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RINGS THAT CHARACTERIZE SOME

SEPARATION NOTIONS

Jesús Antonio Ávila G.

Abstract. In this paper, we characterize the rings whose prime spec-

trum satisfy some topological notions related to the lower separation ax-

ioms. In order to do so, the notions of γ-ring, ε-ring, and ES-ring are

introduced.

1. Introduction. Among the many relations that can be estab-

lished between algebraic and topological structures, we consider the one

that associates to any commutative ring with identity the topological space

of its prime ideals endowed with the Zariski topology. This association is

indeed a functorial relation from the commutative rings with identity to

the topological spaces, i.e., a “dictionary” of properties between objects

and morphisms of these categories. It is therefore natural to “translate”

topological properties assumed in Spec(R) into algebraic properties of the

ring R. Some of these properties have been studied from the origins of the

theory and have been included as exercises in some classic texts [2, 5] or

developed partially in [1] and [8].

The aim of this paper is to characterize the rings whose spectra satisfy

some topological notions like T (γ), T (β), T (ε), TES and to show that rings

exist for each one of these classes. These characterizations lead to the

notion of γ-ring, ε-ring, and ES-ring.

2. Preliminaries. In this paper it is assumed that all the rings are

commutative with identity. Now we present the Zariski topology defined

on the set of prime ideals of a commutative ring with identity and a base

for this topology. A complete exhibition of this topic can be consulted in

[1, 2, 8].

Let R be a ring and Spec(R) be the set of all prime ideals of R. For

E ⊆ R and V (E) = {P ∈ Spec(R) |E ⊆ P}, the following properties hold:

a) V (0) = Spec(R), V (1) = ∅.

b) If {Ei}i∈I is a family of sets of R then
⋂

i∈I V (Ei) = V (
⋃

i∈I Ei).

c) If E1 and E2 are subsets of R, then V (E1)∪V (E2) = V (〈E1〉∩〈E2〉) =

V (〈E1〉 〈E2〉). 〈E〉 is the ideal generated by E.
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The collection ς = {V (E) | E ⊆ R} satisfies the axioms for closed sub-

sets of a topological space and so, defining τ = {Spec(R)− V (E) | E ⊆ R},

one has that (Spec(R), τ) is a topological space, called the prime spectrum

ofR. τ is known as the Zariski topology. The open sets areX−V (E), where

E ⊆ R and X = Spec(R). For f ∈ R, the collection β = {Xf | f ∈ R} with

Xf = X − V (f) is a base for the Zariski topology.

There are interesting relations between the basis elements Xf and the

algebraic properties of the ring R. However, they will not be presented here

and can be consulted in [1, 2, 8].

With this topology it is proven that for P ∈ Spec(R), {P} = {Q ∈

Spec(R) | P ⊆ Q} and consequently {P}′ = {Q ∈ Spec(R) | P ⊂ Q}.

We recall that (Spec(R),⊆) is an ordered set. Also, {P} is a closed set

in the topological space Spec(R) if and only if P is a maximal ideal in

(Spec(R),⊆). This fact will be used repeatedly in the propositions of the

following section.

Definition 1. Let R be a ring. A subset A of proper ideals of R is

comaximal if for all P,Q ∈ A, P 6⊆ Q and Q 6⊆ P , then P +Q = R (P,Q

are comaximal).

The following proposition will be used repeatedly in the next section.

Its proof can be found in [12].

Proposition 1. If X is a finite poset, then there is a ring A with

Spec(A) ∼= X (as ordered sets).

The study of the low axioms of separation began with the work of

Young [14] and Yang (according to [11]). Later on, Aull and Thron [3]

introduced new axioms and presented equivalent characterizations for some

of them. They analyzed the inclusion relationships and observed that all of

them can be described in terms of derived sets of points. Finally, McSherry

[13] defined and studied the axiom TES .

For a topological space (X, T ) and x ∈ X , define the kernel of x, {̂x},

as the set {
y ∈ X | x ∈ {y}

}
.

The set

{̂x}\{x}

is called shell of x and it will be denoted in this work by {̃x}. The set A is

called a point closure if A = {p} for some p ∈ X .

