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Abstract. Let X be Banach space and let T, T = T + 6T be bounded
linear operators on X. Suppose that 7" has the Drazin inverse T° and
Ind(T") = n. In this paper, we show that if ||07|| is sufficiently small and
Ran(T™)NKer((TP)™) = {0}, then T is Drazin invertible with Ind(T') < n.
In this case, the expression of T is given and the upper bounds of || 7P|
and

172 — 77|
177

are established. If dim X < oo, replacing Ran(T™) N Ker((T'?)") = {0}
by rank(T™) = rank(T"), we obtain the same perturbation results of the
Drazin invertible matrix 7" as in the case of dim X = oo.

1. Introduction. Throughout the paper, (X, | - ||) is a Banach space
over the field C and B(X) is the set of all bounded linear operators T'
on X. For T € B(X), we write Ran(T") (resp. Ker(T')) to denote the
range (resp. null space) of T'. A nonzero operator 7' in B(X) is said to be
generalized invertible if there is A € B(X) such that TAT =T, ATA = A.
Then A is called the generalized inverse of T, denoted by T. If X is a
Hilbert space, T'T is required to satisfy

TTYT =T, TTTT =T, (TtT)* =T+T, (TTT)* =TT*. (1.1)

In this situation, 7" is called the Moore-Penrose inverse of 7' [11]. Recall
from [6] that T € B(X)\{0} is Drazin invertible, if there is an A € B(X)
and a natural number k such that

TFAT =Tk, ATA= A, AT = TA. (1.2)

The least k such that (1.2) holds for some A is called the index of T', denoted
by Ind(T") = k. In this case, the A in (1.2) is called the Drazin inverse of 7.
We denote it by T”. When Ind(T') = 1, TP is called the group inverse of T'.
We use the symbol T# to denote it. Put RG(X) = {T € B(X)|T™ exists}
and

DI(X) = {T € B(X)|T? exists}, GI(X) = {T € DI(X)|Ind(T) = 1}.
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Let T € B(X) and T = T + 6T be the small perturbation of T by
0T € B(X). The perturbation theory of generalized inverse (or Drazin
inverse) is concerned with the question that if T € RG(X) (or DI(X)),
then when is 7' in RG(X) (or DI(X))? What are the upper bounds of
I77]| and

|77 — 17|
el I

where the symbol 7 is + or D7 When X is a finite dimensional Hilbert

space, [|[T]|[|6T|| < 1 and Rank (T') = Rank (') (rank-preserving pertur-
bation), we have

T T =T 145 TH][6T ]
ITHlloT| [T+ = 2 1= [T*|eT|

17+ < — (13)

[13]. If X is a finite dimensional Banach space and T,T € B(X) with
Rank (T') = Rank (T"), then the upper bounds of |77 || and

172 — TP
172

have also been obtained recently in [14], where | = max{Ind(7T"), Ind(T)}.

When X = oo, we need a new notation which can replace the rank-
preserving perturbation in matrix theory. Let T € RG(X) and T = T +
8T € B(X). Recall that T is the stable perturbation of T, if Ran(T) N
Ker(T") = {0} (or equivalently, Ran(T) N [Ran(T)]* = {0}, when X is a
Hilbert space) [3] and [15]. It is proved in [3] that Ran(T") NKer(T") = {0}
if and only if Rank(T) = Rank(T) when dim X < oo and ||TF]|||0T|| <
1. Moreover, some conditions to characterize the stable perturbation of
operators in Hilbert spaces and Banach spaces have been obtained by J.
Ding in [5]. Using this notion, the authors in [2], [4], and [15] showed that
(1.3) also holds when X is a Hilbert space, ||T7||||0T|| < 1 and Ran(T) N
Ker(T") = {0}; when X is a general Banach space, T € RG(X) and
T =T + 0T with

1

|67 _
T 16T < =y



then T € RG(X) if and only if T is the stable perturbation of 7" if and only
if (I +6TT%)~'T maps Ker(T) into Ran(T) [3]. This result generalized a
famous theorem of Nashed’s in [11].

As to the perturbation analysis of the Drazin invertible operators on
X, there are also some results concerning the estimation of || 77| and

172 — 77|
177

[7, 8, 10]. But we also notice that these results are based on the hypotheses
that T is Drazin invertible and ||TTP — TTP|| is small enough. Thus,
the problem is: how can we guarantee T € DI(X) and | TT? — TT?| is
sufficiently small? These two problems have been solved in this paper in
terms of the stable perturbation of bounded linear operators. Our main
result of the paper is the following.

