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POWER SETS OF POLYNOMIALS IN FABER REGIONS
K. A. M. Sayyed, M. S. Metwally, and R. S. Batahan

Abstract. The representation of the regular functions by power sets of poly-
nomials of the single complex variable z in Faber regions is the subject of the present
work. Different kinds of order and type of these sets are investigated.

1. Preliminaries. The transformation

z_¢(t)_t+§:ant"_t+M<%), (1.1)

n=0

was introduced and studied by Faber [3], and is called the Faber transformation.
Such a transformation is conformal for Ty < [t| < co. If v is a fixed number greater
than Ty, then the circle |t| = 7 is mapped onto the simple regular closed curve C
in the z-plane. When Ty < r < 0o, the circles |t| = r are mapped onto the simple
closed regular curves C, such that when r; < ry the curve Cy, lies totally inside
the curve C,.,. The set of curves (C,) are called Faber curves and so the typical
representative curve C is the Faber curve C.,. The regions D(C) and D(C) which
denote the set of points in the interior of C' and its closure are called the Faber
regions. Let us investigate the expression Cd_gz under the integral sign in Cauchy’s
formula where ( is the integration variable on the z-plane. Substituting ¢ = ¢(¢),
we get

= . (1.2)
Consider the following function of ¢:

Gla,t) = % - ;Pn(z)t_" (1.3)

where P, (z) is a polynomial of degree n. The simple monic set {P,(z)} of poly-
nomials is called the set of Faber polynomials associated with the transformation
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@(t). The function G(z,t) is called the generating function of Faber polynomials
which is regular at the point ¢ = oo for any z, G(z,00) and the function G(z,t) can
have a singularity only at points ¢ satisfying ¢(t) = z.

Since the transformation z = ¢(t) is conformal in |z| > Tp, then it has an
inverse of the form

b=w(z) =24 > Bz, (1.4)
n=0

which is still a Faber transformation, being conformal in [t| > T
It has been proved by Newns [6], that

P2 = )+ g LW, >, (15)

T’

where T" is any number greater than Ty and z € C)., where r > T .
The following statement is a consequence of relation (1.5) and has been stated
by Ullman [9] that

P, (z) is the polynomial part of {¢(z)}". (1.6)

The inverse transformation (¢) has the following relations

t¢/(t) _ - D ~ —n
7 _;Pn( 3, (1.7)

211 t—z

P = 6N + 5 | » {o(D))"ds (1)

and
P,(z) is the polynomial part of {¢(2)}" (1.9)

where {P,(z)} is the inverse of the set {P,(z)}.
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Now, differentiating (1.3) n times with respect to z and then putting z = 0,
we obtain

4 oo (n) oo
to () B (0, _ —k
SO = ;:n it = ;_nPkmt . (1.10)
A sequence po(z), p1(2), p2(2), ..., pn(2), ... of polynomials where

pn(z) = anﬁkzk (1.11)
k

is said to form a basic set {p,(2)}, (c.f. [10]), if any polynomial, and in particular,
the monomial z", admits a unique finite representation of the form

2" = Zwmkpk(z). (1.12)
k

Let z = ¢(t) be a Faber transformation which is conformal in Ty < |t| < oo, where
the circles |t| = r, To < r < oo, are mapped in the z-plane on the Faber curves
Cy, and suppose that {II,,(z)} is the set of Faber polynomials associated with the
transformation ¢(t).

1
If the number N,, of non-zero coefficients in (1.12) is such that lim,, o Noy = 1,

the set {p,(2)} is called a Cannon set (c.f. [10]) of polynomials which admits the
unique representation

I, (2) = Zwmkpk(z), (n>0). (1.13)
k=0

If f(z) is an analytic function, which is regular in D(C,.) ; » > T , then , according
to Faber [3], f(z) will admit the Faber series

f(z) =) cnPul(2) (1.14)

n=0
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in D(C,.). Introducing (1.13) in (1.14) we get the basic series associated with f(z)
in the form

f(z)~ > Aupn(2) (1.15)
n=0
where
An = Z CkTk,mn-
k=0

The basic series (1.15) associated with f(z) is said to represent f(z) in D(C,) if
it converges uniformly to f(z). In this case we say that the set {p,(z)} represents
7()in D(C,).