Definition 2. A topological space (X, T ) is:
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a) T (γ) if for any x ∈ X , {x}′ is the union of disjoint point closures.

b) T (γ′) if for any x ∈ X , {x}′ is the union of disjoint kernels.

c) T (β) if for any x ∈ X , {x}′ is empty or singleton.

d) T (β′) if for any x ∈ X , {̃x} is empty or singleton.

e) T (ε) if for any x, y ∈ X , x 6= y, {x}′ ∩ {y}′ is empty or singleton.

f) T (ε′) if for any x, y ∈ X , x 6= y, {̃x} ∩ {̃y} is empty or singleton.

g) TES if for any x ∈ X , {x} is an open set or a closed set.

h) TY S if for any x, y ∈ X , x 6= y, {x} ∩ {y} is either ∅ or {x} or {y}.

It is important to notice that the axioms T (β), T (β′), T (ε), and T (ε′)

do not necessarily imply T0. These topological notions will be considered

in the following section. A detailed study of them can be found in [3, 13].

3. Results. Since it is always possible to associate the topological

space Spec(R) to each ring R, it is natural to consider rings that charac-

terize certain topological properties of its spectrum [1, 4, 8]. The aim of

this section is to characterize the rings whose prime spectrum satisfy the

topological notions defined in the previous section. Here we will only prove

the necessity of the conditions, since the sufficiency is straightforward.

Definition 3. Let R be a ring and P ∈ Spec(R). min(P ) will denote

the set of the minimal elements of {P}′.

Definition 4. A ring R is a γ-ring if for all prime P non-maximal,

min(P ) exists and it is comaximal.

From Proposition 1, it is possible to construct γ-rings of any finite

dimension. Z and any valuation domain whose spectrum is isomorphic to

Z as posets are γ-rings.

Proposition 2. Spec(R) is T (γ) if and only if R is a γ-ring.

Proof. ⇒) Suppose that Spec(R) is T (γ) and R is not a γ-ring. Then

for some non-maximal prime ideal P , the set min(P ) = ∅ or min(P ) is not

comaximal. If min(P ) = ∅, then there are an infinite number of prime ideals

P1, P2, P3, . . . , such that, P ⊂ · · · ⊂ P3 ⊂ P2 ⊂ P1. Thus, {P}′ is not the

union of point closures, which is false. If the set min(P ) is not comaximal,

then there are different non-maximal prime ideals T, S ∈ min(P ), such that,

T + S 6= R. Thus, there exists a maximal ideal M such that T ⊂ M and

S ⊂ M . Therefore, M ∈ {T } ∩ {S}. Hence, the sets {T } and {S} are not

disjoint point closures, which is false.
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Dually, max(P ) and γ′-ring can be defined to characterize the rings

whose spectra are T (γ′).

The pm-rings are the rings for which each prime ideal is contained in

only one maximal ideal [6] and the m-rings are the rings where each prime

ideal contains only one minimal prime ideal. The first class characterizes the

normality of Spec(R) and the second the axiom TY S (with dimR ≤ 1) [4].

Examples of these rings are in [10] or can be constructed using Proposition

1.

Proposition 3. Spec(R) is T (β) if and only if R is a pm-ring and

dimR ≤ 1.

Proof. ⇒) Suppose that Spec(R) is T (β) and R is not a pm-ring or

dimR ≥ 2. If R is not a pm-ring, then there exists a prime ideal P , such

that, P ⊂ S and P ⊂ T with T and S two different maximal ideals. Thus,

S, T ∈ {P}′, which is false. If dimR ≥ 2, there are different prime ideals

P,Q, T such that P ⊂ Q ⊂ T . Thus, Q, T ∈ {P}′, which is also false.

Dually to the previous result, it is obtained that Spec(R) is T (β′) if

and only if R is an m-ring and dimR ≤ 1. This allows us to conclude that

the topological notions TY S and T (β′) coincide in Spec(R). Also, notice

that if Spec(R) is T (β), then Spec(R) is normal.

