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Abstract. Let j : Rn � ½0;yÞ ! ½0;yÞ satisfy that jðx; �Þ is an Orlicz function for

any given x A Rn, and jð�; tÞ is a Muckenhoupt Ay weight uniformly in t A ð0;yÞ.
The weak Musielak-Orlicz Hardy space WH jðRnÞ is defined to be the set of all

tempered distributions such that their grand maximal functions belong to the weak

Musielak-Orlicz space WLjðRnÞ. In this paper, we discuss the boundedness of the

Calderón-Zygmund operator with variable kernel from WH jðRnÞ to WLjðRnÞ. These

results are new even for the classical weighted weak Hardy space and probably new

for the classical weak Hardy space.

1. Introduction

Let Sn�1 be the unit sphere in the n-dimensional Euclidean space Rn

ðnb 2Þ with normalized Lebesgue measure ds. A function Wðx; zÞ defined

on Rn �Rn is said to be in LyðRnÞ � LqðSn�1Þ with qb 1, if Wðx; zÞ satisfies

the following conditions:

Wðx; lzÞ ¼ Wðx; zÞ for any x; z A Rn and l A ð0;yÞ; ð1Þð
S n�1

Wðx; zÞdsðz 0Þ ¼ 0 for any x A Rn; ð2Þ

sup
x ARn

ð
S n�1

jWðx; z 0Þjqdsðz 0Þ
� �1=q

< y; ð3Þ

where z 0 :¼ z=jzj for any z0 0. Set Kðx; zÞ :¼ Wðx; z 0Þ=jzjn for all ðx; zÞ A
Rn �Rn. The Calderón-Zygmund operator with variable kernel is defined by

Tð f ÞðxÞ :¼ p:v:

ð
Rn

Kðx; x� yÞ f ðyÞdy:
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In 1955 and 1956, Calderón and Zygmund [2, 3] investigated the Lp

boundedness of T . They found that these operators are closely related to

the problem about certain second-order linear elliptic equations with variable

coe‰cients. In 2008, Lee et al. [19] further discussed the boundedness of T on

the weighted Lebesgue space Lp
oðRnÞ under the Hörmander condition assumed

on kernel, where o A Ap and Ap denotes the Muckenhoupt weight class. Their

result is the following theorem. We denote the conjugate index of q > 1 by

q 0 :¼ q=ðq� 1Þ.

Theorem A ([19, Theorem 1]). Let q A ð1;y�. Suppose that W A
LyðRnÞ � LqðSn�1Þ satisfies that, for any R A ð0;yÞ,

sup
x ARn

0<jyj<R

Xy
m¼1

ð2mRÞn=q
0
ð
2mRajzj<2mþ1R

jKðx; z� yÞ � Kðx; zÞjqdz
 !1=q

aC < y ð4Þ

and

sup
x;y ARn

0<jx�yj<R

Xy
m¼1

ð2mRÞn=q
0
ð
2mRajzj<2mþ1R

jKðx; zÞ � Kðy; zÞjqdz
 !1=q

aC < y: ð5Þ

If o A Ap=q 0 with p A ½q 0;yÞ, then T is bounded on Lp
oðRnÞ:

Not only that, they also established the boundedness of T from a weighted

Hardy space to a weighted Lebesgue space under an extra Dini type condition

assumed on W.

On the other hand, the impact of the theory of Hardy space in the last

forty years has been significant. The classical Hardy space on the unit circle

or upper half-plane is defined with the aid of complex method. And its

theory was one-dimensional. The higher dimensional Euclidean theory of the

Hardy space was developed by Fe¤erman and Stein [8] who proved a variety

of characterizations for them. As everyone knows, many important operators

have better behaved on the Hardy space HpðRnÞ than on the Lebesgue space

LpðRnÞ in the range p A ð0; 1�. For example, when p A ð0; 1�, the Riesz trans-

forms are bounded on HpðRnÞ, but not on LpðRnÞ. Therefore, one can con-

sider HpðRnÞ to be a very natural replacement for LpðRnÞ when p A ð0; 1�.
Moreover, when studying the endpoint estimate for variant important oper-