The basic set {pn(2)} is said to be effective in D(C,.) for the class H(C,)
of functions regular in D(C,), where p > r, if the set {p,(z)} represents in D(C,)
every function of the class H(C,), this is justified by the Cannon function A{p,,; C\-}
for the Faber regions D(C,) in the form

Mpn: Cr} = limsup{w, (C,)} (1.16)
n—00
where
wn(Cr) = Z |0,k M (pr; Cr) (1.17)
k=0
and

M (pi; Cr) = max Ipi(2)].

According to Newns [5] the necessary and sufficient condition for the Cannon set
{pn(2)} to be effective in D(C,.) for the class H(C,) ; p > r is that

Mpn; Cr} = p. (1.18)
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Let {p,(2)} be a given basic set of polynomials, for which the representation (1.13)
holds, and suppose further that

P(2) =Y quiPi(z);  (n>0). (1.19)
k

If we write

Qn(z) = ZQn,kzk7 (120)

k

then {g,(2)} is a basic set and we can write the set {p,(z)} as the product set of
two sets {¢n(2)} and {P,(z)} as follows:

{pn(2)} = {an () H{Pu(2)}- (1.21)

The set {¢,(z)} is called the set associated with {p,(z)} with respect to the trans-
formation ¢(t). Nassif [4] proved that

Mpn; Cr} = Manir} (1.22)

where A{qn;r} is the Cannon function of {¢,(z)} for the region |z| < r.

Thus, to investigate the effectiveness of a given set {p,(z)} in the Faber region
D(C,) is equivalent to the study of the effectiveness of the associated set {g,(z)}
in |z| <.

The set {p,(z)} of polynomials in which the polynomial p,(z) is of degree n is
called a simple set. Such a set for which p, , = 1 for all n > 0, is called a simple
monic set. The simple set for which |p, | = 1, for all n > 0, is called a simple
absolutely monic set.

2. Power Sets of Faber Polynomials. Let {p,(z)} be a basic set of
polynomials of the single complex variable z, where

pn(2) = an,jzj; n > 0.
J

The power set of polynomials {pS{L ) ()} was given in the form

P (z) = prft;)czk = Z PrhaDhyhs - - - Phy1 k2 (2.1)
k hi,ha,.hy—1,k



188 MISSOURI JOURNAL OF MATHEMATICAL SCIENCES

where p is a finite positive integer.
Let ¢(t) =t+ > - o ant™" be a Faber transformation with inverse

) =t+ > Bat™"
n=0

The composite transformation

is still a Faber transformation of the form
Gut) =t+ > apt™™. (2.3)
n=0

Suppose that {IL,(z)} is the set of Faber polynomials associated with the transfor-
mation ¢(t).
Let {P,g“ )(2)} be the power set of Faber polynomials given in the form

{P(2)} = {Pu(2) HPI V(2)} (2.4)

where

n hl hu72 hufl

Pr(LH)(Z) = Z Z Z Z Pn,hlphl,hg --'Phu,l,kzka

h1=0h2=0  h,_1=0 k=0

n—1

Pu(z) =2"+ ) Puxit, (2.5)
k=0
n—1

P,(z)=2"+ Z P 2", (2.6)
k=0
n—1

P (2) = 2" + Z Pk (2.7)
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and
P = ZPW,Z-PZ{Q*”; (n>0). (2.8)

The following result concerning Faber power sets of polynomials is proved by using
mathematical induction.

Theorem 2.1. The power set as given in (2.4) is the set of Faber polynomials
associated with the composite transformation (2.2).

Proof. From (2.4) and (2.9) we have

oo n u2hu1

Z Pé#)tfn = Z Z Z Z Z Pn hlphl ho - - Phul_’kzk:| tin
n=0

n=0 “h1=0hy=0  h,_1=0 k=0

co r n hy—2 hy_1
=> 1> Pn,hlt‘”] Z >N Puhe - Pa k2t

n=0 L hy=0 ha=0  h,_1=0 k=0

2 hu-1
S 51D SYINEL DR i S NN

hi=n ho=0 Ml_OkO

hi hu—2 hu_1

- % Z Z Z Ph1-,h2"-Phu—l-,kzk{d)(t)}ihl

h1=0 ha=0  h,_1=0 k=0

u2hu1

-l y: S S P P (0l00)

ho=0h3=0  h,_1=0 k=0
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- tcf <(tt>) i { ¢>f<t> }k

That is,

) (2 i (t)
Z & GRS (29)

Therefore the set {P,g“ )(2)} is a set of Faber polynomials associated with the com-
posite transformation (2.2), and this completes the proof of Theorem 2.1.