Definition 5. Let R be a ring, M,N maximal ideals and T, S minimal

prime ideals. Then, P⊂(M,N) = {P ∈ Spec(R) | P ⊂ M ∩ N} and

P⊃(T, S) = {P ∈ Spec(R) | T ⊂ P and S ⊂ P}.

Definition 6. A ring R is an ε-ring if for any M,N different maxi-

mal ideals and T, S different minimal prime ideals, the sets P⊂(M,N) and

P⊃(T, S) are empty or singleton.

Notice that any ring of dimension zero, the valuation domains and the

domains of dimension 1 (in particular Z) are ε-rings. Also, from Proposition

1, the rings of this class of any finite dimension can be constructed.

Proposition 4. Spec(R) is T (ε) if and only ifR is an ε-ring and dimR ≤

2.

Proof. ⇒) Suppose that Spec(R) is T (ε) and that R is not an ε-ring

or dimR ≥ 3. If R is not an ε-ring, then there are different maximal ideals

M,N or different minimal prime ideals T, S, such that, the set P⊂(M,N) or

the set P⊃(T, S) is not empty or singleton. Then, there are different prime

ideals A,B ∈ P⊂(M,N) or C,D ∈ P⊃(T, S). Thus, M,N ∈ {A}′ ∩ {B}′
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or C,D ∈ {T }′ ∩{S}′, which is false. If dimR ≥ 3, then there are different

prime ideals P,Q, S, T such that P ⊂ Q ⊂ S ⊂ T . Thus, S, T ∈ {P}′∩{Q}′,

which is also false.

Notice that the notion of ε-ring is auto-dual, therefore, the properties

T (ε) and T (ε′) are equivalent in Spec(R).

Definition 7. A ring R is an ES-ring if for any minimal non-maximal

prime ideal M , ⋂

P∈Spec(R)
P 6=M

P 6⊆ M.

Notice that any ring of dimension zero or any ring with finite spectrum

(in particular, the valuation domains of finite dimension and the semi-local

domains of dimension 1) is an ES-ring. Also, from Proposition 1, rings of

this class of any finite dimension can be built. Z is not an ES-ring.

Proposition 5. Spec(R) is TES if and only if R is an ES-ring and

dimR ≤ 1.

Proof. ⇒) Suppose that Spec(R) is TES and R is not an ES-ring or

dimR ≥ 2. If R is not an ES-ring, then there exists a minimal non-maximal

prime ideal M , such that,

⋂

P∈Spec(R)
P 6=M

P ⊆ M.

Thus, {M} is not an open set; since otherwise we have {M} = (V (A))c for

some A ⊆ R. Then, A 6⊆ M and

A 6⊆
⋂

P∈Spec(R)
P 6=M

P.

Therefore, there exists a prime ideal P 6= M such that A 6⊆ P . Thus,

P ∈ (V (A))c = {M}, which is false. But, {M} neither is a closed set,

since it is not a maximal ideal, which is false. If dimR ≥ 2, then there are

different prime ideals Q,S, T such that Q 6⊆ S 6⊆ T . The singleton {S} is

not an open set, since otherwise we have {S} = (V (A))c for some A ⊆ R.
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Then, A 6⊆ S and A 6⊆ Q. Therefore, Q ∈ (V (A))c = {S}, which is false.

But the singleton {S} neither is a closed set, which is also false.

4. Concluding Remarks. Notice that the definition of γ-ring, ε-

ring, and ES-ring, allows us to outline new research questions about their

algebraic properties. Some of the topics that could be studied are: di-

mension, ring of fractions, quotient ring, product ring, ring of polynomials,

ring of formal power series and extensions of ring. Finally, we notice that

any topological notion leads to a class of rings with special characteristics,

namely, the functor Spec allows to define new classes of rings. Also, we

can characterize well-known rings in terms of topological properties on its

spectra or even find rings that are related to well-known rings. For exam-

ple, a Noetherian ring R is Artinian if and only if Spec(R) is discrete [2];

a ring R is a D-ring if and only if Spec(R) is a TD space [4]. The D-rings

are defined as rings where every non-maximal prime ideal P is different

from the intersection of the prime ideals strictly containing it, i.e., they are

related to the rings of Jacobson.
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