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NEW ALGORITHMS FOR THE DIVISION’S QUOTIENT
S. Mazouzi

Abstract. We shall propose in this paper some practical divisibility tests as
well as genuine expressions for the division’s quotient. The latter is only based on
successive operations using either addition or substraction and multiplication by

some appropriate integer weights.

1. Introduction. As everybody knows, of all traditional known operations,
division is the most intricate and requires time, patience, and even material re-
sources when implementing the algorithm in hardware. In order to quickly recog-
nize whether a positive integer number is divisible by another some attempts have
been made throughout the years to develop a basic skill relevant to the divisibility
tests which may relieve human beings of performing long arithmetical operations.

Besides the inherited divisibility tests by numbers less than or equal to 11
(see [1, 2, 5]) the ancient Spanish provided their own divisibility criterion for the
number 13 [4]. A few years ago, inspired by the latter criterion, T. Trotter gave in
[4] easy tests for divisibility by the numbers 17 and 19. The reader can eventually
find through the number theory literature a great deal of rough results dealing with
divisibility tests by specific numbers which require a rigorous theoretical framework.

We shall introduce in the present work new methods of testing divisibility of
a positive integer number by another, and whenever it is true, we propose genuine
algorithms to find the corresponding division’s quotient. Meanwhile, we generalize
(and simplify) the A. Khane results [3] by giving in an elementary way the exact
multiplier for each division. The main technique we shall use is based on the natural
properties of the “unit function” w:N — {0,1,...,9} defined by u(n) = n—10| {5]
(it is the function that associates to any nonnegative integer number its unit’s digit);
for instance, u(5248) = 8 and u(219) = 9. As usual, the brackets |-| denote the
floor function. Next, we define the function U: Nx N — {0,1,...,9} by U(m,n) =
u(u(m)u(n)), for any nonnegative integers m and n. The restriction of U to the

set: {0,1,...,9} x{0,1,...,9} generates the following table of multiplication:
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x |01 |2 (34|56 |7|8]9
0 (0|0 (0]O(0O]O(0O]O|O]O
1 /01|23 (4|5|6 |7 |89
2 102|416 8|02 |46 |8
3 |0|3]|6|9|2|5 (81|47
4 (014 1(81(2|6 |0 |4 |8 (2|6
5 |05 (0|5 1]0 (5|0 |5 ]0 |5
6 |0 |6 |2 |8 ]4]01[6 |2 |8 |4
710|741 |8 |5|2|9 (6|3
8 |0 |8 |6 (4 ]2 |0 (8|6 |4 |2
9 |09 |8|7]6|5|4 |3 |2 |1

It seems clear from the above table that if n € N is fixed in the set
{1,3,7,9}, that is n is coprime to the base A = 10, then the section function
U(,n) = u((-)n):{0,1,...,9} — {0,1,...,9}, denoted u,, is a one-to-one and

onto mapping. As a matter of fact one can easily check that

1) uy(m) =u(m) = m, for all m € {0,1,...,9},

2) ug(m) = 10[ 28| — 7m, for all m € {0,1,...,9},

3) uy(m) = 10LmT+2J —3m, for allm € {0,1,...,9},

4) ug(m) =10 —m —10[ 1222 | for all m € {0,1,...,9},

5) ug(m) + ug—a(m) = 10 — 10[12=2 |, for all m € {0,1,...,9}, foralla €

{1137719}7
6) uy'(m) =10 =2mEte=l | g for allm e {1,...,9}, a=3,7,

a a

7) uy' = uy.

2. Results Relevant to the Decimal Base. We start with the following
results which give simple algorithms to test the divisibility of a positive integer
number by another and systematically find the corresponding quotient. The prin-
ciple consists of finding the digits of the quotient proceeding from the unit’s digit
to the left most digit.
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Theorem 1 (division from right to left). Let Ny, K € N such that b = u(Ny) #
0 and K = 10p + a, for some a € {1,3,7,9}. We define the sequence {Ny}r>0 C N
by

N — Ku;l(u(Nk))

10 ’
Then, Ny is divisible by K if and only if Ny, is divisible by K for each k € N.
Moreover, the quotient L = Ny/K is given by

k=0,1,.... (1)

Nigy1 =

L=> u,'(u(Ny)) - 10,

0

n

where 7 is the least positive integer number n such that N, ;1 = 0.

Proof. Write Ng = 10A +b. Then

No=10A+b— Ku, ' (b) + Ku;'(b)

= 10(A - %Ob)_b) + Ku, '(b).

