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INTEGRATION OF RATIONAL FUNCTIONS BY THE
SUBSTITUTION x =u!

Joseph Wiener

Integration of a proper rational function by the method of partial fractions
usually involves tedious calculations when its denominator contains repeated linear
or quadratic factors. Often this difficulty can be alleviated by the substitution
x = u~! which is illustrated in the following examples.

Example 1. Integrating the function R(z) = (2* — 2%)~! by the substitution

2 =u~! changes it to R;(u) = u*/(1 — u) and shows that

/d:v _/u4 du_/quu
-3 J1-u —u2 ) u-1

1 u?
= ut+l+—— )du=—+u+Inju—1|+C.
u—1 2

The answer is

/ dzr 1 _|_1+1 z—1 i C
—_— = — 4+ -+ In|—— :
4 —a3 222 2 x

Example 2. The denominator of the function R(z) = (3z — 1)/z%(z — 1)?
contains two repeated linear factors, and in this case the substitution z = u~!

especially enhances integration giving

/ Bz —1)dx / (3ud —ut)u?  du

vz —1)2 (u—1)2 >

[ uP(u—3)
gt
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Now it is useful to make the substitution u = w + 1 leading to the result

30, _ 4 3 _ 9,2 o
/(w—l—l) (w Z)dw:/w +w 31;) Sw 2dw.
w w

Then term by term division and integration yields

1 1 2
/R(:c)d:c: §w3+§w2—3w—51n|w|+5+0

() () () ()

rz—1

—5In

-+

Example 3. The substitution # = w~! transforms the integral of R(x) =
1/25(2? + 1) into

/ dx _/ u® du__/ ub du
26(x24+1) ) w241 —u? u? +1

1
4 2
= — — +1— ——|d
/<u U ) 1)u

1 1
z—gu5+§u3—u+tan_1u+0

1 1 1 1

Example 4. For the improper integral

i dx
= -2 _
/0 (22 4+ 1)%’
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the substitution = v~ gives

I/O ut du 7/00 w?du 7/00 x2dx
S w212 —u2 g (w2412 g (224 1)2

Therefore,

1 x? dx s
2] = | ————d ——dx = = —
[@vmer | @rme =[5

whence I = /4.

Example 5. The substitution # = u~! effectively tames the challenging im-
proper integral

changing it to the form

/0 u? du /Oo x2
= - —— = —dx.
o Ut +1 —u? 0 x*+1

Adding both equations for J,

0o (.2
2J:/ (x Al—i—l)dgc7

and dividing each term in the numerator and denominator by 22 generates the

integral
/°° (1+a 2)de /°° d(xz —x71)
0 24272y (x—ax1)2+2
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Hence, J = 7r\/§/4, and it is interesting to note that this integral is used in the
computation of Fresnel’s integrals

/000 sin(2?)dz = /000 cos(2?)dr = V27 /4.

Also, the substitution = v/tan 6 shows that

/”/2 df _2/°° dv 7w
0 vVtan 8 0 zt+1 \/5

The integral on the left reappears from time to time in problem sections of some
journals.

Example 6. Consider the integral

dx dx
ro = [ = = e

and set 1 —x = y giving

dy
F=— | %
[ 7a s

Next, the substitution y = ! changes this integral to

u2n
F=[— 4
/ @u— e

and the substitution ¢t = 2u — 1 leads to the integral

2n
r_ 1 / (t+1) it

T 92n+1 $n+1
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By the binomial formula,

1 2n 2n
n—i—1
F_—22n+1§ (z)/t dt,
i=0

and

1 om 2 o\ £
F:W[(n>ln|t|+;<i)n—i}+c’ (i #n).

Since t = (1 + z)/(1 — z), the original integral becomes

1 2n 1+
F(z) = 92n+1 [<n>ln‘1_$

This formula can also be simplified by writing

n—1 n—i
1 2n 2n 1 1+
F = — |
(z) 2zn+1[<n>n +Zi_0<i>n—i<l—x>

=0

1+
1—2

and changing ¢ to 2n — ¢ in the second sum. Then

1 2n 1+

n 1—=x

n—1 n—i n—i
1 2n 1 1+ 1—x
—E — C
+22n+1i_0(i)n—i[<1—x> (1+:z:> ]+ ’

+§:<2?>nl_l<1fi>n] +C, (i #n)
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or

F(:c):2T1+1<2:)lnHi_i
g (2)i(55) - (155) ] +e

Example 7. The substitution z = sinf in the preceding integral yields a re-
markable closed formula for the integral

/sec2"+1 0do = = (2n) In|sec + tan 6|
n

22n
22n+12( ) {sec@—l—tan@)
— (sec @ — tan 9)%] +C.

Similarly, the substitution x = cosf leads to the closed formula for the integral

1 /2n
/csc2"+1 0do = 2on < ) In | cscf — cot 0]

22n+1 Z (n—z) [csc@—cot@)

— (csc O + cot 0)21} +C.

Most texts approach these integrals via reduction formulas [1]. The method of
differentiating indefinite integrals with respect to a parameter was used in [2] to
derive equivalent closed formulas.
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Example 8. The substitution z = u~! is very useful in the study of improper in-

tegrals since it transforms integrals over [0, 1] and [1, 00) into each other. Moreover,
it changes some improper integrals into proper (definite) integrals. For instance:

1 T 1 u 0

*  dx 0 2 du L du '
2+1 T+u? —u2 1+ u?’ (2)
1 1 0
/OO dr /0 ut du /1 udu 3)
Lot ) T4t~ fy Tt

More generally, consider the improper integral over [1,00) of a rational function
R(z) = P(x)/Q(z) where P(x) and Q(x) are polynomials of degrees p and g,
respectively, and Q(z) # 0. The substitution x = u~! changes this integral to

/lmR(x)dx—/lo%.%_/Oluq—p—2gll_((7;))du,

where Pj(u) and Qi(u) are polynomials of degrees p and ¢, respectively, and
Q1(u) # 0 for v € [0,1]. Now it is seen that the latter integral has no singu-
larity if ¢ > p + 2, which is precisely the condition for convergence of the original
integral.

The technique described may be viewed as a useful supplement (not a re-
placement) to the method of partial fractions which often suggests an alternative
approach to related problems, with considerable reduction in the volume of com-
putations.
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