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Abstract. It is well known that the set of all functions g such that ‘‘ f A Lp1 )
fg A Lp2 ’’ is Lp3 , if 1=p2 ¼ 1=p1 þ 1=p3 with pi A ð0;y�, i ¼ 1; 2; 3. In this paper we

characterize the set of all functions g such that ‘‘ f A wLF1 ) fg A wLF2 ’’, where wLFi ,

i ¼ 1; 2, are weak Orlicz spaces.

1. Introduction

Let W ¼ ðW; mÞ be a complete s-finite measure space. We denote by L0ðWÞ
the set of all measurable functions from W to R or C. Then L0ðWÞ is a linear

space under the usual sum and scalar multiplication. Let E1;E2 � L0ðWÞ be

subspaces. We say that a function g A L0ðWÞ is a pointwise multiplier from

E1 to E2, if the pointwise multiplication fg is in E2 for any f A E1. We denote

by PWMðE1;E2Þ the set of all pointwise multipliers from E1 to E2. We

abbreviate PWMðE;EÞ to PWMðEÞ. For example,

PWMðL0ðWÞÞ ¼ L0ðWÞ:

The pointwise multipliers are basic operators on function spaces and thus the

characterization of pointwise multipliers is not only interesting itself but also

sometimes very useful to other study.

For p A ð0;y�, LpðWÞ denotes the usual Lebesgue space equipped with

the norm

k f kL pðWÞ ¼
ð
W

j f ðxÞjpdmðxÞ
� �1=p

; if p0y;

k f kLyðWÞ ¼ ess sup
x AW

j f ðxÞj:

Then LpðWÞ is a complete quasi-normed space (quasi-Banach space). If

p A ½1;y�, then it is a Banach space. It is well known as Hölder’s
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inequality that

k fgkL p2 ðWÞ a k f kL p1 ðWÞkgkL p3 ðWÞ;

for 1=p2 ¼ 1=p1 þ 1=p3 with pi A ð0;y�, i ¼ 1; 2; 3. This shows that

PWMðLp1ðWÞ;Lp2ðWÞÞ � Lp3ðWÞ;

and

kgkPWMðL p1 ðWÞ;L p2 ðWÞÞ a kgkL p3 ðWÞ;

where kgkPWMðL p1 ðWÞ;L p2 ðWÞÞ is the operator norm of g A PWMðLp1ðWÞ;Lp2ðWÞÞ.
Conversely, we can show the reverse inclusion by using the uniform bounded-

ness theorem or the closed graph theorem. That is,

PWMðLp1ðWÞ;Lp2ðWÞÞ ¼ Lp3ðWÞ and kgkPWMðL p1ðWÞ;L p2ðWÞÞ ¼ kgkL p3ðWÞ: ð1:1Þ

If p1 ¼ p2 ¼ p, then

PWMðLpðWÞÞ ¼ LyðWÞ and kgkPWMðL pðWÞÞ ¼ kgkLyðWÞ: ð1:2Þ

Proofs of (1.1) and (1.2) are in Maligranda and Persson [12, Proposition 3 and

Theorem 1]. See also [17] for a survey on pointwise multipliers. The char-

acterization (1.1) was extended to several function spaces, for example, Orlicz

spaces, Lorentz spaces, Morrey spaces, etc, see [1, 6, 7, 9, 11, 12, 13, 14, 15, 16,

18] and the references in [17].

In this paper we give the characterization of pointwise multipliers on weak

Orlicz spaces. To do this we first prove a generalized Hölder’s inequality for

the weak Orlicz spaces. Next, to characterize the pointwise multipliers, we

use the fact that all pointwise multipliers from a weak Orlicz space to another

weak Orlicz space are bounded operators. This fact follows from Theorem 1.1

and Corollary 1.2 bellow.

We always assume that the function spaces E � L0ðWÞ have the following

property, see [3, pages 94] in which this property is referred to as supp E ¼ W:

If a measurable subset W1 � W satisfies that

mðfx A W : f ðxÞ0 0gnW1Þ ¼ 0 for every f A E;

then mðWnW1Þ ¼ 0: ð1:3Þ

We say that a quasi-normed space E � L0ðWÞ has the lattice property if the

following holds:

f A E; h A L0ðWÞ; jhja j f j a:e: ) h A E; khkE a k f kE : ð1:4Þ
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Then we have the following theorem:

Theorem 1.1 ([17, Theorem 2.7]). Let a quasi-normed space E � L0ðWÞ
have the lattice property (1.4). For any sequence of functions fj A E, j ¼ 1;

2; . . . , if fj ! 0 in E, then fj ! 0 in measure on every measurable set with finite

measure.

