y)-plane) and we eliminate these vectors
from the relevant Maxwell equations (1.43)-(1.45). We arrive at the governing DEs
for the magnetic field H(z,t), 0 < 2z < d, t > 0:

10°H, 0B,
190*H, 0B,
— - Y 4.2
9. at,0<z<d,t>0, (4.2)
along with the BCs
oH,, _OH, B
0H, o do,
— = _ 4.4
a=dit)= 37 1>, (14)
oH,, _ody,
P (Z_d’t)_28t’t>0 (4.5)
and the I1Cs
Hy(z,t=0)=0, H(z,t=0)=0, 0< z<d. (4.6)

The BCs (4.3) reflect the symmetry in the lamination. The BCs (4.4) and (4.5)
follow when combining (4.1) and (4.2), respectively, with that symmetry and with
the definition of the flux, viz

o(t) = ¢ (t)1, + ¢y(t)1y> (4.7)
where

¢z(t) = %/_C; /Ol B,dydz, ¢,(t) = %/_C; /Ow Bydzdz. (4.8)

The ICs (4.6) correspond to the demagnetized state of the material.

In (4.1)-(4.2), the magnetic induction B is related to the magnetic field H by
the vector Preisach hysteresis model [14].

The total electromagnetic losses per unit volume in the lamination during a time
interval [T3,T3] are calculated by summing up the hysteresis losses and the eddy
current losses,respectively being given by, see e.g. [5],

1 4 (m 9B, B,
Py = 2—d/_d dz /T (Hy =t + H, =)t (4.9)

1 pd e ((oHN\? (0H,)
Pe—%/_ddz/ﬁ (( az> + (W) )dt. (4.10)

and
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Figure 4.1: Magneto-dynamic model of one lamination

4.2 The vector Preisach theory
4.2.1 Scalar Preisach Model

The BH-relation can be described by a scalar Preisach model if A and B are
unidirectional.

We recall that in the classical rate-independent Preisach model, as briefly dis-
cussed in Section 2.2, the material is assumed to consist of small dipoles, each being
characterized by a rectangular hysteresis loop as shown in Fig.2.2 (dotted line), [6].
The magnetisation of the dipole M, takes the value -1 or +1. The characteristic
parameters o and [ are distributed statistically according to a Preisach function
PS(a7 /6)' _

Denoting the magnitude of the induction vector B and of the magnetic field
vector H by B=|B| and by H=|H| respectively, the BH-relation is given by, cf.
(2.13),

Hp, e’
B Hy) =5 [ o [ 5 ne.0.0P(0.9), (2.11)

Here, ns(a, 3,t) takes the time dependent value of the magnetisation M, of the
dipole with parameters o and 3. Consequently, the induction B depends upon the
magnetic field H(t) and its history, denoted by Hpust(t).

4.2.2 Vector Preisach model

In the magnetodynamic model of one lamination, the magnetic field H may rotate
in a plane parallel to the (z,y)-plane. Therefore, we must pass to a vector hysteresis
model.

In such a model, as described in [14], the vector H is projected on an axis d,
which encloses an angle v with the fixed z-axis, —5 < v < 7, see Fig.4.2. The
corresponding value

H., = H,cosy + Hysinvy (4.12)

is taken to be the input of a scalar Preisach model on the axis d.
The BH-relation is now given by [15]

o 1 /3
BUH, Hyar) =~ / " dyB,(H,y, Hyastr) 1. (4.13)
-2
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Figure 4.2: Vector Preisach model

with

«

Hy,
B (Hy, Hpasty) = /_H da/H

dﬁ 777“(77a7ﬁ7t)P7"(a7ﬁ)7 (414)

where 7,(7, a, 3,t) is obtained from the component H., and thus depends on H(t)
and Hpast(t). The Preisach function P, used in this rotational model can be obtained
from the function P, entering (4.11). From (4.12)-(4.14) we infer that the differential
permeabilities p,, = 0B, /0H,, pzy = 0B, /0H,, ..., are given by

s

1 /2
Moz = = /_ Nv(Hw Hpast,w) cos” ydy,

s

2

1 /2
Hay = _/2 foy (Hy, Hpast,y) cos ysinydy, ete. (4.15)
T3
where, similar to (2.16),
0B,
- 4.16
/”L“{ aH,\/ ( )

is the differential permeability in the scalar Preisach model that corresponds to the
axis d.