ators, the weak Hardy space WHpðRnÞ naturally appears as a good substitute

of HpðRnÞ with p A ð0; 1�. For instance, if d A ð0; 1�, Td is a d-Calderón-

Zygmund operator and T �
d ð1Þ ¼ 0, where T �

d denotes the adjoint operator of

Td, it is known that Td is bounded on HpðRnÞ for any p A ðn=ðnþ dÞ; 1� (see
[1]), but Td may be not bounded on Hn=ðnþdÞðRnÞ; however, Liu [18] proved

that Td is bounded from Hn=ðnþdÞðRnÞ to WHn=ðnþdÞðRnÞ.
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Recently, Ky [15] introduced a new Musielak-Orlicz Hardy space H jðRnÞ,
which unifies the classical Hardy space [8], the weighted Hardy space [26],

the Orlicz Hardy space [11, 12, 13, 14], and the weighted Orlicz Hardy space.

Its spatial and time variables may not be separable. Later, Liang et al. [22]

further introduced a weak Musielak-Orlicz Hardy space WH jðRnÞ, which

covers both the weak Hardy space [9], the weighted weak Hardy space [25],

the weak Orlicz Hardy space and the weighted weak Orlicz Hardy space,

as special cases. And various equivalent characterizations of WH jðRnÞ by

means of maximal functions, atoms, molecules and Littlewood-Paley functions,

and the boundedness of Calderón-Zygmund operators in the critical case were

obtained in [22]. Apart from interesting theoretical considerations, the motiva-

tion to study Musielak-Orlicz-type space comes from applications to elasticity,

fluid dynamics, image processing, nonlinear PDEs and the calculus of varia-

tion (see, for example, [4, 5]). More Musielak-Orlicz-type spaces are referred

to [10, 16, 21, 23, 24, 27, 28, 29].

Motivated by all of the facts mentioned above, it is a natural and inter-

esting problem to ask whether the Calderón-Zygmund operator with vari-

able kernel T is bounded from WH jðRnÞ to the weak Musielak-Orlicz space

WLjðRnÞ. In this paper we shall answer this problem a‰rmatively. Our

results are new even for the classical weighted weak Hardy space and probably

new for the classical weak Hardy space.

This paper is organized as follows. In the next section, we recall

some notions concerning Muckenhoupt weights, growth functions and weak

Musielak-Orlicz Hardy spaces. Then we present the boundedness of T from

WH jðRnÞ to WLjðRnÞ (see Theorem 1, Theorem 2, Corollary 1 and Theorem

3 below). In Section 3, with the help of some auxiliary lemmas and the atomic

decomposition theory of WH jðRnÞ, the proofs of main results are presented.

Finally, we make some conventions on notation. Let Zþ :¼ f1; 2; . . .g
and N :¼ f0g [ Zþ. For any b :¼ ðb1; . . . ; bnÞ A Nn, let jbj :¼ b1 þ � � � þ bn

and qb :¼ q
qx1

� �b1 � � � q
qxn

� �bn
. Throughout this paper the letter C will denote

a positive constant that may vary from line to line but will remain independent

of the main variables. The symbol PkQ stands for the inequality PaCQ.

If PkQkP, we then write P@Q. For any sets E;F � Rn, we use E { to

denote the set RnnE, jEj the n-dimensional Lebesgue measure of E, wE the

characteristic function of E, and E þ F the algebraic sum fxþ y : x A E; y A Fg.
For any s A R, bsc denotes the unique integer such that s� 1 < bsca s. If

there are no special instructions, any space XðRnÞ is denoted simply by X.