3. Effectiveness of Power Sets of Polynomials in Faber Regions. Let
{pn(2)} be a simple absolutely monic set of polynomials, and {p(“ )( )} be the power
set of polynomials of the form

{2 (2)} = {pa ()} (=)} (3.1)

Hence, we have

(M) anlz _Zzpnlp(# 12’“; ’]’LZO

Suppose that the Faber transformation

=t =t + i ant™" (3.2)
n=0

is conformal in [¢| > T, then the inverse transformation is such that

p=p(t)=t+ > But™" (3.3)
n=0
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will also be conformal in [t| > T.
The composite transformation (2.2) is conformal in [¢t| > Ty. Take the number
~ such that
v > (T, T, To) (3.4)

and suppose that the Faber curves C, C' and C* are the respective images, in the z
plane, of the circle |t| = v by the transformations (2.2), (3.2) and (3.3). The curve
C* is said to be the power curve of C.

Now, we study effectiveness of the power set {P,g“ )(2)} in the Faber region
D(C). For this purpose consider the following

G(r) = sup lo@), r>T (3.5)
and
H(r)= lstw‘u:p [w(@)|, r>T. (3.6)

Let {qn(2)}, {hn(2)} and {g,(z)} be the sets of polynomials associated respectively
with sets {pn(2)}, {p¥ Y (2)} and {p{")(2)} with the respective transformations
¢(t)7 gf)#,l(t), and (b#(t)

From (1.21) one gets

{pn(2)} = {an(2) H{Pu(2)}, (3.7)
(P (2)} = {an () HPF ()}, (3.8)

and
(P4 (2)} = {gn(2) HPM (2)}. (3.9)

For = 2, from (3.7) and (3.9) we get

{gn(2)} = PP (HPP (2)}
= {Pn(2)Hpn () HPu(2) H{Pu(2)}
= {an(2)HPu(2) Han(2) HPu(2)} (3.10)

™0

and
{3n(2)} = {Pu(2) Han(2) HPu(2) Han(2)}- (3.11)

Suppose that the set {p,(z)} is effective in the Faber region D(C), then the set
{Dn(2)} is effective in the same region (c.f. [1]), and its associated sets {¢,(z)} and
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{@n(2)} are effective in |z| < ~. Since effectiveness of simple sets in |z| < 7 implies
effectiveness in |z| < r for all r > ; this happens for absolutely simple monic sets,
so the sets {g,(2)} and {G.(2)} are effective in |z| < r, for all r > 7.

We shall use an increasing sequence (r;);j = 1,2,... of positive numbers
greater than v, i.e., 7j41 > r;, for all j,r > 7.

From (1.5), (1.8), (3.5), and (3.6) we have

M(Py;rs) < k{H(rs)}" (3.12)
and
M(Pa;y) < K{G(r)}" n=0. (3.13)
Write
G(y) <rs, H(rs) <ra. (3.14)

Since the sets {¢,(z)} and {g,(z)} are simple absolutely monic, then we have
M(gn;ra) < kr? (3.15)

and
M(Gn;re) < kry. (3.16)

By using Cauchy’s inequality and the relations (3.12), (3.13), (3.14), and (3.15) we
get

M(gn;7y) = max |9n(2)]

) - P A
< E |Qn711||P11712||QZ2,13||P13714|7

11,12,13,14

< K(n+1)4r?<r—7)n<r—5)n. (3.17)

T3 T4

The inverse set {g,(2)}, also has the following relations
M(Pn;’l”lo) < k{H(Tlo)}n, (318)

M (Pp;rs) < K{G(rs)}", (3.19)
G(T5) <T9 (320)
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and
M(Gn;ra) < krii; n>0. (3.21)

It follows from (3.11), (3.13), (3.20), (3.21), and by using Cauchy’s inequality that

M{gn;ra) = max |gn()]

Z|=Ta

< Z |P7l,i1||Cji17i2||pi2,i3||(7i37i4|ri4

11,%2,13,14

< K(n+1)* <T£>n (T_9>n (E)H{H(rlo)}". (3.22)