4.2.3 Relation between 42 and H

In view of the magnetodynamic model (4.1)-(4.2), 88% and % must be related to

the magnetic field H(¢). For the vector Preisach model one simply has

0B, . - 0H, . 0H,

ot = Uzx (H> past) ot + ,umy(Ha past) ot ; (417)
0B o 0H, - 0H

a—ty = Hyz (H> past)w + Hyy (H> past)a—ty- (4-18)
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4.3 Combined magnetodynamic model - hysteresis model

Combining (4.17) and (4.18) with (4.1) and (4.2) respectively, we get

1 0°H, _ _ 9H, _ _ 9H

——— = taa(H, Hpast) = + pay(H, Hpoot)—=72, 0 <2 <d, t>0,  (4.19)
o 0z ot ot

10°H

7 g \OHs oH,
— o = ta(H Hyast) =% iy (H, Hpast) 2, 0< 2 < dy £> 0, (4.20)

where NOW [z, floy, Hye and i, also depend on the space variable, through H(z,t)
and Hpast(2,t).

As stated above, to these respective governing DEs for H(z,t), we add the BCs
(4.3)-(4.5). Finally, the IC will be taken to be

Hy(z,t=0)=0, Hy(2,t=0) =0,

(v, z,0,6,t=0)=+1 ta+p<0 _T m
{777“(77270[76715:0):_1 :a+ﬂ>0 ! d<Z<d, <7<27 (421)

reflecting the chosen initial (demagnetized) state of the material at ¢ = 0. Due
to the complexity of the material model used, (4.19)-(4.20) constitutes a system of
highly nonlinear coupled PDEs with memory.

4.4 Variational formulation

Proceeding similarly as before, the BVP above leads to the following variational
problem:

Find the functions Hy(z,t), H,(z,t), which for each t > 0 fulfill that
Ho(.t) and Hy(.,t) € WH(]0,d]), with 2=l qpg bt ¢ 1,10, d]),
and which moreover obey

d 8H (z t) dw(z) OH,(z,t)
= o ) e e
+/ umyaHa(t )w(z)dz é )dj”” Yw € Wy (]0,d[),Vt > 0 (4.22)
and
_/ 8H (z,1) dw( s 4+ / MW@H@(: ,1) w(2)dz
+/ ,UyyaHa(t )w(z)dz = %%,Vw € W, (]0,d[),vt >0 (4.23)

along with the IC' (4.21).

This variational problem may be shown to be formally equivalent with the original
BVP (4.19)-(4.20), (4.3)-(4.5) and (4.21).
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4.5 Fully discrete numerical scheme

The variational problem (4.22)-(4.23) is solved numerically. We combine (a) a fi-
nite element method using quadratic interpolation functions for the discretisation in
space, (b) a suitable Crank-Nicholson finite difference scheme for the time discretisa-
tion, (c) a numerical quadrature formula with equidistant nodes for the integration
over the angle v in (4.13).

A major computational difficulty in the discretisation arises from the hysteresis
behaviour of the material, reflected in the dependency of the functions pigs, ..., flyy
on the vector Hp.q(t) (as well as on H(t) itself).

4.5.1 Space discretisation by a FEM

We retain the partition 0 = 23 < 22 < .29, < 22p41 = d of [0,d] with 2n+1
equidistant nodes, as in Section 2.5. We also consider the same approximation
space Wy, (2.26), and its canonical basis (2.27).

We consider the FE-approximation of (4.22)-(4.23) by determining the functions
H,p(z,t) and Hyp(z,t) of the form,

2n+1

Hyp(z,t) = > cui(t)pi(z), 2 €[0,d], t >0, (4.24)

i=1

2n+1

Hyp(z,t) = Y cpilt)pi(z), z€0,d], t >0, (4.25)

i=1
which obeys the discrete version of (4.22)-(4.23), viz

1 4 0H, (2, d z,h\ %5
_/ OH, n(2,t) dw(z)dz—l—/ Mm@H n(z t)w(z)dz

dz ot
H .
+/ 0 yh = t)w(z)dz (2 )dj’ Yw € W, Vt > 0, (4.26)
and
1 (40H,p(2,t) dw(z) d  OH,p(z,t)

/ e dz+/0 ’uyriﬁt w(z)dz

4 aHy,h(Z%t) w( )d¢y
along with

HLh(Z,t = 0) = 0, HyJL(Z,t = 0) = 0,

nT(772287a7ﬁ7t:0):+1 101+ﬁ<0 T T
< < N . .
{Ur(%zzs,a>ﬁ>t=0)=—1 B0 tSsSmog << (429

Here, we have approximated the space dependency of the differential permeability
Ity by passing to fi4, introduced by

1&9(27 t) = H’Q(ZQ& Hh(2287 t)> Hh,PaSt(ZQ& t))>
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296-1 < 2 < 29541, 1 <5 <n,t >0, (4.29)

with the index ¢ referring to zz, zy, etc, and with Hj, and flpasah being defined by
Hh = Hm,him + Hy,hiy; ete. (430)

