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ABSTRACT. w-open sets are used to introduce two new classes of sets
in bitopological spaces, namely, u-w-open sets and g-w-open sets.
Several properties of these classes are given. The new classes of sets
are used to introduce several types of continuity. Several results
related to two known Lindel6fness bitopological concepts are intro-
duced.

1. INTRODUCTION AND PRELIMINARIES

Let (X, 7) be a topological space and let A be a subset of X. A point
x € X is called a condensation point of A [8] if for each U € 7 with
x € U, the set U N A is uncountable. In 1982, Hdeib defined w-closed sets
and w-open sets as follows. A is called w-closed [12] if it contains all its
condensation points. The complement of an w-closed set is called w-open.
Many topological concepts and results related to w-closed sets and w-open
sets have appeared in [1-5,8,11,16] and others. In 1963, Kelly [13] intro-
duced the notion of bitopological spaces as an ordered triple (X, 7,0) of a
set X and two topologies 7 and o, (i.e., two bitopological spaces (X, T, o)
and (X, 7/,0") are identical if and only if 7 = 7/ and o = ¢’. After Kelly’s
initiation of the bitopological notion, many authors generalized many topo-
logical concepts to include bitopological spaces. Recently, the authors in
[6] used w-closed sets to introduce semi star generalized w-closed sets as a
class of sets in bitopological spaces. In the present work, w-open sets will
be used to obtain two new classes of sets in bitopological spaces, namely
u-w-open sets and g-w-open sets. Several properties of these classes will be
given. Several results related to two known Lindel6fness bitopological con-
cepts will be introduced. The new classes of sets will be used to introduce
several types of continuity and separation axioms in bitopological spaces.

Throughout this paper, we use R (resp. Q, Q¢) to denote the set of real
numbers (resp. the set of rational numbers, the set of irrational numbers).
For a subset A of a topological space (X, 7), we write Cl, (A) for the closure
of A. Also, we write 714 to denote the relative topology on A when A is
nonempty. For a nonempty set X, 7,4 will denote the indiscrete topology
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on X. We use 7, (resp. 7., 7r) to denote the usual (resp. left ray, right
ray) topology on R.

In this paper, the family of all w-open sets of a topological space (X, 7)
will be denoted by 7.

At the end of this section, we recall basic definitions and propositions,
which are used throughout this paper.

Proposition 1.1. [5] Let (X, 7) be a topological space and A C X. Then

(a) A is w-open of (X,7) if and only if for each © € A there exists
U € 7 and a countable set C C X such thatx €¢ U — C C A.

(b) 7. is a topology on X with 7 C 7.

(¢) If A is nonempty, then (7|, )w = Tw |A-

Definition 1.2. [11] A function f: (X,7) = (Y, 0) is said to be w-contin-
uwous at a point x € X, if for every open set V containing f(x) there is an
w-open set U containing x such that f(U) C V. If f is w-continuous at
each point of X then f is said to be w-continuous on X.

Proposition 1.3. [11] For a function f: (X,7) — (Y, 0) the following are
equivalent.

(a) f is w-continuous.

(b) For each U € o, f~Y(U) € 1.

(¢) f: (X,7) = (Y,0) is continuous.

Proposition 1.4. [11] Every continuous function is w-continuous, but not
conversely.

Recall that if 7 and o are two topologies on a set X, then the smallest
topology on X which contains 7Uo is called the least upper bound topology
on X.

Definition 1.5. [7] A set A C (X, 7,0) is said to be semi-open (briefly,
s-open) if it is open in the least upper bound topology on X .

If 7 and o are two topologies on a set X, then the least upper bound
topology on X will be denoted by (7, 0).
The following useful result follows directly from the definition.

Proposition 1.6. Let 7 and o be two topologies on a set X. Then A C
(X,7,0) is s-open if and only if for each x € A there exists U € 7, and
V eo such thatx e UNV C A.

Definition 1.7. [7] A set A C (X, 7,0) is said to be quasi-open (briefly,
g-open) if for every x € A there exists U, € T such that x € U, C A or
V. € o such that x € V, C A. Equivalently, a set A C (X,7,0) is g-open
if and only if A= BUC, where BET and C € 0. A set A C (X,1,0) is
said to be g-closed if X — A is q-open.
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The family of all g-open sets in (X, 7,0) is denoted by ¢(7, o).
Definition 1.8. [14] A set A C (X, 7,0) is said to be u-open if A€ TUo.

The family of all u-open sets in (X,7,0) is denoted by u(r,0). The
authors in [14] called u-open set in Definition 3.1 (i) as pi-open set.

Proposition 1.9. [7] For a topological space (X, 1,0), we have the follow-
mg:
(a) u(r,0) Cq(r,0) C (1,0), TU0 # q(7,0) in general, and q(7,0) #
(1,0) in general.
(b) q(7,0) is closed under arbitrary union but q(,0) is not a topology
on X, in general.
(c) Arbitrary intersection of q-closed sets is q-closed.