Since 10 and Ku'(b) are coprime and K divides Ny then K must divide

Kuz'(b)—b  No— Kug'(b)

A
10 10

:Nl

and by induction K divides each term Ny.
It follows from relation (1) that

Ne

N, <
k+1 > 107

k=0,1,...
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so that,

Ny
Nk+1§W7 k:0717

and thus, limg_,~ IV = 0. Therefore, there is a positive integer n such that Ny = 0
for all £ > n. Denote by 7 the least positive integer n such that N,41 = 0.
To find the quotient we observe that

10" Ny = 10F Ny, — 10" Ku, Y (u(Ny)), k=0,1,....
Then,

Z 1M Nyoyy = Z 10K N, = Z 10° Ny, — Z 1OkKu;1(u(Nk))
k=0 k=1 k=0 F=0

=KL+ Y 10°N, = K u, ' (u(N;))10%,
k=1 k=0

from which we get

L=> u,"(u(Ny))10".

0

n
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Example 2. Let Ny = 2111103, K = 389, then we have

No=211110 3

Ni=2108 38 @

No=21 00 60

- 1 55 6 (= Kug'(6))
Ny =19 45 0

- 19 45 (= Kugy'(5))
Ny = 0

Hence, L = 10%uy ' (5) + 10%uy ' (6) + 10ug *(8) + uy ' (3) = 5427.

Theorem 3 (division from right to left). Let Ny, K € Nsuch that b = u(Ny) #
0 and K = 10p+a, for some a € {1,3,7,9}. Let { N }x>0 C N be a sequence defined
by

Nie + Ky, (u(Ny))
10

Then, Ny is divisible by K if and only if N}, is divisible by K for each k € N.

Besides, the quotient L = Ny/K is given by

Niy1 = k=0,1,.... (2)

’

L= {10 —ug_,(0)} + Y {9 - upg,(u(Ny))} - 10,
k=1

where 7’ is the least positive integer n such that N, 41 = K.
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Proof. We have

No=10A+b=10A+b+ Kuj,_,(b) — Kujy_,(b)

Kujy 4(b) +b

=10( A
o4+ =

) - K0

Now since the numbers 10 and Kuj,",(b) are coprime and K divides Ny, then

K must divide the integer number

Kuli()lfa(b) + b _ NO + Kuli()lfa(b)

At 10 10 =M
and by induction K divides each Nj.
We observe on the other hand that
Ny — K K(9—up_,(a(Ny)))
Nip1— K = — - k=0,1,...

k+1 10 10 ) D)

so that,
N, — K Ny — K
0< Ny —K <=2 < <0 k=01,....

I T

Thus, there is a positive integer n such that Ny = K, for all £ > n. We
denote by 7 the least positive integer n such that N, ;1 = K.

We have from relation (2)

10FF I Ny 1 = 10F Ny + 108 Kugg , (u(Ny)), k=0,1,...
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then,

’

D 105 Ny =107 TTK + ) 10PN,
k=0 k=1

/

1Oka+KZu10 o (u(Ny)) - 10*
0 k=0

-

E
Il

—KL+Z10’“Nk+KZu u(Ny)) - 10,

k=1 k=0

from which we get

= {10 — a4 ( }+Z{9—u10 o(u(Ng))} - 10",

k=1
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Example 4. Let Ny = 2111103, K = 389, then we have

No=211110 3
+ 1 16 7 (=Ku'(3)
Ny =21 12270

+ 72 3  (=Ku(7)
Ny =21 39 50

+ 1 94 5 (= Ku;'(5))
N3y =23 3 4 0

+ 15 56 (= Kuy'(4))
Ny =38 990 (= K)

so that,

L=10%9 —u;'(4) +10%(9 —u; ' (5)) + 10(9 — u; 1(7)) + (10 — u; *(3))
= 5427.

Theorem 5 (Division via a positive multiplier). Let Ny, K € N such that b =
u(Ny) and K = 10p+a, for some a € {1,3,7,9}. We define the sequence { Ny} x>0 C
N by

NO = Nougl(Q),

- Ni + Ku; ' (9)u(N, (3)
N1 = s uiO(Q)u( k), k=0,1,....

Then, Ny is divisible by K if and only if N}, is divisible by K for each k € N.
Furthermore, the quotient L = Ny/K is given by

L= {10 — u(bu, (9 }+Z{9— (Ni))} - 10%,
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where 7 is the least positive integer n such that N, 1, = Kuj(9).

Proof. It is easy to show that the sequence {N %} k>0 s nonincreasing and there
is a positive integer n such that Ny, = Ku;'(9), for all k> n. Let @ be the least
positive integer such that Ny, = Ku;(9).