The resulting IVP for the nodal values H, 5 (%,t) = c,i(t) and Hyp(2i,t)= ¢yi(t)
t > 0, reads:

Find the column matrices [Cy(t)] = [co1(t), ..., Cooni1(t)]T and
(Cy(®)] = [cy1(t), ..., cyans1(t)]T which obey

Mmm Mmy d Hmh K 0 Hmh Fm
— ’ ’ = 4.31
lMyr Myy]dtlHyﬁ]—l—lo K][Hyﬁ Fy ’ ( )
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along with

_ _ (7, zes,, 3,1 =0) =41 when a+ 3 <0
[C:E(O)] - 07 [Cy(o)] - 07 { 777"(’}/,2:25,04,/6,15 _ 0) _ _1 When o + ﬁ > O ,

—g<7<g, 1<s<n (4.32)

Here, the block mass matrix entering (4.31) is defined by

d
(Mm)ij :/ foapipidz, tand j =1,2,....2n+1; etc. (4.33)
0
The block [K] = [Kjjli<ij<2nt1 in the total stiffness matrix that enters (4.31), is
defined by
a1 dp; dp;
K)y = [ -2, 4.34
() = 0 0dz dz (4:34)

Moreover the total force matrix [F,(t) F,(¢)]" is given by

Lo, )" ! d%] ) (4.35)

m1=[o0 3% tm= oo jto

4.5.2 Time discretisation by a Crank-Nicholson method

The nonlinear IVP (4.31)-(4.32) will again be solved numerically by a #-family of
finite difference schemes, introduced in Section 1.2, combined with an iterative pro-
cedure.The procedure is a bit simpler than the one followed in Section 2.6. Indeed,
at a fixed time point ¢ there are only a finite number of possible discontinuity points
in the integration interval [—%, 7] in the expression of (4.15) of jizs, . . ., ftyy, Dot af-
fecting their continuity as a function of time. Let At be a time step and let t; = - At,
l=1,2,3,4,..., be the corresponding equidistant time points. We want to define

an approximation Hy(z) of Hyn(2,t) and Hy(2) of Hyn(z,t), i.e

2n+1 2n+1

=2 i) = 3 cuilt)eil?), (4.36)

2n+1 2n+1

Z Cy z% = Z: Cyi(t)pi(2), (4.37)

by means of a recurrent set of nonlinear systems for

l l l 1 2
[Cg)] [ i)b :(2)27 ) Ci,)2n+1] ) l 17 y ety (438)
and
l l l 1 9 9
[C(l] [CLE/)D ;)29 '763(/7)2n+1] >l_ 17 y (43 )

involving a parameter 6 € [0, 1] of the method.
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From (4.31) we get
tr [ M, M,, d | C, v | K0 C,
— dt dt
/tz [Myr Myy]dtlcy] +/tz [0 KHCy]
Ly | |
= * 4.4
/tl l r ] dt (4.40)

We approximate the first term as
/tl+1 [ M:E:E M:Ey ] i [ C ] dt
t My, My, | dt | Cy

M(l+1) Mél—i—l) C’gH) Og)
{an_Mﬁn clisy | = | ¢ (4.41)
vy

Here, MY Mg]), ..., are defined by

TxT?

M(l / Nmm%ngpj ete., (4.42)

with

where () is the approximation of um(z t1),(4.29), when we use H, (4.36), and

Hy, (4.37), 1 < p <[, to describe the dependency on the magnetic field and its

history up to t = t;.
We approximate the 2nd and 3rd term of (4.40) as follows

b K0 Cy
L EE ]
K 0 XNH cw
L Y
i [ R, | Fo(tis) Fyo(ty)
dt ~ (0 1-46 At. 4.45
] ( | A | T R )
Finally, combining (4.41), (4.44) and (4.45), we get from (4.40)
1 Mélmﬂ) M(H—l) K 0 ngl—i-l)
At Méé—i—l) M(l+1 +0 0 K C@Sl—i—l)
1 Mélmﬂ) M(H—l) K 0 Cg)
= A_t Mélm—i-l) M(l+1) - (1 - 9) 0 K oW

Fa(tig) F(t)
Fy(tie) ] +{=6) [ Fy(t)

and

+0l L [=0,1,2... (4.46)
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along with, see (4.32),
[H.5) = [Hy3] = 0. (4.47)

As the matrices [M (5], []\7[&“)], etc., depend on the unknown Hy (z) and H; (z),
1 <p<Ii+41, (4.36)-(4.37), we set up a Newton-Raphson iteration procedure to
solve the nonlinear system (4.46) at each time point ¢ = t;.