Definition 1.10. A cover U of the bitopological space (X, T,0) is called:
(a) [17] To-open if U C u(T,0).
(b) [9] p-open if it is To-open, and U contains at least one nonempty
member of T and at least one nonempty member of o.

Definition 1.11. [10] A bitopological space (X, T,0) is called:
(a) s-Lindeldf if every To-open cover of (X, T,0) has a countable sub-
cover.

(b) p-Lindelof if every p-open cover of (X, T,0) has a countable sub-
cover.

Definition 1.12. Let f: (X, 71,72) — (Y, 01,02) be a function.
(a) [15] [ is said to be p-continuous if the functions f: (X,7) —
(Y,o1) and f: (X,72) = (Y, 02) are continuous.
(b) [18] f is said to be u-continuous if for each A € u(o1,02), f~1(A) €
u(Ty, T2).
(c) [7] f is said to be q-continuous if for each A € q(o1,02), f1(A) €
q(T1,72).

The authors in [18] called u-continuous functions in Definition 5.1, p-
continuous functions. Also the author in [7] called g-continuous functions
in Definition 2.6 quasi-continuous.

The following result is well-known.

Proposition 1.13. Every p-continuous function from a bitopological space
(X, 71,72) to a bitopological space (Y,01,02) is u-continuous, but not con-
versely.

Proposition 1.14. [11] If f: (X, 7) — (Y, 0) isw-continuous and g: (Y,0) —
(Z, p) is continuous, then go f: (X, 7) — (Z, p) is w-continuous.
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Definition 1.15. [7] The q-closure of A in (X,7,0) is denoted by q-
Cl(7,0) (A) and defined as follows:

q-Cliro) (A) = Cl- (A) N Cl, (A).
The author in [7] called a g-closure of A a quasi-closure of A and denoted
it by A.
Proposition 1.16. [7] If A C (X, 7,0), then q-Cl(; 5 (A) is the smallest
q-closed set containing A.

Definition 1.17. Let (X,7,0) be a bitopological space. A subset M of
X is called an s-Lindeldf subset of (X,7,0) if for each A C u(r,0) with
M C JA, there exists a countable set A C A such that M C |JA'.
Equivalently: A subset M of X is an s-Lindeldf subset of (X, T,0) if and
only if M is empty or (M, 7\ar, (o)) is s-Lindeldf.

2. u-w-OPEN SETS AND ¢-w-OPEN SETS

Definition 2.1. Let (X, 7,0) be a bitopological space and let A C X. Then
(a) A is said to be u-w-open in (X,7,0) if A € 1, Uoy. Equivalently:
AC(X,7,0) is u-w-open if and only if A € u(7y,0y).
(b) A is said to be u-w-closed in (X,7,0) if X — A is u-w-open in
(X,7,0).
(¢) A is said to be s-w-open in (X, 7,0) if it is open in the least upper
bound topology on X, of 1, and o.

For a bitopological space (X, 7,0), the family of all u-w-open sets in
(X, 7,0) is denoted by uw(7,0), and the family of all w-open sets in the
topological space (X, (7,0)) is denoted by (7,0),,.

Theorem 2.2. Let (X, 7,0) be a bitopological space. Then
(a) <T7 0>w = <Tw70w>~
(b) u(r,0) Cuw(r, o).
(¢) uw(r,0) C{T,0)w.-

Proof. (a) Let A € (1,0), and let z € A. Then by Proposition 1.1 (a),
there exists H € (1,0) and C C X countable set such that x € H —C C A.
Since x € H € (r,0) then by Proposition 1.6, there exists U € 7, and
V € o such that t e UNV C H. Note that U —C € 7,, V- C € o,
andze (U-C)N(V-C)C(UNV)—CCH-CCA. Thus, again by
Proposition 1.6, A € (7,,,0,). Conversely, let A € (1,,0,) and let z € A.
Then there exist Wy € 7, and W5 € o, such that z € W; N W,y C A. Since
r € W1 NWs then there exist U € 7, V € o and C1,Cy C X countable sets
such that z € U—Cy; C Wy and z € V —Cy C Wy, Note that UNV € (1, 0)
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and C; N Cy countable set. Also, z € (UNV)—(C1NC2) CWiNW, C A.
Thus, A € (1,0).

(b) By Proposition 1.1 (b), we have 7 Uo C 7, U gy, and consequently,
Aer,Uo, =uw(r, o).

(¢) Note that uw(r, o) = 7, Uo, = u(7, 0,) and by Proposition 1.9 (a),
(7w, 0w) C (T, 0,). Therefore, uw(r, ) C (1,0).. O

The following two examples will show, respectively, that the inclusion in
each of the parts (b) and (c) of Theorem 2.2 cannot be replaced by equality,
in general.

Example 2.3. Let X =R, 7 = Tjnq. Then Q° € uw(r,7) — u(r, 7).

Example 2.4. Let X =R, 7 = 7, and 0 = 7pp. Then (1,2) € (1,0) C
(T,0)w, while (1,2) ¢ 7, Uo, = uw(r,0).