Using the closed graph theorem, we have the following corollary:

Corollary 1.2 ([17, Corollary 2.8]). If E1 and E2 are complete quasi-

normed spaces with the lattice property (1.4), then all g A PWMðE1;E2Þ are

bounded operators.

Since the weak Orlicz spaces are complete quasi-normed spaces with the

lattice property (1.4), all pointwise multipliers from a weak Orlicz space to

another weak Orlicz space are bounded operators.

Orlicz spaces are introduced by [20, 21]. For the theory of Orlicz spaces,

see [4, 5, 8, 10, 22] for example. See also [2] for the weak Orlicz space.

The organization of this paper is as follows. We recall the definitions

of the Young functions and the weak Orlicz spaces in Section 2. Then we

state main results in Section 3. The proof method is the same as [11]. How-

ever we need to investigate the properties of the quasi-norm on the weak Orlicz

space. We do this in Section 4 to prove the main results in Section 5.

2. Young functions and weak Orlicz spaces

For an increasing function F : ½0;y� ! ½0;y�, let

aðFÞ ¼ supftb 0 : FðtÞ ¼ 0g; bðFÞ ¼ infftb 0 : FðtÞ ¼ yg;

with convention sup q ¼ 0 and inf q ¼ y. Then 0a aðFÞa bðFÞay.

Definition 2.1 (Young function). An increasing function F : ½0;y� !
½0;y� is called a Young function (or sometimes also called an Orlicz function)

if it satisfies the following properties;

0a aðFÞ < y; 0 < bðFÞay; ð2:1Þ

lim
t!þ0

FðtÞ ¼ Fð0Þ ¼ 0; ð2:2Þ

F is convex on ½0; bðFÞÞ; ð2:3Þ

if bðFÞ ¼ y; then lim
t!y

FðtÞ ¼ FðyÞ ¼ y; ð2:4Þ

if bðFÞ < y; then lim
t!bðFÞ�0

FðtÞ ¼ FðbðFÞÞ ðayÞ: ð2:5Þ
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In what follows, if an increasing and convex function F : ½0;yÞ ! ½0;yÞ
satisfies (2.2) and lim

t!y
FðtÞ ¼ y, then we always regard that FðyÞ ¼ y and

that F is a Young function.

We denote by FY the set of all Young functions. We also define three

subsets YðiÞ ði ¼ 1; 2; 3Þ of FY as

Yð1Þ ¼ fF A FY : bðFÞ ¼ yg;

Yð2Þ ¼ fF A FY : bðFÞ < y; FðbðFÞÞ ¼ yg;

Yð3Þ ¼ fF A FY : bðFÞ < y; FðbðFÞÞ < yg:

Remark 2.1. We have the following properties of F A FY :

(Y1) If F A Yð1Þ, then F is absolutely continuous on any closed interval

in ½0;yÞ, and F is bijective from ½aðFÞ;yÞ to ½0;yÞ.
(Y2) If F A Yð2Þ, then F is absolutely continuous on any closed interval

in ½0; bðFÞÞ, and F is bijective from ½aðFÞ; bðFÞÞ to ½0;yÞ.
(Y3) If F A Yð3Þ, then F is absolutely continuous on ½0; bðFÞ� and F is

bijective from ½aðFÞ; bðFÞ� to ½0;FðbðFÞÞ�.
(Y4) If F A Yð3Þ and 0 < d < 1, then there exists a Young function

C A Yð2Þ such that bðFÞ ¼ bðCÞ and

CðdtÞaFðtÞaCðtÞ for all t A ½0;yÞ:

To see this we only set C ¼ FþY, where we choose Y A Yð2Þ such

that aðYÞ ¼ dbðFÞ and bðYÞ ¼ bðFÞ.