Let T € DI(X) with Ind(T) =n and T =T + 6T € B(X) with

1

Kh(T)er < @ =)+ |77

If Ran(7T™) N Ker(TP)" = {0}, then T € DI(X) with Ind(T) < n, where

_ 1167l

=-_—1 and T"=1-TTP.
17|

kp(T) = |TIITP|, er

In this case, the upper bounds of || 77| and

|72 — 1]
TP
are given.

2. Some Lemmas. Let T' € DI(X) with Ind(T") = k and put T™ =
I —TTP. Then T™T = TT™ and TPT™ = T7TP = 0. Thus,



is invertible in B((I —T™)X) with the inverse

Tp' =TP| ey and Ty =T

)X T7X

is a nilpotent operator in B(T™X) with T8 = 0. Therefore, TP =
(TH#T'=1 and (TP)! = (T")#, for all | > k. Conversely, we have the
following.

Lemma 2.1. Let T € B(X) with T™ € GI(X) for some n > 1. Then
T € DI(X) with Ind(T) < n.

Proof. If T™ is group invertible, then by [9], T is invertible or 0 is an
isolated point of T. Hence, T = T @ T, where T} is invertible and 15
is quasi-nilpotent. Then 7™ = T7* & 13", and the group inverse of T is
given by T, " @0. Hence, A = T; ' @0 satisfies the definition of the Drazin
inverse with the index < n.

Lemma 2.2. Let T € RG(X) and T =T + 6T € B(X) with

1

TH|||6T —_—.

Then Ran(T) NKer(T*) = {0} if and only if
(I-TTHST(I-T*T) = (I-TTHST(I+T+6T) 'THoT(I-T+T). (2.1)

Proof. By [3], Ran(T) N KerT+ = {0} if and only if
(I —TTHT(I +6TTH) ' T(I —T"T) =0. (2.2)
Since (I +TH6T)"1TT =T+ (I +6TT*)1, it follows that
(I-TTHT(I + T oT) ' THeT(I - T*T)

= —TTH[I+0TT" —I|(I +6TTH) 6T —T*T)
=(I-TTHT(I-TYT)— (I -TTHST(I+6TTH'T(I—-T"T)

so (2.1) is equivalent to (2.2).



Lemma 2.3. Let T € GI(X) and T = T + 6T € B(X) with

1

- where rg(T) = ||T[|T#].
1+ (|77 #

K (T)ET <

Then
O(T) =1+ 6T (I — TT#)ST[(I + T#5T) ' T#)> (2.3)

is invertible in B(X) and

(1 — my(T)er)®
(1= rg(T)er)? = T (kp(T)er)?

[Tl <

Proof. We have

1
I+T#ST) Y| < ———
(I + )l < 1= ra(T)er

and

(hp(Mer)? 1
0= rg(er)® 77 =

1= o(T)|| < (177l
Thus, ®(T) is invertible in B(X) and

1 (1 —ku(T)er)?

1O T =@ = T @ - [T p e

Let T € GI(X) and T = T + 6T € B(X). Then with respect to the
decomposition, X = (I — T7™)X + T™ X, we have

[Tw 0 s _ [Tx0 0 [ 6
T‘[o o}’ T‘[o ol 7= |65 o,



where, 01 = (I-T™)0T(I-T™), 6o = (I-T™)0TTT™, 65 = T™6T(I-T™), and
04 =T7™6TT™. Let I (resp. I2) denote the identity operator on (I —77)X
(resp. T™X). Then

= T#+51 02 # - 11+T#51 02
T—|: 55 54]’ I+7T 5T—[ 0 Ll
So if
ky(T)epr < —————,
#er < T

then I; + 10, is invertible and

11
(I + T#5T)\T# = [(Il +Ty0) " Ty 0}

0 0
—1 —1 # 2 - . . . L
and moreover, Iy + d293[(11 + T, d1)"tT#]? is also invertible, since

I + 5253[([1 + T;lisl)_lT#]Q 0 :|

Q)(T)Z{ 0403[(1 + Ty '61) ' T#]* I

is invertible by Lemma 2.3.

Lemma 2.4. Let T € GI(X) and T = T + 6T € B(X) with

1

T —_
e < T

Put O(T) = T™0T(I + T#6T)~'T#, D(T) = (I + T#5T)"'T#®~1(T).
Then T € GI(X) with

T# = (I + C(T))(D(T) + D*(T)STT™)(I — C(T)) (2.4)

if and only if Ran(T) N Ker(T#) = {0}.