Definition 2.5. A set A C (X, 7,0) is said to be q-w-open if for every
xz € A there exists U, € 1, such that x € U, C A or V, € o, such
that © € V, C A. FEquivalently, A C (X, 7,0) is q-w-open if and only if
A € q(1y,04). A set A C (X,7,0) is said to be q-w-closed, if X — A is
q-w-open.

The family of all g-w-open sets in (X, 7,0) is denoted by qw(T, o).

Theorem 2.6. Let (X, 7,0) be a bitopological space and A C X. Then the
following are equivalent:
(a) A is q-w-open.
(b) For each x € A there exists B € u(r,0) and is a countable set
CCX suchthatz e U —-C C A.

Proof. (a) — (b) Suppose that A is g-w-open and let © € A. Since A is
g-w-open, A = BUC, where B € 7, and C € o,,. Without loss of generality
we may assume that x € B. Take U, € 7 C u(7,0) and a countable set
C, C X such that x € U, — C, € B C A. This ends the proof.

(b) — (a) By assumption, for each z € A, there exists U, € u(r,0) and a
countable set Cy such that € U,—Cy C A. Put B=J{U, — C, : U, € 7}
and C = J{U, - C, : U, € 6}. Then B € 7,,C € 0, and A = BUC.
Hence, A is g-w-open. 0

Theorem 2.7. Let (X, 7,0) be a bitopological space. Then
(a) uww(r,0) C quw(T,0).

(b) q(7,0) € qu(7,0).

(c) qu(T,0) C (7,0)0.

(( g {0, X} C qu(r,0).

e) The family quw(T,0) is closed under arbitrary union.
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(f) The family of all q-w-closed sets in (X, T,0) is closed under arbi-
trary intersection.

Proof. (a) As uw(r,0) = u(7,,0,) and by Proposition 1.9 (a), u(7,,0.) C
q(Tw, 0w) = quw(T, o), we have uw(T, o) C qu(r,0).
(b) Let A € g(r,0). Then A = BUC, where B € 7 and C € ¢. By
Proposition 1.1 (b), B € 7, and C € o, and so A € ¢(7w,0,) = qw(7,0).
(c¢) By Proposition 1.9 (a), we have qw(7,0) = ¢(Tw,00) C (7w, 0w).
Thus, by Theorem 2.2 (a), it follows that qw(7,0) C (7,0),,.
(d) As {0, X} C uw(7,0), then by part (a) we have {0, X} C qw(r,0).
(e) Since qw(r,0) = ¢q(7,,0.,) and by Proposition 1.9 (b), (Tw,O'w) i
closed under arbitrary union, we get the result.
(f) Let {Aq : @ € A} be a collection of g-w-closed sets of (X, 7,0). Then
N Ao = (U ASL)°. Since AE is g-w-open for every oo € A, then by part
aEA acA
(f), U A4S € qw(r, o). Therefore, [\ Aq is g-w-closed. O
acA acA
The following example shows that the inclusion in Theorem 2.7 (a) can-
not be replaced by equality, in general.

Example 2.8. Consider the bitopological space (R, 1., 7pr). Then (—oo,0)U
(17 OO) S qw(Tlru Trr) —’U,(U(Tlr, Trr)'

The following example shows that the inclusion in Theorem 2.7 (b) can-
not be replaced by equality, in general.

Example 2.9. Consider the bitopological space (R,7y,,7.). Then Q°¢ €
qw(Tu, 7w) = q((Tu), > (Tu),,) = (Tu),, while as q(Tu,Tu) = Tu, then Q° ¢
q(Tuu Tu) .

The following example shows that the inclusion in Theorem 2.7 (c) can-
not be replaced by equality, in general.

Example 2.10. Consider the bitopological space (R, 7y, Trr). Then (0,1) €
<7'lra Trr> C <7'l7"77'r7“>w; while (07 1) ¢ qw(TlT; Trr)-
The next example shows that the intersection of two g-w-open sets is

not g-w-open in general. Therefore, the family of all g-w-open sets of a
bitopological space (X, T,0) does not form a topology on X, in general.

Example 2.11. Let X =R, 7 =7, 0 = Ty, A1 = (—00,1), and Ay =
(0,00). Then Ay and Ay are q-w-open sets in (X, 7,0) but A;NAs =(0,1)
18 not q-w-open.

For a bitopological space (X, T, o), Proposition 1.9 (b) says that ¢(7, o)
does not form a topology on X, in general. However, we have the following
result.
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Proposition 2.12. Let (X, 7,0) be a bitopological space. Then q(t,0) is a
topology on X if and only if q(1,0) = (1,0).

Proof. Necessity. Suppose ¢(7,0) is a topology on X. By Proposition 1.9
(a), we have ¢(7,0) C (r,0). Also, since 7 Uo C ¢(7,0), then by the
definition of (7, o), we have (r,0) C ¢(7,0).