10 T4 s

Inserting (3.17) and (3.22) in the Cannon sum wy, () of the set {g,(z)} we obtain

wn(Y) =D 1Gn.kM(gi; ) (3.23)
k

<> L@Z; 7“4)1\/1(%;7)

k "4
r\" (o (ru " (e (e s\
Kn+1)*—) (=) (=) (=) (=) (=) {# "
e () () (%) () () (5) ey
The Cannon function A(gn;7) of the set {gn(2)} is

Agn; ) = limsup{wn ()} (3.24)

n—oo
< () () () G () (oo
10 T4 s T4 T3 T4
Since rq1 can be taken arbitrarily close to -y, we get

Mgn;v) < H(y) = A, (3.25)
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Applying (1.22) we get
Apn; €)= Agni7) < A
where \(p,; C?) is the Cannon function of set {pg)(z)} for the region D(C?).

Therefore the set {pg) (2)} is effective in the region D(C?) for the class of
functions H(C%).

Now, suppose that the set {p%”fl)(z)} is effective in the region D(C*~1) for
the class of functions H(C4 ™).

We shall prove that {pslH )(z)} is effective in the same region for the same class,
when the set {p,(2)} is a simple absolutely monic set which is effective in the region
D(CH).

From (3.1), (3.8), (3.9), and (3.10) we have

{ga(2)} = P () HPM (2)}
= Pa () HPY V() HPH D () HPu(2)}
= {an () HPu(2) Hhn(2) HPu(2)} (3.26)

and
{30 (2)} = {Pu(2)Hhn(2) HPu(2) Han(2)}- (3:27)

Proceeding similar to the case when p = 2 above, we see directly that the set
{pgl”)(z)} is effective in the region D(C*) for the class of functions H(CH).
This completes the proof of the following main result.

Theorem 3.1. Let {p,(z)} be a simple absolutely monic set of polynomials,
effective in the Faber region D(C) where C is the Faber curve. The number v >
(T, Ty) can be chosen such that

G(v) > T and G(v) > To. (3.28)

Then the power set {pt(z)} = {pn(z)}{p%"_l)(z)} will be effective in the Faber
region D(C*) where C* is the power curve of C, for the class of functions H(C%),
where

A=H(). (3.29)

4. Mode of Increase of Power Sets of Polynomials. We give, for the
sake of complement, some results concerning some orders and types of the power
sets of polynomials.
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Recall the definitions of the order w and the type 7 [4], the logarithmic order
p* and logarithmic type I'™* [8], and the g-order p(,y and the g-type I'(;) [7] of the

basic set {p,(2)}, respectively, in the forms

w = lim limsup I wn ()

)
T—=00 n_o0 nlnn

if 0 < w < o0, then

1
o s "
T= rlggo ” llrlgsotip{wn(r)} n ,

1
p* =1+ lim limsup w

)
T—=00 n 300 Inlnn

if 1 < p* < 00, then

r00 oo Inlnn

. .
1 1 P " wp* =1
' = —( ) lim 1imsup%,

prApr —1

T Inw, (1)
pro = Jim timsup SR

if 0 < p(y) < 00, then

1
P (q)
I = lim limsupM

— )
=00 n_00 ln[q 2]7’L

where

w(r) = Z |7 |M (e 7),
k=0

(4.2)
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and M (pg; ) = max|.|—, [pr(2)|.
We have the following results.

Theorem 4.1. Let {p,(2)} be a simple monic set of polynomials whose coeffi-

cients satisfy the condition of the form

Pl < MR 0<k<n—1. (4.8)
Then the power set {pgl“)(z)} is of order not exceeding .

Theorem 4.2. Let {p,(z)} be a simple monic set of polynomials of order A
and of finite type. Then the power set {p%”) (2)} is of order p and does not exceed
(21 — 1)A and is of type zero if the equality sign happens.