The first assertion of the theorem is similar to that of the preceding theorems

and so it is omitted. It is worthwhile to observe that

Ny = Nt (Ku§;<9>>u<zvk>

_ N —u(Vy) N (Ku,'(9)+1) -
10 10

Ku;t 1
We shall denote by ut(K) the positive integer Ku, O)+1 called a posi-
tive multiplier. We have for different expressions of K the following values of the

corresponding multipliers:

Ip+1, ifulK)=1
KD = 3p+1, ifuK)=3
Tp+5, ifu(K)="7
p+1, ifu(K)=9

To obtain explicitly the quotient L = Ny/K we have from relation (3)

10 Ny = 108N, + 108 Ku L (9)u(Ny), k=0,1,...
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so that,

> T 10M Ny = 100 K 1(9) + > 105N
k=0 k=1

u(Nk) . 10’“

M

= > 10*N; + Kug'(9)
k=0

>
Il

0

= KLu,'(9) + > 10°Ny + Kug'(9) > u(NVy) - 10%,

n

k=1 k=0

which implies that
L=10"" =3 " u(N) - 10*
k=0

= {10 — u(buz " (9)} + zn:{f? —u(Ny)} - 10",
k=1

as expected.
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Example 6. Let Ny = 4779411 and K = 7503, then Ny = Nouz'(9) =
14338233 and Kug'(9) = 22509. Hence, u*(K) = (Kugz'(9) + 1)/10 = 2251,
then

+ 6 75 3 (=pT(K)u(No))
Ny =14 40576 i

+ 1 35 06 (= pT(K)u(Ny))
Ny =15 705 6 3

+ 6 75 3 (= pH(K)u(N2))
Ny =22 50 9 (= Kuz'(9)

Since N3 = Kuz'(9), then
L =10%(9 — u(N,)) + 10*(9 — u(N1)) + (10 — u(Ny)) = 637.
Theorem 7 (Division via a negative multiplier). Let Ny, K € N such that b =

u(Ny) and K = 10p+a, for a € {1,3,7,9}. Let { Ny} x>0 C N be a sequence defined
by

No = Nouyg—,(9),

Ni — Kujg (9)u(Ny) (4)
T . k=0,1,....

N1 =

Then, Ny is divisible by K if and only if N}, is divisible by K for each k € N.
Besides, the quotient L = Ny/K is given by

L= u(Ny)-10",

0

’

where 7’ is the least positive integer n such that N, 41 = 0.
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Proof. It can easily be proved that the sequence {]\7 k k>0 is nonincreasing and

there is a positive integer n such that Nk+1 =0, for all £k > n. Let n be the least
positive integer such that Ny,; = 0.

theorems. Next, we note that

We shall designate by p~ (K) the negative integer number —

Ni — Kugg, (9)u(Vy)

10

Nk — u(Nk)

(Kul_Ol—a(g) -

10

10

Kul_()lfa(g) -1

As above the first assertion of the theorem is similar to that of the foregoing

called

a negative multiplier. Here are the values of the negative multipliers for different

expressions of K:

b,

D+ 2,
3p + 2,
9p + 8,

Let us now find the expression of the corresponding quotient L. Relation (4)

gives

10" Ny = 10F Ny, — 10*Kug)!

10—a

9)u(Ny), k

=0,1,...
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so that,

Z 10k+1 Nk+1
k=0

= i 10* N,
k=1

= 10°Ng — Kuyg ,(9) ) u(Ny) - 10
k=0 k=0

= KLuyg ,(9) + > 10N — Kugg' ,(9) ) u(NVy) - 10%,

k=1 k=0

from which we deduce that

L= u(Ny)-10".

>
Il
=)
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Example 8. Let Ny = 4779411 and K = 7503, then Ny = Noujj 5(9) =
33455877 and Kuj, 5(9) = 52521. Hence, p~ (K) = —(Ku;'(9) —1)/10 = —5252,
then

Hence,
L = 10%u(Ny) + 10'u(Ny) + u(Ny) = 637.

Remark 1. Since

B _Ku;ol,a(g) -1 K(@0—u;'(9) -1 _ K+ Ku;'(9) +1
10 N 10 N 10 ’

it (K) = p (K) = K.

Proposition 9. A positive integer N = Y} by, 10¥ is divisible by K = 10p +a,
for some a € {1,3,7,9} if and only if the positive integer N* = ‘ S bepu™ | is
divisible by K, where p is either u*(K) or p~ (K).
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Ku,! 1
Proof. We have for the first case p = p*(K) = % from which we
Ku '(9) +1
get 10 = M, therefore,
W
m i Ku;1(9) +1\"
N =3 b0k = Zbk<“7)
k=0 k=0 H
m k
= by + Zbk{1 +KY O,@K“(ual(g))l}uk
k=1 =1

Multiplying both sides by u™ we get

{ 5 CLE g )

=1

kz o™ F = Npm - K>
=0 =

k=0

Since the right hand side is divisible by K, then Y ;" bepu™* is also divisible
by K and conversely.