Definition 2.2. For a Young function F, let

LFðWÞ ¼ f A L0ðWÞ :
ð
W

Fðej f ðxÞjÞdmðxÞ < y for some e > 0

� �
;

k f kLFðWÞ ¼ inf l > 0 :

ð
W

F
j f ðxÞj

l

� �
dmðxÞa 1

� �
;

wLFðWÞ ¼ f A L0ðWÞ : sup
t A ð0;yÞ

FðtÞmðef ; tÞ < y for some e > 0

( )
;

k f kwLFðWÞ ¼ inf l > 0 : sup
t A ð0;yÞ

FðtÞm f

l
; t

� �
a 1

( )
;

where mð f ; tÞ ¼ mðfx A W : j f ðxÞj > tgÞ:

Then k � kLFðWÞ is a norm and thereby LFðWÞ is a Banach space, and

k � kwLFðWÞ is a quasi-norm and thereby wLFðWÞ is a complete quasi-normed
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space (quasi-Banach space). For any Young function F,

LFðWÞ � wLFðWÞ with k f kwLFðWÞ a k f kLFðWÞ:

Let

FðyÞðtÞ ¼
0; t A ½0; 1�;
y; t A ð1;y�:

�

Then FðyÞ is a Young function and

LFðyÞ ðWÞ ¼ wLFðyÞ ðWÞ ¼ LyðWÞ with

k f k
L

FðyÞ ðWÞ ¼ k f k
wL

FðyÞ ðWÞ ¼ k f kLyðWÞ:

If F be a Young function with bðFÞ < y, then FðyÞðtÞaFðbðFÞtÞ for all

t A ½0;y�. Hence,

wLFðWÞ � LyðWÞ with k f kLyðWÞ a bðFÞk f kwLFðWÞ:

We note that

sup
t A ð0;yÞ

tmðFðj f jÞ; tÞ ¼ sup
t A ð0;yÞ

FðtÞmð f ; tÞ; ð2:6Þ

and then

k f kwLFðWÞ ¼ inf l > 0 : sup
t A ð0;yÞ

FðtÞm f

l
; t

� �
a 1

( )

¼ inf l > 0 : sup
t A ð0;yÞ

tm F
j f j
l

� �
; t

� �
a 1

( )
:

We give a proof of (2.6) for readers’ convenience, see Proposition 4.2.

Next we recall the generalized inverse of Young function F in the sense

of O’Neil [19, Definition 1.2].

Definition 2.3. For a Young function F, let

F�1ðuÞ ¼ infftb 0 : FðtÞ > ug; u A ½0;yÞ;
y; u ¼ y:

�
ð2:7Þ

Then F�1ðuÞ is finite for all u A ½0;yÞ, continuous on ð0;yÞ and right

continuous at u ¼ 0. If F is bijective from ½0;y� to itself, then F�1 is the

usual inverse function of F.

Remark 2.2. We have the following properties of F A FY and its

inverse:
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(P1) FðF�1ðtÞÞa taF�1ðFðtÞÞ for all t A ½0;y� (Property 1.3 in [19]).

(P2) F�1ðFðtÞÞ ¼ t if FðtÞ A ð0;yÞ.
(P3) If F A Yð1Þ [Yð2Þ, then FðF�1ðuÞÞ ¼ u for all u A ½0;y�.

Remark 2.3. Sometimes one defines

F�1ðuÞ ¼ infftb 0 : FðtÞ > ug ðu A ½0;yÞÞ and

F�1ðyÞ ¼ lim
u!y

F�1ðuÞ:

In this case FðF�1ðuÞÞa u for all u A ½0;yÞ and taF�1ðFðtÞÞ if FðtÞ A ½0;yÞ.

3. Main results

For Young functions F1 and F2, we denote by kgkPWMðwLF1 ðWÞ;wLF2 ðWÞÞ
the operator norm of g A PWMðwLF1ðWÞ;wLF2ðWÞÞ. The following result is

a generalized Hölder’s inequality for the weak Orlicz spaces.

Theorem 3.1. Let Fi , i ¼ 1; 2; 3, be Young functions. If there exists a

positive constant C such that, for all u A ð0;yÞ,

F�1
1 ðuÞF�1

3 ðuÞaCF�1
2 ðuÞ; ð3:1Þ

then, for all f A wLF1ðWÞ and g A wLF3ðWÞ,

k fgkwLF2 ðWÞ a 4Ck f kwLF1 ðWÞkgkwLF3 ðWÞ:

Consequently,

wLF3ðWÞ � PWMðwLF1ðWÞ;wLF2ðWÞÞ;

and, for all g A wLF3ðWÞ,

kgkPWMðwLF1 ðWÞ;wLF2 ðWÞÞ a 4CkgkwLF3 ðWÞ:

For the Orlicz spaces, it is known by O’Neil [19] that, if (3.1) holds, then

k fgkLF2 ðWÞ a 2Ck f kLF1 ðWÞkgkLF3 ðWÞ:

Next, we state our main result.