Sufficiency. Suppose that ¢(7,0) = (7,0). As (7,0) is a topology on X,
then ¢(7,0) is a topology on X. O

Corollary 2.13. Let (X, 7,0) be a bitopological space. Then qu(r,0) is a
topology on X if and only if quw(T,0) = (1,0).

Proof. By Theorem 2.2 (a), (1,0)y = (Tw,0w), also qw(7,0) = ¢(Tw,0u).
Therefore, applying Proposition 2.12 on (X, 7, 0,) we get the result. O

The following lemma will be used in the proof of the next main result.

Lemma 2.14. Let (X, 7,0) be a bitopological space and let A={W —C':
W € u(r,0) and C C X is countable }. Then (X,7,,0,) is s-Lindelof if
and only if every cover of X, consisting of elements of A, has a countable
subcover.

Proof. Necessity. Suppose (X, 7,,0,) is s-Lindelof and let W be a cover
of X with W C A. Since W C A C 7, U g, then W is 7,0,-open cover
of (X, 7,,04), and thus, there exists a countable family of elements of W
covers X.

Sufficiency. Let W = {W,, : @ € A} be a 7,,0,-open cover of (X, 7,,0,).
For each o € A, there exists an indexed set €2, such that

Wo=J (Vs—Cp)
ﬂeﬂa

where Vg € TU o and Cg C X is countable set for every 8 € €. Thus,
{Vg—Cs:B8 € | Qu} is a cover of X consists of elements of A, and by

a€A
assumption it has a countable subcover. This implies that VW also has a
countable subcover. 0

Theorem 2.15. For a bitopological space (X, 7,0), the following are equiv-
alent.
(a) (X,7,0) is s-Lindeldf,
(b) (X, 7w,04) is s-Lindeldf,
(c) every cover of X, consisting of elements of qu(r, o), has a countable
subcover, and
(d) every cover of X, consisting of elements of q(7,0), has a countable
subcover.
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Proof. (a) — (b) Suppose that (X, 7,0) is s-Lindeléf. We apply Lemma
2.14. Let W = {W, — Cy : a € A, where W,, € u(r,0) and C,, C X is

a countable set} be a cover of X. Since |J W, = X, then by (a), there
aEA
exists a countable set A’ C A such that {W,, : a« € A’} covers X. Put G =

(| C. and for each x € G, choose o, € A such that z € (W,, — Cy,,).
acA’!
Thus, {Wy — Cy : v € A} U{W,, — C,, : x € G} is a countable subcover
of W.

(b) — (c) Suppose that (X, 7y, 0y,) is s-Lindelof. Let W = {W,, : o € A}
be a cover of X consists of elements of qw(7, ). For each @ € A, there exist
A, € 7, and B, € 0, such that W, = A, U B,. Since {An, Bo : @ € A}
covers X and {Aq, By : @ € A} C u(71,,04), then by (b), there exists a
countable set A’ C A such that {Aq, By :a € A’} covers X. It follows
that {W, : o € A’} is a countable subcover of W.

(c) — (d) Let U be a cover of X with & C ¢(7,0). Then by Theorem
2.7 (b), U C qw(T,0), and so U has a countable subcover.

(d) — (a) Follows because u(t,0) C q(T,0). O

Theorem 2.16. For a bitopological space (X, 1,0), the following are equiv-
alent.

(a) (X,7,0) is p-Lindeldf,

(b) (X,7w,0u) is p-Lindeldf.

Proof. (a) — (b) Suppose that (X, 7, 0) is p-Lindelof. Let W = {W, : e €
A} be a p-open cover of (X,7,,0,). Take aj,as € A such that W,, €
Tews Way € 0w, and W, # () for every i = 1,2. For each o € A, there exists

an indexed set Q, such that W, = |J (Vz — Cg) where {Cs: 8 € Q,} is
BEQ
a family of countable subsets of X and

{Vs:8€QtCror {Vg:8e€}Co).

For every i = 1,2, choose f3; € Qq, such that Vs, € 7,V3, € o, and V3, # 0.
Therefore, {Vz: 8 € |J Qa} is a p-open cover of (X, 7,0). Since (X, 7,0)
acA

is p-Lindelof, then there exists a countable set A’ C A such that for every
o € A/, there exists a countable set I', C €, such that

{Vg:ﬁe Ura}

acA’

covers X. Put

G—ﬂ{ngﬂe Ura}.

acA’
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Then G is countable and

{VB—CB:BE U Pa}
acA’
is a cover of X — G. For each z € G, choose o, € A such that z € W,_.
Thus, {W, : a € A’} U{W,, : x € G} is a countable subcover of W.
(b) — (a) Suppose that (X,7,,0,) is p-Lindel6f. Let U be a p-open
cover of (X, 7,0). Then U is a p-open cover of (X, 7,,,0,) and hence is has
a countable subcover. g

Theorem 2.17. Let (X, T,0) be an s-Lindeldf bitopological space and A be
a q-w-closed subset in (X, ,0). Then A is an s-Lindeldf subset of (X, T,0).