The second case can be dealt with in the same manner by merely observing

1— Ku;1(9)
—

that 10 =

Theorem 10 (Division by complementation). Let Ny and K be two positive
integer numbers such that u(Ny) # 0 and K = 10p + a, with a € {1,3,7,9}.
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We define the sequence {Nj}r>0 C N by

No = 10™ — Nou; 1(9),

= Ny + Ku;l 9)u(N,

= o O)ull) k20 o)
m being the number of digits of Nou; *(9).

If Ny is divisible by K then the quotient L is given by
n—1
L= u(N;)10",
k=0

where n is the least positive integer such that 10"N,, = 10™.
Proof. It can be proved that
Ny =10""% - Ny + Ku;1(9), k=1,2,...
where { Ny }x>0 is defined by (3).
Let n be the least positive integer satisfying N,, — Ku;1(9) = 0, then N,, =

10™~" or equivalently, 10" N,, = 10™.
Relation (5) yields

n—1 n—1 n—1
> N 1057 = 3 " N 10% + Kug '(9) ) u(Ne) 105,
k=0 k=0 k=0

so that,

N,10™ = 10™ = Ny + Ku; Z u(Ny)10,
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hence,
n—1
Nou, 1(9) = 10™ — Ny = Ku;'(9) )  u(N,)10%.
k=0
Therefore,
n—1
L= U(Nk)lok.
k=0

Example 11. Let Ny = 520429, K = 637, then Nou;'(9) = 3643003 and
K = Ku;'(9) = 4459, so that m = 7 and thus, Ny = 6356997.

Ny = 6 3569 97

+ 312 1 3 (=Ku(Ny))
N, = 6 38 82 10

+ 4 45 9 (=Ku(N))
Ny, = 6 43 28 0

+ 3 56 72 (= Ku(N,))

Since 103N3 = 10™, (m = 7), then the quotient Ny over K is L = 817.

3. Generalization to Other Bases. It is sometimes practical to handle
some special forms of the integer if we want to test its divisibility by another integer,
rather than using its decimal representation. For this reason we shall obtain similar
divisibility criteria to those we have already obtained in the decimal base. We have

the following results:
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Theorem 12. Let A and K be two coprime positive integers nonequal to 0 and
1. A positive integer Ng = Am + b, with 0 < b < A, is divisible by K if and only if

0K +1

Ni=m+ b

0K +1
is divisible by K. (¢ being the least positive integer such that + is a positive

integer).

Proof. The fact that A and K are coprime implies the existence of two

(nonunique) positive integers § and p such that pA — §K = 1. Then,

No=Am+b=Am+ b+ 0bK — 6bK

0K +1

_A<m—|— b>—5bK.

0K +1

As K is coprime to A and divides Ny then it must divide Ny = m + b.

Theorem 13. Let A and K be two coprime positive integers nonequal to 0 and
1. A positive integer Ng = Am + b, with 0 < b < A, is divisible by K if and only if

S K -1

lem— b

’

/ )
is divisible by K. (0 being the least positive integer such that is a positive

integer).

Proof. Since A and K are coprime then there are two (nonunique) positive
integers 0 and g’ such that § K — ' A = 1. It follows that

No=Am+b=Am-+b+35bK — 5 bK

- (m—5K_10+5MC

A
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'K -1
0 b.

As K is coprime to A and divides Ny then it must divide Ny = m —

Remark 2. If we define 74 (S) to be the remainder of the euclidean division
of S by A, then K divides Ny if and only if K divides each term of the sequence
{Nk}kzo C N defined by

Ny, + 5KT‘A(Nk)

Nk+1 = A )

k=0,1,....

Theorem 14. Let A and K be two coprime positive integers nonequal to 0
and 1. A positive integer N = ZZ:O bpAF is divisible by K if and only if the
positive integer N* = ‘Z::O bku"_k‘ is divisible by K (u is either defined by

= (6K +1)/A or p=—(0'K —1)/A).

Proof. Let us only consider the first case, that is 4 = (6K + 1)/A, then
= (0K 4 1)/u. It follows that

N z”:bk<6K+1)k _ kiobk{ici(él{)l}u—k

k=0 K = =0

= Zbk{l—i—KZC SK 1}

k=0 =

hence,
n n k
Zbkﬂnik _ Nun _ bik{ ZciélKll}Mnk
k=0 k=0 =1

Therefore, N is divisible by K if and only if >}_, bpu™ " is divisible by K
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