Theorem 3.2. Let Fi , i ¼ 1; 2; 3, be Young functions. If there exists a

positive constant C such that, for all u A ð0;yÞ,

F�1
2 ðuÞaCF�1

1 ðuÞF�1
3 ðuÞ; ð3:2Þ

then

PWMðwLF1ðWÞ;wLF2ðWÞÞ � wLF3ðWÞ;
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and, for all g A PWMðwLF1ðWÞ;wLF2ðWÞÞ,

kgkwLF3 ðWÞ aCkgkPWMðwLF1 ðWÞ;wLF2 ðWÞÞ:

In [11] it was shown that, if (3.2) holds, then

PWMðLF1ðWÞ;LF2ðWÞÞ � LF3ðWÞ;

and, for all g A PWMðLF1ðWÞ;LF2ðWÞÞ,

kgkLF3 ðWÞ aCkgkPWMðLF1 ðWÞ;LF2 ðWÞÞ:

Corollary 3.3. Let Fi , i ¼ 1; 2; 3, be Young functions. If there exist

positive constants Ci, i ¼ 1; 2, such that, for all u A ð0;yÞ,

C�1
1 F�1

2 ðuÞaF�1
1 ðuÞF�1

3 ðuÞaC2F
�1
2 ðuÞ;

then

PWMðwLF1ðWÞ;wLF2ðWÞÞ ¼ wLF3ðWÞ;

and

C�1
1 kgkwLF3 ðWÞ a kgkPWMðwLF1 ðWÞ;wLF2 ðWÞÞ a 4C2kgkwLF3 ðWÞ:

In the following, for functions P;Q : ½0;yÞ ! ½0;yÞ, PðtÞ@QðtÞ means

that there exists a positive constant C such that C�1PðtÞaQðtÞaCPðtÞ for

all t A ½0;yÞ.

Example 3.1. Let pi; qi A ½1;yÞ, i ¼ 1; 2; 3, and

FiðtÞ ¼ tpi maxð1; log tÞqi ; i ¼ 1; 2; 3:

Then

F�1
i ðtÞ@ t1=pi maxð1; log tÞ�qi=pi ; i ¼ 1; 2; 3:

Hence, if 1=p1 þ 1=p3 ¼ 1=p2 and q1=p1 þ q3=p3 ¼ q2=p2, then

PWMðwLF1ðWÞ;wLF2ðWÞÞ ¼ wLF3ðWÞ;

and the quasi-norms k � kPWMðwLF1 ðWÞ;wLF2 ðWÞÞ and k � kwLF3 ðWÞ are equivalent.

Example 3.2. Let pi; qi A ½1;yÞ, i ¼ 1; 2; 3, and

FiðtÞ ¼ expðtpiÞ � 1; i ¼ 1; 2; 3:

Then

F�1
i ðtÞ@ t1=pi ; 0a t < 2;

ðlog tÞ1=pi ; 2a t < y;

�
i ¼ 1; 2; 3:

175Pointwise multipliers on weak Orlicz spaces



Hence, if 1=p1 þ 1=p3 ¼ 1=p2, then

PWMðwLF1ðWÞ;wLF2ðWÞÞ ¼ wLF3ðWÞ;

and the quasi-norms k � kPWMðwLF1 ðWÞ;wLF2 ðWÞÞ and k � kwLF3 ðWÞ are equivalent.

4. Properties of the quasi-norm

In this section we investigate the properties of the quasi-norm k � kwLFðWÞ
to prove the main results.

For two Young functions F and C , if there exist positive constants C1

and C2 such that

FðC1tÞaCðtÞaFðC2tÞ for all t A ½0;y�;

then wLFðWÞ ¼ wLCðWÞ and

C1k f kwLFðWÞ a k f kwLC ðWÞ aC2k f kwLFðWÞ:

By the measure theory we have the following property:

fj b 0 and fj % f a:e:

) lim
j

mð fj; tÞ ¼ mð f ; tÞ for each t A ½0;yÞ: ð4:1Þ

From this property and the left continuity of the Young function F we have

the following property:

sup
t A ð0;yÞ

tm F
j f ð�Þj

k f kwLFðWÞ

 !
; t

 !
a 1: ð4:2Þ

We also have the Fatou property:

fj A wLFðWÞ ð j ¼ 1; 2 � � �Þ; fj b 0; fj % f a:e: and sup
j

k fjkwLFðWÞ < y;