Proof. Suppose that (X, 7, 0) is s-Lindelof. Let U be a To-open cover of A.
Then U C qw(r,0) and X — A € quw(r,0), and thus Y U{X — A} is a cover
of X and consists of elements of qw(r,0). Therefore, by Theorem 2.15,
UU{X — A} has a countable subcover A. Put i’ = A—{X — A}. Then U’
is countable, U’ C U, and U’ covers A. Therefore, A is an s-Lindelof subset
of (X,7,0). O

Corollary 2.18. Let (X, 7,0) be an s-Lindelof space and A C X. If A is
a u-w-closed subset in (X, 7,0), then A is an s-Lindelof subset of (X, 1,0).

Proof. Since u-w-closed sets are g-w-closed in (X, 7,0), by Theorem 2.17,
we get the result. O

Corollary 2.19. Let (X, 7,0) be an s-Lindeldf space and A C X. If A is
a u-closed subset in (X, 7,0), then A is an s-Lindeldf subset of (X, T,0).

Proof. Since u-w-closed sets are g-w-closed in (X, 7,0), by Theorem 2.17,
we get the result. O

Theorem 2.20. Let (X, 7,0) be a p-Lindeldf bitopological space and A be
a q-w-closed nonempty proper subset in (X,7,0). Then A is a Lindelof
subset of (X, 7) or A is a Lindeldf subset of (X, o).

Proof. Since A is g-w-closed, X — A = W UM where W € 7, and M € o,
Since A is a proper subset of X, W # () or M # {).

Case 1. W # (). We show that A is a Lindelof subset of (X, o). Let U
be a cover of A with U C o. Since A is nonempty, then there exists Uy € U
such that Uy # 0. Thus, Y U {W, M} is a p-open cover of (X, 7,,0,), and
by Theorem 2.16, it follows that there exists a countable family A C U U
{W, M} which covers X. Let U’ = A — {W,M}. Then U’ is countable,
U CU, and U’ covers A. Tt follows that A is a Lindeldf subset of (X, o).

Case 2. M # (). Similar to that used in Case 1, we can show that A is a
Lindel6f subset of (X, 7). O
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Corollary 2.21. Let (X, 7,0) be a p-Lindeldf bitopological space and A be
a q-closed proper subset in (X, 7,0). Then A is a Lindelof subset of (X, T)
or A is a Lindelof subset of (X, o).

Proof. Since every g-closed is g-w-closed, then by Theorem 2.20, we get the
result. ]

Corollary 2.22. Let (X, 1,0) be a p-Lindeldf bitopological space and A be
a u-closed proper subset in (X, 7,0). Then A is a Lindeldf subset of (X, T)
or A is a Lindelof subset of (X,0).

Proof. Since every u-closed is g-w-closed, then by Theorem 2.20, we get the
result. g

3. Uu-w-CONTINUOUS AND ¢-w-CONTINUOUS FUNCTIONS

Definition 3.1. Let f: (X,71,72) = (Y,01,02) be a function. Then
(a) f is said to be p-w-continuous if both f: (X,m) — (Y,01) and
[ (X, 1) = (Y,02) are w-continuous.
(b) f is said to be u-w-continuous if for each A € u(o1,02), f~1(A) €
uw(n, Tg).
(c) f is said to be g-w-continuous if for each A € q(o1,02), f~H(A) €
qw(T1,T2).
Theorem 3.2. Let f: (X, 71,72) = (Y,01,02) be a function. Then
(a) f is p-w-continuous if and only if f: (X, (1), ,(12),) = (Y,01,02)
18 p-conlinuous.
(b) f is u-w-continuous if and only if f: (X, (1), ,(12),) = (Y,01,02)
18 U-CONtINUOUS.
(c) [ is q-w-continuous if and only if f: (X, (m1),,,(12),) = (Y,01,02)
18 q-continuous.

Proof. (a) follows from the definitions and Proposition 1.3.
(b) and (c) follow directly from the definitions. O

Proposition 3.3. Let f: (X, 71,7) — (Y,01,02) be a function. Then the
following conditions are equivalent:
(a) The function f is q-continuous.
b) The inverse image of every u-open set is g-open.
c) The inverse image of every u-closed set is q-closed.
d) For each x € X and each u-open set V.CY containing f(z), there
is a q-open set U C X containing x such that f(U) C V.
(e) The inverse image of every q-closed set is q-closed.
(f) For every A C X, f(q-Cl(7, r,)(A)) € ¢-Cl(s, 0, (f(A)).
(g) For every BCY, q-Clir, 7,)(f"HB)) € [ (q-Clis, ,05)(B)).

N~
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Proof. (a) — (b) Let A € u(01,02). Then A € ¢(o01,02) and by (a),
f~1(A) is g-open.

(b) — (c) Let H be be a u-closed set in Y. Then by (b), f~1 (Y — H) =
X — f~Y(H) is g-open and hence f~1 (H) is g-closed.