Theorem 4.3. Let {p,(z)} be a simple monic set of polynomials of logarithmic
order \* and of finite logarthmic type. Then the power set {pﬁf‘ ) (2)} is of logarithmic
order

pr< (2p— 1A = (2p —2), (4.9)

and is of logarithmic type zero whenever p* = (2u — 1)\* — (2u — 2).
Theorem 4.4. Let {p,(z)} be a simple monic set of polynomials of g—order

p(g) and of finite g—type. Then the power set {p%“)(z)} is of g—order

Pg) < (21— 1A, (4.10)

and is of g—type zero whenever p(,y = (2p — 1)A(g)-

Theorem 4.5. Let {p,(z)} be a simple set of polynomials of order A and finite
type which satisfies the following condition:

limsu Inlpnnl
pn—)ool ninn (411)
liminf,,_ o r;'fg;:l = a.
Then the power set {pgl”)(z)} is of order
p<(2u—1A+ (p—1)(b—a). (4.12)

If p= (21— 1A+ (L — 1)(b — a), then the type of the power set is zero.
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Theorem 4.6. Let {p,(z)} be a simple set of polynomials of logarithmic order
A* and finite logarithmic type which satisfies the following condition:

1
In ‘pn,n| i — b

lim sup
n—o0  Inlnn
1 i (4.13)
lim inf,, oo % =a.

Then the power set {pﬁﬂ )(z)} is of logarithmic order

Pr<u—-N +(p—1)b—a—2) (4.14)

and logarithmic type zero whenever p* = (2u — 1)A* + (u —1)(b — a — 2).

Theorem 4.7. Let {p,(2)} be a simple set of polynomials of g-order A, and
finite g-type which satisfies the following condition:

. In [pn n o
{ lim sup,, % =b (4.15)
. . In [pn, n o ’
lim inf,, o % =a.
Then the power set {p%”)(z)} is of g—order
Plg) < 2p = DA + (n = 1)(b - a). (4.16)

These upper bounds in the above theorems are attainable.

Proof of Theorem 4.6. We give as a model the proof of Theorem 4.6 as follows.

Let {pn(2)} be a simple set of polynomials of logarithmic order A* and of finite
logarithmic type which satisfies (4.13). Suppose that ¢ is a positive finite number
such that ¢ > A* — 1. From (1.6), we have

wp(r) < K(Inn)?™; n>1. (4.17)
From (4.13) we get

K(Inn)"@=9 < |p,.,| < K(Inn)"®+9; e > 0. (4.18)
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Since the set {p,(z)} is simple, then py, nPn,n = 1. Using Cauchy’s inequality and
from (4.17) and (4.18) we have

1 (o+b+e)n
sl < KT ks, (1.19)
and
1 (c—a+e)n
g ] < 2T - k>0 (4.20)
Hence,
M(p\;r) = max P (2)] (4.21)

1

< KM (pp;r)(In n)(“_l)(”+b+€)"7(#il)n )
T

If ¢, (r) is the Cannon sum of the power set {pgl“)(z)}, then by using (4.20) and
(4.21) we find

Sa(r) = [P0 M (P r)
k

1

2u—1)no+(p—1)(b—a)n+2(u—1)e
< K(lnn) mee

(4.22)
Then the logarithmic order p* of the power set {pgf )(z)} is such that

=1+ lim limsup @)}

=00 300 Inlnn

<1+ Q2u—10c"+ (p—1)(b—a).
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Since o can be taken very close to A* — 1, then
P u—-N +(p—1)b—a—2). (4.23)

Suppose that p* = (2u — 1)A* + (1 — 1)(b — a — 2). Then for (4.22), we get the
logarithmic type as given:

P 1
P* n(p*—1)
I = 1 < : > lim limsup {wnl)} 7770 _ 0

pr\pr—1 T—=00 p_y00 Inlnn

The following example shows that the upper bound in (4.23) is attainable.

Example 4.1. Let {p,(z)} be the simple set given by

bpz™ 4 ap (2" + 27 2); n even

an (2™ + 2" 1); n odd

pn(2) = {

where a,, = (Inn)***2, b, = (Inn)""*3, and a,, = (Inn)@*+*=H" Hence, \* = .

For p1 = 2, we construct the power set {pg) (2)} as follows:

P (2) = 022" + by + ap_1)z"

+ an(by, 4+ bp—o + an,l)zn_Q + oznozn,l(z"_3 + z"_4); n even
and

Pp2(2) = a22" + an(an +bp_1)2" "'+ anan 1 (2" 4+ 2"73);  nodd.

Then the logarithmic order p* of the power set {pg)(z)} is such that

In{(¢n ()=
p* =14 lim limsup 711{@) ()~}
=00 n-300 Inlnn

=3a+b—a—2

where a, b and « are real positive numbers. Hence, the proof of Theorem 4.6 is
completed.
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