4.5.3 Discretisation of the Preisach model

We choose a natural number N and we consider the partition of[—7/2,7/2] given
by vs = —m/24 (s — 1)m/N, 1 < s < N.We then discretize the equation (4.13) by

B(H,

1 N
past) = N Z B, (H,,, Hpast 4.) 14, (4.48)

s=1

vyhere H, and Hpus -, are the projections of H and flpast, respectively, on the axis
ds enclosing an angle ~, with the z-axis.
Similarly as in (4.15) we now get

1

N
N Z ,uscosz%, etc. (4.49)

s=1

Haz =

In practice, a choice of N exceeding 20 is found to give no relevant increase of
accuracy.

4.6 Numerical results

We present some numerical results obtained from the combined magnetodynamic
model described in Section 4.3. Again in the finite element discretisation we have
taken n=10 (quadratic) elements, while in the time discretisation, At = %, (T
being defined below). Again we have taken § = 0.5 in Section 4.5.2. The magnetic
field strength at the outer boundary of the lamination is enforced:

Hy(z = d,t) = Hyp = Hypaosin(2E) (4.50)

{ H,(z=d,t)=H,, = Hmmamcos(%)
Fig.4.3 depicts the average induction B, , (with respect to z) as a function of the
magnetic field strength H,; at the outer boundary of the lamination under alter-
nating conditions (dashed line) and rotational excitation (full line). In both cases
T=20ms.

A full validation, similarly as the one in Section 2.7, of the numerical model
developed above is not yet possible as experimental results are still lacking. How-
ever, several properties, both qualitative and quantitative, of the combined mag-
netodynamic model - hysteresis model, described above, indicate its reliability and
efficiency.
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Figure 4.5: Dynamic By oH, - and By H, ;-
loops under alternating conditions using the
model of section 2 and the model of section 4

For instance, for the limit case of alternating excitation, there is a good agreement
with the results obtained from the model of Section 2.3, where a scalar Preisach
theory was used. This is shown in Fig.4.5.

At the other hand, Fig.4.4 confirms the enclosed area of the BH-loops to in-
crease with increasing frequency. This reflects the physically evident increase of the
electromagnetic losses due to the eddy current effects.

5 A 2D Elliptic Problem - use of a vector hysteresis model

5.1 A motivating physical problem and its mathematical model

We consider a single tooth region, see Fig.5.1, where the electrical conductivity o
now is assumed to be zero. The relevant Maxwell equations for the magnetic field
H=H,1, + H,1, and the magnetic induction B = B,1, + B,1,, in the 2D domain
D now read, see (1.43), (1.45),

rotH =0, (5.1)

divB = 0, (5.2)

where the relation between H and B is again defined by the material characteristics
obtained by the vector Preisach hysteresis model, described in Section 4.2.

The boundary 9D is divided into six parts 0Dy, Do, ..., 0Dg, see again Fig.5.1.
We considera total flur ¢s(t) through the parts dD;, s=1,2,3, which are assumed to
be perfect magnetically conducting (i.e. [}’ H -dl = 0 for each couple of points a;
and ay on 0D;). Thus we are led to the following BCs

bs(t) = ; B-qadl, t>0, s=1,2,3, (5.3)
D,
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Figure 5.1: Model of one tooth region

and B
Hxii=0o0n 0D,, t >0, s=1,2,3, (5.4)

where 7 is the unit outward normal vector to the boundary part 0D.
At the other hand a zero flur leakage through 0D4, 0D5 and 0Dg results in the
additional BCs:

B-in=00ndD,, t>0, s=4,5,6. (5.5)
The demagnetized state of the material at ¢ = 0 is expressed by the 1C, cf.(4.21),

[] {UT(77$7y7a7ﬁ7t:0)_+1 Whena+ﬁ<0

H(I7y7t:0):0’ nr(7,$7y7a,ﬁ,t:0):—1 Whena+ﬁ>0 ’
— g <7< g,‘v’(a:,y) eD. (5.6)

5.2 A nonstandard variational formulation

First, we rewrite the Maxwell equations (5.1)-(5.2) in a suitable form. From (5.1)
a scalar potential ((x,y,t) may be introduced such that H = —grad( (of course, ¢
can only be determined apart from a constant, the choice of which will be specified
below). The Maxwell equation divB = 0 can not be rewritten in a manageable
way in terms of the scalar potential ¢, entering H = —grad(, to take properly into
account the material characteristics of the vector Preisach model given by (4.13)-
(4.14).
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To overcome this difficulty, notice that the differential permeabilities p,, =
0B,/0H,, p,, = 0B,/0H,, p, = 0B,/0H, and p,, = 0B,/0H, are uniquely
defined by the vector Preisach model. Hence, a suitable reformulation of the prob-
lem should incorporate the material characteristics by means of these permeabilities.
Therefore, we pass to the auxiliarly unknown u, defined as

a¢
t)=—. 5.7
ulr,yt) =2 (5.7
First, from the representation of H and from the definition of the permeabilities, we
have 9B 9 9
. U U
_ = lpp— + flgy—, 5.8
0B, ou ou
Y =y — —. 5.9
ot Hy O ‘l’ﬂyyay (5.9)