(¢) = (d) Let . € X and V C Y be a u-open set with f(x) € V. Then
V is g-open and Y —V is g-closed. By (c), we have X — f~! (V) is g-closed
and f~1 (V) is g-open. Put U = f~1(V). Then, U is g-open, z € U, and
fuyc.

(d) — (e) Let C CY be g-closed. We are going to see that X — f~(C)
is g-open. As Y — C is g-open, there exist A € ojand B € o3 such that
Y-C=AUB. Thusforeachz € X — f1(C) = f"}(Y - C), f(z) € A
(which is u-open) or f(z) € B (which is u-open) and by (d), there exists
a g-open set U, containing z such that f(U,) CACY —C or f(U,) C
B CY — C. Since arbitrary union of g-open sets is g-open, it follows that,
X—fH0)=U{Us:xz e X — f71(C)} is g-open.

(e) = (f) Let A C X. Since ¢-Cl(5, 5,)(f(A)) is g-closed in Y, then by
(€), f7Hq-Cl(s,,00)(f(A))) is g-closed in X. Since

AC fTH4-Cligy,00) (f(A))),
then by Proposition 1.16, it follows that
q_cl(7'177'2)(A) g fﬁl(q_CZ(UhO'g)(f(A)))v

and hence,

F(@-Cliz, ) (A) € ¢-Cloy 00)(f(A))-
(f) = (g) Let B C Y. Then by (f),
F(@-Cliry 7y (fTH(B))) € 4-Clioy o) (F(fTH(B))).
Consequently, we have
¢-Cliry, ) (fTH(B)) € f7H(a-Cligy ) (B))
(g) — (a) Let U be g-open in Y. We show that
X-fHU)=f1Y-0)
is g-closed in X. By (g), it follows that
q_Cl(Tlvﬁ)(f_l(Y -U)) < f_l(q'Cl(al,cm)(Y - U)).

Since U is g-open in Y, then Y — U is g-closed in X and ¢-Cl(4, ,)(Y —

U) =Y —U. Therefore, ¢-Cl(z, ,)(f (Y =U)) € f~(Y — U) and hence
7YY —U) is g-closed in X. O

Corollary 3.4. Let f: (X,71,72) — (Y,01,02) be a function. Then the
following conditions are equivalent.

(a) The function f is g-w-continuous.
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) The inverse image of every u-open set is q-w.
(c) The inverse image of every u-closed set is q-w-closed.
) For each x € X and each u-open set V. CY containing f(x), there
is an q-w-open set U C X containing x such that f(U) C V.
The inverse image of every q-closed is q-w-closed.

)
(f) For every AC X,

f(@-Clizyy_ () ) (A) € q-Cli(oy)_ (02),) (f(A)).
(g) For every BCY,

q-Cliryy () ) (FTH(B)) € fHa-Cli(or), (o)) (B))-

Proof. By Theorem 3.2 (¢), f: (X,71,72) — (Y,01,02) is g-w-continuous
if and only if f: (X, (1), ,(72),) = (Y,01,02) is g-continuous. Thus, ap-
plying Proposition 3.3 on f: (X, (m1),,(m2),) — (Y,01,02), we get the
result. |

Theorem 3.5. Let f: (X, 7m,72) = (Y,01,02) be a function.
(a) If f is p-continuous, then it is p-w-continuous.
(b) If f is p-w-continuous, it is u-w-continuous.
(c) If f is u-continuous, it is u-w-continuous.
(d) If f is u-w-continuous, it is q-w-continuous.
(e) If f is u-continuous, it is q-continuous.
(f) If f is q-continuous, it is q-w-continuous.

Proof. (a) follows from the definitions and Proposition 1.4.

(b) Suppose that f is p-w-continuous. Let U € u(o1,02). f U € 0,1 =
1,2, then f~Y(U) € (1;),, C uw(71, 72).

(c) Suppose that is u-continuous. Let U € u(oy,02). Then f~H(U) €
u(7i,m2). Since u(ry,72) C uw(r1, 72), then f=HU) € uw(r, T2).

(d) Suppose that f is u-w-continuous. Let U € u(o1,03). Then f~1(U) €
uw(Ty, 72). Since uw(r1, ) C qw(Ti,72), then f~1(U) € qu(ri, 72).

(e) Suppose that f is u-continuous. Let U € u(o1,02). Since f is u-
continuous, then f~Y(U) € u(r1,m2). u(m,72) C q(11,72), then f~1(U) €
q(71,72).

(f) Suppose that f: (X,71,72) — (Y,01,02) is ¢-continuous. Let U €
u(o1,09). Then f~Y(U) € q(m,72). Since q(m1,72) C qw(r1,72), then
f7HU) € qu(mi, 7). O

Each of the implications in (a), (¢), and (f) in Theorem 3.5 is not re-
versible, as the following example shows.

Example 3.6. The function f: (R, Tind, Tind) = (R, Teof, Teoy ), where f (x)
=z for all x € R is p-w-continuous, u-w-continuous, q-w-continuous, not
p-continuous, not u-continuous, and not g-continuous.
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Implication (b) of Theorem 3.5 is not reversible, as the following example
shows.