Proof. Let d1,...,d04 and Ty be as above. Put A = 4 — d3(I1 +
T, '61)7 T, 6. Tt is easy to check that (I + C(T)))(I — C(T)) = (I —
(T)I +(T)) =1,

IiC(T):[ h 0],

:|:(53(Il + Tq;l(sl)flT#zl I

and (2.1) is equivalent to A = 0 when replacing TF by T# in (2.1). Notice
that

— [T#+51+5253(T#+51)_1 52]

(I — C(T)T(I +C(T)) = NS (T o) =T 25)

So if Ran(T) N Ker(T#) = {0}, then

T — |:T#+51+5253(T#+51)1 52:|
o= 0 0

and

A T# + 01 + 5253(T# + 51)_1]_1 T# + 61 + 5253(T# + 51)_1]_252]
0 0 0

D(T) + D*(T)éTT™.

Consequently, T# = (I + C(T))(D(T) + D*(T)6TT™)(I — C(T)).

On the other hand, if T € GI(X) and T# has the expression (2.4),
then by (2.5), T = D(T) + D*(T)dTT™. From TyTy Ty = Ty, we get that
A = 0. Thus, Ran(T) NKer(T#) = {0} by Lemma 2.2.

3. Perturbation Analysis for Drazin Inverse. We first consider
the perturbation of group inverse under stable perturbation. We have the
following theorem.

Theorem 3.1. Let T € GI(X) and T =T + 6T € B(X) with

1

T _
kg (Ter < T [T7]



Assume that T is the stable perturbation of T'. Then T' € DI(X) and

IT#]

T#
| T7] < [1— (14 |T7])) ks (T)er]?’

2||T7 ||k (T)er
— A+ T )rg(T)er’

T —T™|| <
[ <<

IT# = T#]| _ (1 +2||T"])rp(T)er
IT#1 -~ 0= A+ TT[Drgp(T)er]*

Proof. We keep C(T), D(T) in Lemma 2.4. Then by Lemma 2.4,
T € DI(X). Since D(T)(I — C(T)) = D(T), it follows from (2.4) that

T# = (I 4+ C(T))D(T) + (I + C(T))D*(T)6TT™(I — C(T)) (3.1)
IT#]| < 1+ [C@DIDD)]
+ L+ [C@ D@ IPISTINTT- (3.2)

We now estimate 1 + ||C(T")|| and ||D(T)]], respectively. We have

rg(Ter 14+ (77 = Drg(Ter
— Ry (T)ET 1-— R (T)ET

L+ICM < 1+ 117715

(1 — rp(Der) || T7]
(1= L+ [T [Drg(Ter)[L + (|77 = 1)rg(T)er]

D) <

Thus,

[ THINT™ (T e
(1= (L + [T} s (T)er]?

L+ IC@ID D@ 6T T <

and hence, by (3.2),

(1 — rp(T)er) || T7] [l

akia
TN < T A T g e = A=A [T )rp @l




By (2.4) and (2.5), TT# = (I+C(T))[I — T™ + D(T)dTT™)(I — C(T)). So

177 = T7|| < [C(T)I =TT + I + C(T)D(T)STT™(I - C(T))|
< IC@+ @+ 1@ ID@)HNST T

2T oy (Ther
= T T g (Ter

Finally, by (3.1)

IT# —T7%|
<1 D(T) = T#|| + |C(T)D(T)|| + (1 + |C@)ID D) 6T (1| 7.

Now, using Lemma 2.2 and the fact that
(kg (Ter)? < rp(Ter <1

we have
ID(T) = T#|| = |[(I + T™6T)"'T# — T#]&~(T) + T#(d~1(T) - )|

T#/{#(T)éT 1 # 1 B
§71—n#(T)eT”q> (D + 1T (D) @(T) — 1]
|T# || (T)er
S T+ [T rp@er

ITH#NT" [l (Ter
— (T |)rp(T)er

lC@)D(T)) < £

Therefore,
|T# —T#|

[T 5(T)er

§ 177
ST (L T g (TDer

A+ T )rs(T)er

L+ |77 + =

L+ 2| T DIT# ||z (T)er

S =T 1T DraT)er?