Consequently, (5.2) leads to the elliptic DE for the auxiliarly function u(x,y,t),
(5.7),

0 Ju Ju 0 Ju Ju
9, ou guy y (2 ) —0, in s, ). (5.1
B (,um B + fhay 8y> + 3y (,uy 9 + Ly 8y> 0, in S,t > O(param.). (5.10)

in which the time variable t > 0 is only a parameter appearing in the coefficient
functions pizy,...,4yy. The BCs (5.3), (5.4) and (5.5) respectively imply

dg(t) / dB
= —_—. =1,2 5.11
I on. di ndl,t>0, s 2,3 (5.11)
¢ = C4(t) (constant) on 0D, t >0, s=1,2,3 (5.12)
and
Cil—f-n:()onéDs,t>0,s:4,5,6. (5.13)

Here, to remove the degree of freedom involved in the scalar potential {, we choose
(=0on0dDs, t>0. (5.14)

We must add the IC resulting from (5.6) and (5.14), viz

_ _ 77r(%$7y704ﬁ,t=0)=+1 Whena+ﬁ<0
@yt =0) _0’{ (v, z,y,0,8,t=0)=—-1 whena+3>0 "’
—g <7< g, V(z,y) € D. (5.15)

Source conditions

Two types of source conditions occur.

(a) With ¢-type excitation, the total flux ¢4(t) through 0D;, s=1,2,3 is enforced. On
account of (5.2), (5.3) and (5.5) we must require that >-%_, ¢4(¢) = 0, > 0. Then,
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the uniform but time depending value of the scalar potential ¢ on dD,, denoted
by Cs(t), s = 1 or 2, is not given a priori, but must be determined as part of the
problem.

(b) With so called (-ezcitation, the uniform value ((t) = Cs(t), t > 0, at 9D, s =1
and 2, is enforced, (recall (5.14)). From the BVP (5.10), (5.12)-(5.13), (5.15), w.

may obtain the magnetic induction B. The total flux ¢4(t), s = 1,2 or 3, then
follows from (5.11) when we take into account that ¢s(t = 0) = 0 due to(5.15).

To derive a suitable variational form of this problem, we introduce the function
space

V = {v € W)(D);vl|sp, is a constant depending on s, s = 1,2, 3}. (5.16)

Here, W3 (D) is the usual first order Sobolev space on D and the condition ” v|gp,
is constant” must be understood in the sense of traces, as defined e.g. in [2]. Mul-
tiplying both sides of (5.10) with a test function v(z,y) € V, integrating over D,
applying Green’s formula (1.21) and invoking the BC (5.11), the problem (5.10)-
(5.15) is found to be (formally) equivalent with the following variational problem:

Find a function ((z,y,t), with u(z,y;t) = 8t’ that shows the property
eV and % € Ly(D) for every t > 0, and obeys

Ju ou. Qv Ju ou, dv 3. des(t)
/ [wma a4 i G| oy = 3 ool (517
VveV,t>0

along with the IC (5.15)
Notice that by the requirement ¢ € V, for every ¢t > 0, (5.12) is automatically taken
into account.

5.3 A combined FE-FD-discretized vector Preisach model
5.3.1 Space discretisation by finite elements

For a usual triangulation 75, of the domain D, (h mesh parameter), shown in Fig.5.2,
we consider a quadratic finite element mesh, as introduced in Section 1.1.

By ¢j(z,y), ( =1, ..., J), we denote the standard cardinal basis functions, asso-
ciated to the nodes (x;,y;), (j =1,...,J), J being the total number of nodes. Here,
the nodes are numbered such that the first I of them, I < .J, belong to the domain
D or to the boundaries 0D4, 0D5 and dDg. On the boundaries 0D, 0Dy and 0Ds
we have Ji, Jy and J3 nodes, respectively (J — I = J; + Jo + J3). We introduce the
spacesX), and Xy, similarly as in (3.22)-(3.23).