Example 3.7. The function f: (R, 7y, 7rr) = (R, 7ppr, Tirr), where f () =
for all x € R is u-continuous and hence it is u-w-continuous. However,it is
not p-w-continuous.

Implications (d) and (e) of Theorem 3.5 is not reversible, as the following
example shows.

Example 3.8. Consider the function f: (R, 7, 7rr) = (R, Ty, Trrr), where
f(x) = 2% Let U € w(trp,Tpr) = Trp. Then f71(U) = (—o00,—y/a) U
(Va,o0) if U = (a,00) with a >0, f~1(U) =R if U = (a,00) with a < 0,
and f~Y(U) =0 if U = 0. In all cases, f~1(U) € q (71, 7). Therefore,
f is g-continuous and hence it is g-w-continuous. On the other hand, since
(1,00) € u(Tprp, Trrr), while f~1((1,00)) = (=00, =1)U(1, 00) & uw (Tir, Trr),

it follows that f is not u-w-continuous and hence it is not u-continuous.

The following diagram summarizes the implications among the known
and introduced continuity concepts.

p-continuous —  wu-continuous —  g-continuous

+ + +

p-w-continuous — w-w-continuous —> g¢-w-continuous
It is known that the composition of two w-continuous functions is u-
continuous. The following result says that the composition of two g-contin-
uous functions is g-continuous.

Theorem 3.9. Consider two functions f: (X,71,72) — (Y,01,02) and
g: (Y,o1,02) = (Z,p1,p2). If f and g are q-continuous, then g o f is
q-continuous.
Proof. Let U € q(p1,p2). Since g is g-continuous, g~ (U) € ( 1,02).
Since f is g-continuous, f~! (¢~ (U)) € q(r1,72). Thus, (go /) (U) =
g7t () € q(m1, 72). m
Theorem 3.10. Let (X, 7), (Y, 0) be two topological spaces and let f: X —
Y be a function. Then the following are equivalent:
(a) f (X,7,7) = (Y,0,0) is p-w-continuous.

(b) f: (X,7,7) = (Y,0,0) is u-w-continuous.
(¢) f: (X,7,7) = (Y,0,0) is g-w-continuous.

) [ (X,

(d 7) = (Y, 0) is w-continuous.

Proof. (a) — (b) Theorem 3.5 (b).

(b) — (c) Theorem 3.5 (d)
(c) =+ (d) Let U € ¢ = cUo = u(o,0). Then by (c), f71(U) €
qw (1,7) = 7. Hence, f: (X,7) — (Y, 0) is w-continuous.

MISSOURI J. OF MATH. SCI., SPRING 2012 49



S. A. GHOUR AND 8S. ISSA

(d) — (a) Follows directly from the definition of f: (X, 7,7) = (Y, 0,0)
is w-continuous.

The following example shows that the composition of two w-continuous
functions need not to be w-continuous, in general. Thus, by Theorem
3.10, it follows that the composition of two p-w-continuous (resp. u-w-
continuous, g-w-continuous) functions need not be p-w-continuous (resp. u-
w-continuous, g-w-continuous), in general. ([

Example 3.11. Let f: (R, 7,) — (R, Tina) be a function defined by
V2, if x is rational;
fz) = {

2, if x is irrational.
and g: (R, Tina) — (R, 7) be a function defined by
2, if x is rational,
(z) =

1, if x is irrational.

where T = {R, ¢, {1}}. Then f is continuous (and so w-continuous) and g
is w-continuous. On the other hand, since f~ (g7 ({1})) = f~1Q°) = Q
and Q is not w-open set in (R, 7,), it follows that go f is not w-continuous.

Theorem 3.12. Consider two functions f: (X,m,72) = (Y,01,02) and
g: (Y,01,02) = (Z, p1,p2).
(a) If f is p-w-continuous and g is p-continuous, then g o f is p-w-
continuous.
(b) If f is u-w-continuous and g is u-continuous, then g o f is u-w-
continuous.
(¢) If f is q-w-continuous and g is q-continuous, then go f is q-w-
continuous.

Proof. (a) follows from the definitions and Proposition 1.14.
(b) Let U € u(p1, p2). Since g is u-continuous, g~ (U) € u(o1,02). Since
[ is w-w-continuous, f~' (¢~ (U)) € uw(ry,72). Thus, (go f) " (U) =

FH 971 (U)) € uw(ri, 7).
(c) Let U € u(p1, p2). Since g is g-continuous, g~* (U) € g(o1,02). Thus,

(9o /)7H(U) =" (g7 (U)) € qu(ri, 7). O

Corollary 3.13. Let f: (X,71,72) — (Y,01,02) and g: (Y,01,02) —
(Z, p1, p2) be two functions. If f is q-w-continuous and g is u-continuous,
then g o f is q-w-continuous.