Let T, T=T+6T € B(X) and 677 = (T +6T) —T7, j=1,... ,n. Then
6771 < (N1 + 16T~ 10T || + I T [[l677 - (3-3)

Suppose er < 1. From (3.3), we can deduce that

n—1
ST < 16T D NTIP TN+ 8Ty
7=0

n—1

= IT|"er Y (1 +er)! < (2" = [T er.
§=0

Now we present the main result of the paper as follows.
Theorem 3.2. Let T' € DI(X) with Ind(T) = nand T = T+6T € B(X)
with

1

wb(T)er < G A T )

Assume that Ran(T™) NKer(TP)" = {0}. Then T € DI(X) with Ind(T) <
n and

TP = (I+C(T™)(D(T™)+D*(T™)ST"T™)(I+C(T™))(T+6T)" 1, (3.4)

2" ey ()77

D
= T D+ T ey e

2(2" — Drp(Ter||TT]|
=@ = DA+ [T)rp(T)er

17"~ 77 < <

TP —TP| _ 2"'2" = D)+ 2| T7|)sp " (Der
el = =@ = DA+ [TT)ep(T)er]?

+ (2" = DRB(T)er.
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Proof. We have T™ € GI(X) and (TP)" = (T™)#, T"(T™")* =1 —-T".
Noting that xp(T) > || TTP|| > 1, we have ey < 1 and

1

[6T™[[(T™)#]] < (2" — DKB(T)er < ————.
b L+ (|77

(3.5)

Applying Theorem 3.1 to 7™ and T™ = T" + 1™, we get that T" € DI(X)
and

. l@)#|
TN < T repemeepe &9
e 2T 5T (T
I72@7 =TI < T ey o7

[ = @+ T DT I[(T™)# (1>

By Lemma 2.1, T € DI(X) with Ind(T) < n. So TP = (T™)#T"L.
Replacing T' by T™ in (2.4), we obtain the expression of (T™)# and hence,
we get (3.4). Furthermore, | TP < [[(T™)#||||T||" (1 + er)"~! and

T2 = 72| = )Tt = (T y#ret
< EmY* — EYFITIM (1 4 er)™ 4 F T - Tm
<T@ - @EPFNTI + @ = DITP e @er

Combining these inequalities with (3.5), (3.6), (3.7), and (3.8), we can get
the assertions easily.
Let V1, V5 be two closed subspaces of X. Put

6(V1, V2) = sup{dist (z,V2)|z € V1, [[zf| = 1},

(V1. Va) = max{6(Vi, Va), 8(Va, V1)}.

Suppose that {T,,}52, C DI(X) and

lim T, =Tp.

n—oo
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Let T,, = C,, + N,, be the core nilpotent decomposition of T},, n > 0 [12].
Using 0(Ran(Cy,), Ran(Cy)), Rakocevi¢ characterized

lim TP =1P.

n—oo

Now we give a relatively simple condition such that

lim 7P =1
as follows.

Corollary 3.3. Let T,, € DI(X), (n > 0) with

lim 7, = Tp.

n—oo

Suppose that

I =supInd(7T,) < +oc.
n>0

Then
lim 7P = 1P
if and only if Ran(7%) N Ker(T¢)# = {0} eventually.
Proof. We have T, = C!, € GI(X) and Ran(C!) = Ran(C,,), n > 0. If
Ran(T!) N Ker(T})# = {0}, then by Theorem 3.1,

Tim [[(T)* — (1) = 0.

Since TP = (TL)#(T,,)' !, it follows that

lim TP =1P.

n—oo

Conversely, if
lim TP =1L,

n—oo

then
lim 0(Ran(C,), Ran(Cp)) =0

n—oo

12



by [12]. Since
lim | T;, — Tyl = 0,

it follows from [3] that Ran(T%) N Ker(T¢)# = {0} eventually.
We end the paper with the following remark.

Remark 3.4. Let T' € DI(X) with Ind(T) = n and T = T+6T € B(X).

(1) When dim X < oo, Rank (7T") = Rank(T™) and er is sufficiently
small, Theorem 3.2 gives perturbation results of Drazin invertible ma-
trices.

(2) When dim X < oo, Corollary 3.3 is the equivalent condition of the
continuity of Drazin invertible matrices given by Campbell and Meyer
in [1].

(3) If we require T € DI(X) with Ind(T) < n and

lim TP =717,
ST —0

then by Corollary 3.3, Ran(T™) N Ker(T™)# = {0} when ||0T| is suf-
ficiently small. So in this case, the expression of TP given by (3.4) is
unique. This means that Theorem 3.2 solves the problem of continuous
perturbation of Drazin invertible operators or matrices.
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