Next we introduce the special functions belonging to Xj,:

I+J;
brnley) = 3 ey (5.18)

j=I+1
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Figure 5.2: Triangulation 1, for the domain D

I+J1+J2
¢I+2(CE>?J) = Z ij($>y)7 (519)
j=I+J1+1
J
w1+3($>y) = Z ij($>y)7 (520)

j=I+J1+J2+1

showing the property
Yirs =1 on 0Dg, s =1,2,3. (5.21)

Moreover, 17 is readily understood to vanish throughout D apart from the trian-
gles T' € 1, adjacent to 0D;.

Writing, for convenience, v; = ¢;, 1 < j < I, we finally define the space V}, by:
Vi = span(1p;) 123 = Xon @@ span(irys)d_;. (5.22)

This space V}, is suitable for a conforming FEM as V,, C V. Indeed, for v € V}, one
evidently has v € X;, C W} (D), while moreover v is constant on dD;, 0D, and
0Ds3, due to (5.21).

The finite element approximation (,(x,y;t) € V, of ((x,y;t) is defined by a
variational problem similar to (5.17)-(5.15), now with V replaced by V},. Here, we
approximate the space dependency of uy;, by passing to jix =~ g, defined by

:&“kl (I> Y, t? Ch(I> Y; t)? Ch,past($> Y; t))

= [kl (5553 y;’W t> Ch(lg'W y;’W t)> Ch,pGSt (5553 y%? t))?
V(z,y) € T, VYT € 1, t >0, (5.23)
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where (5, y5) is the center of gravity of 7. This allows us to take properly into
account the nonlinear and hysteresis effects, resulting in the complicated form of
the differential permeability py;. Here, iy now depends upon the finite element ap-
proximation Hy(x,y;t)=—gradC, and Hp, pest(x, y;t) = —gradCh past of the magnetic
field H(x,y;t) and its history Hp.st(x,y;t), respectively.

Explicitly, recalling (5.14) and decomposing ¢y, as

I
Ch($>y; t) = Cj(t)%(fl?,y), t> 07 (524)

+
[\

<.
Il
-

we have ¢;(t) = (u(xj,y;:t), 1 < j < I, and moreover ¢(t) = (u(x,y;t)|opn,, s = 1,2,
due to the proper choice of the basis functions of V;, (5.22).

Notice that in the case of ¢-excitation (case (a) in Section 5.2), all coefficient
functions ¢;(t), 1 < j < I+ 2, are unknown, while in the case of (-excitation (case
(b) in Section 5.2), the coefficient functions ¢y11(t) and cr42(t) are given.

These unknown coefficient functions will be derived from a system of first order
ODEs, resulting from the finite element discretisation of (5.17). More precisely,
take as test functions in (5.17) either v = ¢;, 1 < i < I + 2 (case (a)), or v = 1;,
1 <i <1, (case (b)). Then, we are led to the following system of ODEs

[M(t,C(t), C(”“St)(t))]% =[F], t>0, (5.25)
along with the ICs, cf. (5.15),
[C(0)] =0 (5.26)

and

Y(x,y) € D. (5.27)

77r(55>y7047ﬁ7t:0):+1 Whena+ﬁ<0
n(x,y,a,3,t=0)=—-1 whena+ />0 "’

The second IC corresponds to the history of the material at t=0 (i.e. the demagne-
tized state of the material).

Here, the matrices involved read as follows.

case (a): ¢-type excitation

[C] and [CP*D)] are the column matrices,

[C)] = [e1(t), ea(t), ..., crea(t)],
[CPGSt(t)] = [Clmast(t)> 627;Dast(t)> ) CI+27Past(t)]T> (528)
while [M] is the mass matrix given by
[M(E, C(t), Cpast(t))] = [Mim|1<tm<r+2, (5.29)

with
Ml,m -
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/< O 0V . OV O . OOy WW%) dedy — (5.30)
D

oz on P or oy TPy an T Moy oy

Finally, the force matrix [F], corresponding to the RHS of (5.17), is a column matrix
with(I + 2) elements, viz

[F%w]zf%;KLQHWO,L0F¥+%gimgxuwoxqu, (5.31)

where we used (5.21) and the fact that 1,19, ..., ¢ all vanish on 9D and 0Ds.

case (b): (-type excitation

[C], [Cpast) and [M] take a similar form as in case (a), of course with the proper
dimensions: now in the system (5.25) I equations are left.
The force matrix now has the form

[F(1)] = [Fi(t), Fo(t), ..., Fi(t)]* (5.32)

with q q
Fi(t) = —Mi,1+1%01+1(t) — Mi,l+2%01+2(t)7 1<:< 1. (5.33)

in which ¢41(¢) = (11(t) and cr42(t) = (r42(t) are given. (5.33) results from

transferring to the RHS of (5.25) the terms containing the known functions dccfl—t“

derqo

and 2

5.3.2 Time discretisation by finite differences

The IVP (5.25)-(5.27) is solved numerically by a suitable FDM, extending the clas-
sical technique introduced in Section 1.2. We may restrict ourselves to the case of
¢-excitation, (case (a)), the case of (-excitation being completely analogous. The
analysis proceeds similarly as in [12].