) f A wLFðWÞ and k f kwLFðWÞ a sup
j

k fjkwLFðWÞ: ð4:3Þ

Proposition 4.1. If F A Yð1Þ [Yð2Þ and g is a finitely simple function and

g0 0, then g A wLFðWÞ and

sup
t A ð0;yÞ

tm F
jgð�Þj

kgkwLFðWÞ

 !
; t

 !
¼ 1:

Proof. Let

IFðgÞ ¼ sup
t A ð0;yÞ

tmðFðjgð�ÞjÞ; tÞ:
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Case 1. F A Yð1Þ: In this case F is strictly increasing and bijective from

ðaðFÞ;yÞ to ð0;yÞ. Let g be a finitely simple function. We may assume

that gb 0, i.e.,

g ¼
XN
k¼1

ckwAk
; 0 < c1 < c2 < � � � < cN < y; 0 < mðAkÞ < y;

where Ak are pairwise disjoint. Then every Fðck=lÞ is continuous and de-

creasing with respect to l > 0. Moreover, Fðck=lÞ is strictly decreasing on

ð0; ck=aðFÞÞ (for aðFÞ ¼ 0 we understand ck=aðFÞ ¼ y). Observing

m F
g

l

� �
; t

� �
¼ m

XN
k¼1

F
ck

l

� �
wAk

; t

 !

¼
XN
k¼ j

mðAkÞ; if F
cj�1

l

� �
a t < F

cj

l

� �
; j ¼ 1; 2; . . . ;N;

where c0 ¼ 0, we have

IF
g

l

� �
¼ sup

t A ð0;yÞ
tm F

g

l

� �
; t

� �
¼ max

1ajaN
F

cj

l

� �XN
k¼ j

mðAkÞ:

Therefore, IFðg=lÞ is continuous and strictly decreasing on ð0; cN=aðFÞÞ. Since

liml!0 IFðg=lÞ ¼ y and liml!cN=aðFÞ IFðg=lÞ ¼ 0, we obtain that IFðg=�Þ is

bijective from ð0; cN=aðFÞÞ to ð0;yÞ. That is, there exists a unique l A
ð0; cN=aðFÞÞ such that IFðg=lÞ ¼ 1.

Case 2. F A Yð2Þ: In this case F is strictly increasing and bijective from

ðaðFÞ; bðFÞÞ to ð0;yÞ. Let g be a simple function as in Case 1. Then, in

the same way as in Case 1, we obtain that IFðg=�Þ is bijective from ðcN=bðFÞ;
cN=aðFÞÞ to ð0;yÞ. That is, there exists a unique l A ðcN=bðFÞ; cN=aðFÞÞ such
that IFðg=lÞ ¼ 1. r

In the rest of this section we show the following proposition.

Proposition 4.2. For any Young function F,

sup
t A ð0;yÞ

FðtÞmð f ; tÞ ¼ sup
u A ð0;yÞ

umð f ;F�1ðuÞÞ ¼ sup
u A ð0;yÞ

umðFðj f ð�ÞjÞ; uÞ: ð4:4Þ

Remark 4.1. If t ¼ u ¼ 0, then

FðtÞmð f ; tÞ ¼ umð f ;F�1ðuÞÞ ¼ umðFðj f ð�ÞjÞ; uÞ ¼ 0;

since Fð0Þ ¼ 0. If t ¼ u ¼ y, then

fx : j f ðxÞj > tg ¼ fx : j f ðxÞj > F�1ðuÞg ¼ fx : Fðj f ð�ÞjÞ > ug ¼ q;
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since F�1ðyÞ ¼ y, that is,

FðtÞmð f ; tÞ ¼ umð f ;F�1ðuÞÞ ¼ umðFðj f ð�ÞjÞ; uÞ ¼ 0:

Lemma 4.3. Let F be a Young function with aðFÞ < bðFÞ. If u A
ð0;FðbðFÞÞÞ, then

fx : j f ðxÞj > F�1ðuÞg ¼ fx : Fðj f ðxÞjÞ > ug:

Proof. Let a ¼ aðFÞ and b ¼ bðFÞ. Then F is bijective from ða; bÞ
to ð0;FðbÞÞ in any case of b < y or b ¼ y; FðbÞ < y or FðbÞ ¼ y. Let

t ¼ F�1ðuÞ. Then

t A ða; bÞ , u A ð0;FðbÞÞ:

If j f ðxÞj A ða; bÞ, then

j f ðxÞj > t , Fðj f ðxÞjÞ > FðtÞ:

That is,

j f ðxÞj > F�1ðuÞ , Fðj f ðxÞjÞ > u:

If j f ðxÞja a, then

j f ðxÞja a < t ¼ F�1ðuÞ and Fðj f ðxÞjÞ ¼ 0 < u:

If j f ðxÞjb b, then

j f ðxÞjb b > t ¼ F�1ðuÞ and Fðj f ðxÞjÞbFðbÞ > u:

Therefore, we have the conclusion. r

Proof (Proof of Proposition 4.2). Let a ¼ aðFÞ and b ¼ bðFÞ.
Case 1: Let F A Yð1Þ [Yð2Þ. Then F is bijective from ða; bÞ to ð0;yÞ,

and then

sup
t A ð0;bÞ

FðtÞmð f ; tÞ ¼ sup
t A ða;bÞ

FðtÞmð f ; tÞ

¼ sup
u A ð0;yÞ

umð f ;F�1ðuÞÞ

¼ sup
u A ð0;yÞ

umðFðj f ð�ÞjÞ; uÞ;

where we used Lemma 4.3 for the last equality. If b ¼ y, then the above

equalities show (4.4). If b < y, then

sup
t A ½b;yÞ

FðtÞmð f ; tÞ ¼ 0 or y:
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If sup
t A ½b;yÞ

FðtÞmð f ; tÞ ¼ 0, then

sup
t A ð0;yÞ

FðtÞmð f ; tÞ ¼ sup
t A ð0;bÞ

FðtÞmð f ; tÞ:

If sup
t A ½b;yÞ

FðtÞmð f ; tÞ ¼ y, then mð f ; bÞ > 0 and lim
t!b�0

FðtÞmð f ; tÞ ¼ y. Hence

sup
t A ð0;yÞ

FðtÞmð f ; tÞ ¼ sup
t A ð0;bÞ

FðtÞmð f ; tÞ ¼ y:

Therefore, we have (4.4).

Case 2: Let F A Yð3Þ and a < b. Then F is bijective from ða; bÞ to

ð0;FðbÞÞ, and then

sup
t A ð0;bÞ

FðtÞmð f ; tÞ ¼ sup
t A ða;bÞ

FðtÞmð f ; tÞ

¼ sup
u A ð0;FðbÞÞ

umð f ;F�1ðuÞÞ

¼ sup
u A ð0;FðbÞÞ

umðFðj f ð�ÞjÞ; uÞ;

where we used Lemma 4.3 for the last equality. If mð f ; bÞ ¼ 0, then

mð f ;F�1ðuÞÞ ¼ mðFðj f ð�ÞjÞ; uÞ ¼ 0 for u A ½FðbÞ;yÞ;

since F�1ðuÞ ¼ b and

fx : Fðj f ðxÞjÞ > ug � fx : Fðj f ðxÞjÞ > FðbÞg � fx : j f ðxÞj > bg:

Hence,

sup
t A ½b;yÞ

FðtÞmð f ; tÞ ¼ sup
u A ½FðbÞ;yÞ

umð f ;F�1ðuÞÞ ¼ sup
u A ½FðbÞ;yÞ

umðFðj f ð�ÞjÞ; uÞ ¼ 0:

If mð f ; bÞ > 0, then mð f ; bþ 1=jÞ > 0 for some j A N by the measure theory.

Hence,

sup
t A ð0;yÞ

FðtÞmð f ; tÞbFðbþ 1=jÞmð f ; bþ 1=jÞ ¼ y:

On the other hand, mð f ; bÞ > 0 implies that, for all u A ðFðbÞ;yÞ,

mð f ;F�1ðuÞÞ ¼ mð f ; bÞ > 0; mðFðj f ð�ÞjÞ; uÞb mðfx : Fðj f ðxÞjÞ ¼ ygÞ > 0:

Hence,

sup
u A ð0;yÞ

umð f ;F�1ðuÞÞ ¼ sup
u A ð0;yÞ

umðFðj f ð�ÞjÞ; uÞ ¼ y:

Therefore, we have (4.4).
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Case 3: Let F A Yð3Þ and a ¼ b. Then FðtÞ ¼ 0 for t A ð0; b� and

F�1ðuÞ ¼ b for u A ð0;yÞ. If mð f ; bÞ ¼ 0, then j f ðxÞja b and Fðj f ðxÞjÞ ¼ 0

a.e. x. Hence

sup
t A ð0;yÞ

FðtÞmð f ; tÞ ¼ sup
u A ð0;yÞ

umð f ;F�1ðuÞÞ ¼ sup
u A ð0;yÞ

umðFðj f ð�ÞjÞ; uÞ ¼ 0:

If mð f ; bÞ > 0, then, by the same way as Case 2, we have

sup
t A ð0;yÞ

FðtÞmð f ; tÞ ¼ sup
u A ð0;yÞ

umð f ;F�1ðuÞÞ ¼ sup
u A ð0;yÞ

umðFðj f ð�ÞjÞ; uÞ ¼ y:

Therefore, we have (4.4). r

5. Proofs

Proof (Proof of Theorem 3.1). Let f A wLF1ðWÞ and g A wLF3ðWÞ. We

may assume that f ; gb 0 and k f kwLF1 ðWÞ ¼ kgkwLF3 ðWÞ ¼ 1. Let

hðxÞ ¼ maxðF1ð f ðxÞÞ;F3ðgðxÞÞÞ:

Then, by the assumption (3.1) and (P1),

f ðxÞgðxÞaF�1
1 ðF1ð f ðxÞÞÞF�1

3 ðF3ðgðxÞÞÞ

aF�1
1 ðhðxÞÞF�1

3 ðhðxÞÞaCF�1
2 ðhðxÞÞ:

Hence, by (P1),

F2
f ðxÞgðxÞ

C

� �
aF2ðF�1

2 ðhðxÞÞÞa hðxÞaF1ð f ðxÞÞ þF3ðgðxÞÞ:

Then

sup
t A ð0;yÞ

tm F2
f ðxÞgðxÞ

4C

� �
; t

� �

a sup
t A ð0;yÞ

tm
1

4
F2

f ðxÞgðxÞ
C

� �
; t

� �

¼ 1

2
sup

t A ð0;yÞ
tm F2

f ðxÞgðxÞ
C

� �
; 2t

� �

a
1

2
sup

t A ð0;yÞ
tmðF1ð f ðxÞÞ þF3ðgðxÞÞ; 2tÞ
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a
1

2
sup

t A ð0;yÞ
tðmðF1ð f ðxÞÞ; tÞ þ mðF3ðgðxÞÞ; tÞÞ

a
1

2
ð1þ 1Þ ¼ 1;

where we used (4.2) for the last inequality. Therefore, k fgkwLF2 ðWÞ a 4C and

the proof is complete. r

Proof (Proof of Theorem 3.2). Case 1. F2 and F3 are in Yð1Þ [Yð2Þ:

Let

g A PWMðwLF1ðWÞ;wLF2ðWÞÞ:

Assume first that g is a finitely simple function. Then g A wLF3ðWÞ and

GðxÞ :¼ F3
jgðxÞj

kgkwLF3 ðWÞ

 !
< y a:e: in W:

Put

hðxÞ ¼ F�1
1 ðGðxÞÞ; if 0 < GðxÞ < y;

0; if GðxÞ ¼ 0:

�

From the property (P1) it follows that F1ðhðxÞÞaGðxÞ a.e. in W and

sup
t A ð0;yÞ

tmðF1ðhÞ; tÞa sup
t A ð0;yÞ

tm F3
jgð�Þj

kgkwLF3 ðWÞ

 !
; t

 !
a 1;

which gives khkwLF1 ðWÞ a 1. Next we show that

F2 ChðxÞ jgðxÞj
kgkwLF3 ðWÞ

 !
bGðxÞ ¼ F3

jgðxÞj
kgkwLF3 ðWÞ

 !
: ð5:1Þ

If 0 < GðxÞ < y, then by the property (P2) and the assumption (3.2),

hðxÞ jgðxÞj
kgkwLF3 ðWÞ

¼ F�1
1 ðGðxÞÞF�1

3 F3
jgðxÞj

kgkwLF3 ðWÞ

 ! !