Proof. Follows from Theorem 3.5 (e) and Theorem 3.12 (c). O

Theorem 3.14. Let (X, 71,72) and (Y,01,03) be two bitopological spaces,
A a nonempty subset of X, and f: (X, m1,72) — (Y,01,02) be a function.
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Let g: (A, (Tl)‘A (12)14) = (Y, 01,02) be the restriction of f to A defined
by g(x) = f(x) for every x € A. Then

)=
(a) If f is p-w-continuous, then g is p-w-continuous.
(b) If f is u-w-continuous, then g is u-w-continuous.
(¢c) If f is q-w-continuous, then g is q-w-continuous.

Proof. (a) Let i € {1,2} and U € o;. Since f is p-w-continuous, then
FYU) € (1i)w- So, fFFHU)NA € ((1i)w )4 - Therefore, by Proposition 1.1
(c), g N U) e ((Ti)‘A) . Hence, g is p-w-continuous.

(b) Let U € u(o1, 023). Since f is u-w-continuous, then f~Y(U) € (1), U
(12)w- So, fFTHU)NA € ((T1)w)ja U ((T1)w) 4 - Therefore, by Proposition
1.1 (c), g7 (U) € ((ﬁ)‘A)w U ((TQ)IA)W. Hence, ¢ is u-w-continuous.

(c) Let U € u(o1,02). Since f is g-w-continuous, then

F7HU) € qu(mi, 7).
So, there exist B € (1), and C € (72), such that f~'(U) = BUC.
Then ¢~ }(U) = (BNA)U(CNA) with BNA € ((T1)w)ja and CNA €
((r2)w)|a- Therefore, by Proposition 1.1 (c), it follows that g Y U) €
qw((71) |4 +(71))4 ). This shows that g is g-w-continuous. O

Theorem 3.15. Let f: (X,71,72) — (Y,01,02) be q-w-continuous and
surjective. If (X, 71,72) is s-Lindeldf, then (Y, 01,02) is s-Lindeldf.
Proof. Suppose that (X, 71, 72) is s-Lindelof. Let {W, : @ € A} be a o102-

open cover of (Y,01,02). Since f is g-w-continuous, then for each o € A,
I (Wy) € qu(71,72). Since,

xro=r(Ym) = U

then, {f~1(W,) : « € A} is a cover of X consisting of elements of qw(71, T2).
Thus, by Theorem 2.15, there exists a countable set A’ C A such that
{fﬁl(Wa) :a € A’} covers X. Since f is surjective, then ¥ = f(X).
Accordingly,

Y—f(X)—f(Ufl( ) U 7t~ < Uwa

aceA’ aceA’ acA’

Thus we obtain {W,, : a € A’} as a countable subcover of {W,, : a € A}.
This shows that (Y, 01, 02) is s-Lindeldf. O

Corollary 3.16. Let f: (X,11,72) — (Y,01,02) be a surjective function.
If f is p-continuous (resp. wu-continuous, g-continuous, p-w-continuous,
u-w-continuous) and (X, 71, 72) is s-Lindeldf, then (Y,01,02) is s-Lindeldf.

MISSOURI J. OF MATH. SCI., SPRING 2012 51



S. A. GHOUR AND 8S. ISSA

Proof. By Theorem 3.5, every p-continuous (resp. u-continuous, g-contin-
uous, p-w-continuous, u-w-continuous) is g-w-continuous. Then by Theorem
3.15, (Y, 01,02) is s-Lindelof. O

Theorem 3.17. Let f: (X,11,72) — (Y,01,02) be p-w-continuous and
surjective. If (X, 71, 72) is p-Lindeldf, then (Y, 01, 02) is p-Lindeldf.

Proof. Suppose that (X, 71, 72) is p-Lindelof. Let {U, : a € A} be a p-open
cover of (Y, 01, 02). Since f is p-w-continuous and

X = f_l(y) = f_l( U Wa) = U f_l(Wa)
a€A aEA
then {f~*(W,) : @ € A} is a (1), (2)_-open cover of (X, (1), (72),)-
Take ay,a2 € A such that W,,, € o; — {0} for i = 1,2. Since f is p-w-
continuous, it follows that f~(W,,) € (), for i = 1,2. Also, since f is
surjective, f=1(W,,) # 0 for i = 1,2. Therefore, {f~*(W,) : a € A} is
a p-open cover of (X, (1), ,(2),). Since (X, 71, 72) is p-Lindel6f, then by
Theorem 2.16, there exists a countable set A’ C A such that {f~1(W,) :
a € A’} covers X. Again since f is surjective, then Y = f(X). Accordingly,

Y—f(X)—f<U f‘l(Wa)> - U s | e

acA’ aceA’ aEA’

Thus we obtain {W,, : a € A’} as a countable subcover of {W,, : a € A}.
This shows that (Y, 01, 02) is p-Lindelof. O

Corollary 3.18. [10] Let f: (X, 71,72) — (Y,01,02) be p-continuous and
surjective. If (X, 71,72) is p-Lindeldf, then (Y, 01, 02) is p-Lindeldf.

Proof. This follows from Theorem 3.5 (a) and Theorem 3.17. O
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