Let At be a time step and let ¢, = k- At, (k=0,1,2,...), be the corresponding
equidistant time points. Let 6 € [0, 1] be a parameter of the method. We define an
approximation C®)=[c{®) f¥ | ¢PUIT of C(te)=[c1(tr), ca(tr), .., crya(ts)]T, (k =
1,2, ...), by the following recurrent set of algebraic systems

C(k)] — [c(k—l)]
At

Gl = O[F(ty)] + (1 — O)[F(ty)], k=1,2,... (5.34)

starting from, see (5.26),
[C©] = 0. (5.35)

Here, the matrix [M®)] is constructed out of the matrix [M], (5.29)-(5.30), by a
time averaging technique for the differential permeabilities in the time interval [t5_1,
tr]. More precisely, fi,, is replaced by

i) = Ot (t) + (1 — 0)fiaa(trr) (5.36)
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and similarly for fizy, ..., flyy.
By means of [C®)] we construct an approximation C,(Lk) (x,y) of Cu(z,y,tr), (5.24),

V1Z
I14+2

Wz, y) =3 My (a,y). (5.37)
j=1

As the matrix M® depends on the unknown C'®) we set up an iterative Newton-
Raphson procedure to solve the nonlinear system (5.34) at every time point g,
similarly as in (2.51). In practice we take 6 = 0.5.

5.4 Numerical results

The effectiveness of the variational approximation method for the problem (5.10)-
(5.15), as outlined in the previous section, has been confirmed by several numerical
experiments, both for the case of ¢-excitation and for the case of (-excitation. Here,
we consider a test problem with practical relevance, viz the evaluation of the local
field patterns in one tooth region of an asynchronuous machine, shown in Fig.5.1.
We used the triangulation shown in Fig.5.2. The time step used was again At =
(f being introduced below).

The numerical results obtained with the present model are compared with these
resulting from more common models based upon a single valued material character-
istic. More precisely, we will compare the numerical results for the time variation
of H and B in selected points of the tooth region D. As both the scalar potential
excitation and the flux excitation are periodic in time, we may use a complex Fourier
decomposition for the local vector fields H(z,y;t) and B(x,y;t), viz

_1
4007

—+00
> Hi(z,y)- el (hwtta) (5.38)

k=—o0

H(z,y;t)

—+00
3" Bilw,y) - el ket (5.39)

k=—o0

B(xz,y;t)

Here, w is 27 times the basic frequency, ay [resp. 5] and Hj, [resp. By are the
phase angle and the amplitude of the k-th harmonic of H [resp. B].
For the magnetic material we used the Preisach function P, which obeys

/H2 da [* dBP.(a, ) = 13.107%| H, — Hy|
Hy Hy
+0.56(q(H1) — q(H2))(¢(—H2) — ¢(—H1)), —Hpn < Hi < Hy < Hy, (5.40)

with
q(x) = arctan(z/200). (5.41)
This corresponds to a physically relevant function P, for an industrial available

material, intensively analyzed. We present numerical results for the 2 types of
excitation mentioned above.
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case 1: (-excitation

We enforce a simple time variation of the scalar potential at the boundary parts
0Dy and 0D, viz
Cre1(t) = Gnazcos( 2w ft + 1) (5.42)

and
Creo(t) = —Cnazcos(2m ft + o) (5.43)

with Cnee = 120, f = 50Hz, 1 = 25° and v, = 6°.

For this excitation we compute the field pattern in the domain D and we consider
point 2 in Fig.5.1. Fig.5.3 reveals the difference between the B, B,-loci obtained with
the vector Preisach model and the one obtained with the more common single valued
material characteristic.

By o single x hyst

Figure 5.3: B, By-loci in point 2, case 1

Up to now, no measurement set up for rotating magnetic fields are available to the
authors to validate experimentally the numerical approach.
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case 2: ¢-excitation

The enforced (realistic) flux patterns through 0D, and 9D, are

¢j(t) = aj1cos(2m ft + 1) + aj15c05(307 ft + vj15) + aj17cos(347 ft + vj17),
j=1,2, (5.44)

where the amplitudes and phase angles are given in Table 2 and where f = 50H z.