¼ F�1
1 ðGðxÞÞF�1

3 ðGðxÞÞb 1

C
F�1

2 ðGðxÞÞ

and hence, by (P3),

F2 ChðxÞ jgðxÞj
kgkwLF3 ðWÞ

 !
bF2ðF�1

2 ðGðxÞÞÞ ¼ GðxÞ:
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If GðxÞ ¼ 0, then hðxÞ ¼ 0 and F2 ChðxÞ jgðxÞj
kgk

wLF3 ðWÞ

� �
¼ 0. Thus, we have (5.1).

By Proposition 4.1 we have

sup
t A ð0;yÞ

tm F2 Chð�Þ jgð�Þj
kgkwLF3 ðWÞ

 !
; t

 !
b sup

t A ð0;yÞ
tm F3

jgð�Þj
kgkwLF3 ðWÞ

 !
; t

 !
¼ 1

and so khgkwLF2 ðWÞ b
1
C
kgkwLF3 ðWÞ, that is,

kgkPWMðwLF1 ðWÞ;wLF2 ðWÞÞ b
1

C
kgkwLF3 ðWÞ;

where we use the fact that the pointwise multiplier g is a bounded operator.

In the general case, g can be approximated by a sequence of finitely simple

functions fgjg such that 0a gj % jgj a.e. in W, since m is a s-finite measure.

Then

kgkPWMðwLF1 ðWÞ;wLF2 ðWÞÞ b kgjkPWMðwLF1 ðWÞ;wLF2 ðWÞÞ b
1

C
kgjkwLF3 ðWÞ

by our first part of the proof. Using the Fatou property (4.3) of the quasi-

norm k � kwLF3 ðWÞ, we obtain

kgkPWMðwLF1 ðWÞ;wLF2 ðWÞÞ b
1

C
kgkwLF3 ðWÞ:

Case 2. F2 A Yð3Þ or F3 A Yð3Þ: We consider only the case that both F2

and F3 are in Yð3Þ, since other cases are similar. In this case, by (Y4), for all

0 < d < 1, there exist C2 A Yð2Þ and C3 A Yð2Þ such that

C2ðduÞaF2ðuÞaC2ðuÞ; C3ðduÞaF3ðuÞaC3ðuÞ for all u:

It follows that

dF�1
2 ðuÞaC�1

2 ðuÞaF�1
2 ðuÞ; dF�1

3 ðuÞaC�1
3 ðuÞaF�1

3 ðuÞ;

dkgkwLC2 ðWÞ a kgkwLF2 ðWÞ a kgkwLC2 ðWÞ;

dkgkwLC3 ðWÞ a kgkwLF3 ðWÞ a kxkwLC3 ðWÞ;

and

dkgkPWMðwLF1 ðWÞ;wLC2 ðWÞÞ a kgkPWMðwLF1 ðWÞ;wLF2 ðWÞÞ a kgkPWMðwLF1 ðWÞ;wLC2 ðWÞÞ:

Using the inequality

C�1
2 ðuÞa C

d
F�1

1 ðuÞC�1
3 ðuÞ;
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which follows by (3.2) and the definitions of C2 and C3, we have

kgkPWMðwLF1 ðWÞ;wLC2 ðWÞÞ b
d

C
kgkwLC3 ðWÞ

by Case 1. Then

kgkPWMðwLF1 ðWÞ;wLF2 ðWÞÞ b
d2

C
kgkwLF3 ðWÞ

holds for all 0 < d < 1. Therefore,

kgkPWMðwLF1 ðWÞ;wLF2 ðWÞÞ b
1

C
kgkwLF3 ðWÞ;

and the proof is finished. r
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[21] W. Orlicz, Über Räume ðLMÞ, Bull. Acad. Polonaise A (1936), 93–107; reprinted in his

Collected Papers, PWN, Warszawa 1988, 345–359.

[22] M. M. Rao and Z. D. Ren, Theory of Orlicz Spaces, Marcel Dekker, Inc., New York,

Basel and Hong Kong, 1991.

Ryota Kawasumi

Department of Intelligent Systems Engineering

Ibaraki University

Hitachi, Ibaraki 316-8511, Japan

E-mail: rykawasumi@gmail.com

Eiichi Nakai

Department of Mathematics

Ibaraki University

Mito, Ibaraki 310-8512, Japan

E-mail: eiichi.nakai.math@vc.ibaraki.ac.jp

184 Ryota Kawasumi and Eiichi Nakai