15T
1.5 T AL el (Tl
B T B
L 1.0
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Figure 5.4: B, H,- and B,H,-loops in point 1 and point 2, case 2

We consider the 2 points indicated in Fig.5.1, for which we expect a different type
of field pattern. The corresponding B, H,-loop and B, H,-loops are shown in Fig.5.4.
For point 1, the B, H,-loop is ommitted as, in correspondence with the alternating
character of the flux pattern, B, ~ H, ~ 0. Fig.5.5 shows the scaled spectra of the
amplitudes for the vectors B and H for point 1, according to (5.38)-(5.39).

Again the values obtained with the vector Preisach model deviates from those
obtained with the single valued material characteristics (the more when the scaling
factors are different, as indicated). Moreover, notice the symmetry for each pair
of positive and negative harmonics. This corresponds to alternating field vectors,
which is in agreement with a qualitative property for points such as point 7 in D.
This symmetry is lost in the case of point 2 in D, see Fig.5.6, corresponding to

rotational fields H and B in this point.

aj1 ;.15 aj;17 Y51 | V5,15 | V4,17
¢1 | 1.262 | 0.0178 | 0.0105 | 25. | 109. | -36.
¢9 | 1.268 | 0.0067 | 0.0050 | 5.9 | -155 | 27.

Table 2: amplitudes (1,2 and 3th column in Tesla) and
angles (4,5 and 6th column in degrees) of the excitation
in case 2, see formulas (5.42) and (5.43)
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Figure 5.5: Spectrum of the amplitude of B and H in point 1, case 2
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Figure 5.6: Spectrum of the amplitude of B and H in point 2, case 2
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6 Concluding Remarks

In this paper we dealt with several types of nonlinear elliptic and parabolic BVPs
with memory properties, both in 2D and 1D, in the former case with nonlocal BCs,
arising e.g. from the mathematical modelling of the electromagnetic fields in mag-
netic materials with hysteresis behaviour. We presented effective numerical meth-
ods, proceeding in 3 steps: (1) a suitable (weak) variational formulation of the BVPs
considered, (2) a nonstandard finite element method with quadratic elements w.r.t.
the space dependency and (3) a time discretisation method of the Crank-Nicholson
type, combined with Newton-Raphson iteration techniques. The major difficulty
concerns the hysteresis behaviour of the material, reflected in the coefficient func-
tion (magnetic permeability) of the PDEs. The material models used are either
scalar Preisach models (both rate-dependent and rate-independent) and a vector
(rate-independent) Preisach model.

In the case of the scalar Preisach models the numerically obtained BH-loops
and corresponding values of the electromagnetic losses agree with the experimental
results, obtained by measurements. Actually, the material behaviour is described
adequately by the material model. The calculations performed with the RPM are
considerably more CPU-time consuming than those for the CPM, viz about 30 times
more.

For the situations where the magnetic induction vector B and the magnetic field
vector H are no longer uni-directional, a vector hysteresis model must be used. Al-
though the vector Preisach theory has experimentally been found not to be adequate
in all cases, this material model is the mostly elaborated and mostly used one in the
literature. We have been able to incorporate it into the magnetic field calculations,
although in a more complex way than for the scalar Preisach models. The combi-
nation of more refined vector hysteresis models, not available yet in the literature,
with the magnetic field calculations will proceed along similar lines as in Sections
4-5.

The combined finite element - finite difference codes, which properly take into
account the complex material behaviour in the BVPs considered, have been devel-
opped by the authors themselves, as the existing packages turned out not to be
feasible, mainly due to that hysteresis behaviour.

Finally, we indicate some limitations of the paper and corresponding directions
for further research. First, as emphasized from the beginning, in this article we
restrict ourselves to BVPs in 1D and 2D, however showing memory properties (hys-
teresis) and, for the 2D-problem, showing also nonlocal BCs of the Neumann type.
These 2 features make the BVPs nonstandard. In principle, 3D problems could be
dealed with as well by the FEM-FDMs described, of course on the cost of higher
computational complexity. However, as far as hysteresis models of Preisach-type
are concerned, which must be coupled with the parabolic or elliptic problems, no
thorough experimentally validated models in 3D exist (The mathematically much
involved models developped by Mayergoyz, [14], for instance, are not really validated
by measurements).

Other, more specific limitations concern the 2D-problems in Section 3 and 5. In
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the underlying physical problems of Section 3 of electromagnetic field calculations
in one lamination of an electric machine, the enforced flux is taken to be orthogonal
to the cross section of both the yoke and the tooth, while in Section 5, the flux
lies in the plane of the cross section, however with neglecting eddy current effects
(i.e. J = 0in (1.43)). Without these physical assumptions the resulting BVPs
are considerably more difficult. Thus, for instance, in Section 5, a scalar potential
formulation would be no longer possible and, for the numerical approximation, the
use of edge elements would be more appropriate than the one of finite elements.
These extensions are topics for further research.
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