For instance, L2ðRnÞ is simply denoted by L2. For any set E � Rn, t A ½0;yÞ
and measurable function jð�; tÞ, let jðE; tÞ :¼

Ð
E
jðx; tÞdx and fj f j > tg :¼

fx A Rn : j f ðxÞj > tg. For any x A Rn, r A ð0;yÞ and a A ð0;yÞ, we
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use Bðx; rÞ to denote the ball fy A Rn : jy� xj < rg and aBðx; rÞ to denote

Bðx; arÞ as usual.

2. Notions and main results

In this section, we first recall the notion concerning the weak Musielak-

Orlicz Hardy space WH j, and then present the boundedness of the Calderón-

Zygmund operator with variable kernel T from WH j to the weak Musielak-

Orlicz space WLj.

Recall that a nonnegative function j on Rn � ½0;yÞ is called a Musielak-

Orlicz function if, for any x A Rn, jðx; �Þ is an Orlicz function on ½0;yÞ and, for
any t A ½0;yÞ, jð�; tÞ is measurable on Rn. Here a function f : ½0;yÞ ! ½0;yÞ
is called an Orlicz function, if it is nondecreasing, fð0Þ ¼ 0, fðtÞ > 0 for any

t A ð0;yÞ, and limt!y fðtÞ ¼ y.

Given a Musielak-Orlicz function j on Rn � ½0;yÞ, j is said to be

of uniformly lower (resp. upper) type p with p A R, if there exists a posi-

tive constant C such that, for any x A Rn, t A ½0;yÞ and s A ð0; 1� (resp.

s A ½1;yÞ),

jðx; stÞaCspjðx; tÞ:

The critical uniformly lower type index of j is defined by

iðjÞ :¼ supfp A R: j is of uniformly lower type pg: ð6Þ

Observe that iðjÞ may not be attainable, namely, j may not be of uniformly

lower type iðjÞ (see [20, p. 415] for more details).

Definition 1. (i) Let q A ½1;yÞ. A locally integrable function jð�; tÞ :
Rn ! ½0;yÞ is said to satisfy the uniformly Muckenhoupt condition

Aq, denoted by j A Aq, if there exists a positive constant C such that,

for any ball B � Rn and t A ð0;yÞ, when q ¼ 1,

1

jBj

ð
B

jðx; tÞdx ess sup
x AB

½jðx; tÞ��1

� �
aC

and, when q A ð1;yÞ,

1

jBj

ð
B

jðx; tÞdx 1

jBj

ð
B

½jðx; tÞ��1=ðq�1Þ
dx

� �q�1

aC:

(ii) Let q A ð1;y�. A locally integrable function jð�; tÞ : Rn ! ½0;yÞ is

said to satisfy the uniformly reverse Hölder condition RHq, denoted

by j A RHq, if there exists a positive constant C such that, for any
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ball B � Rn and t A ð0;yÞ, when q A ð1;yÞ,

1

jBj

ð
B

jðx; tÞdx
� ��1 1

jBj

ð
B

½jðx; tÞ�qdx
� �1=q

aC

and, when q ¼ y,

1

jBj

ð
B

jðx; tÞdx
� ��1

ess sup
x AB

jðx; tÞaC:

Define Ay :¼
S

q A ½1;yÞ Aq. It is well known that if j A Aq with q A
ð1;y�, then je A Aeqþ1�e � Aq for any e A ð0; 1� and jh A Aq for some h A
ð1;yÞ. Also, if j A Aq with q A ð1;yÞ, then j A Ar for any r A ðq;yÞ and

j A Ad for some d A ð1; qÞ. Thus, the critical weight index of j A Ay is defined

as follows:

qðjÞ :¼ inffq A ½1;yÞ : j A Aqg: ð7Þ

For the uniformly Muckenhoupt (resp. reverse Hölder) condition, we have

the following property as the classical case.

Lemma 1 ([15, Lemma 4.5]). Let j A Aq with q A ½1;yÞ. Then there exists

a positive constant C such that, for any ball B � Rn, l A ð1;yÞ and t A ð0;yÞ,

jðlB; tÞaClnqjðB; tÞ:

Lemma 2 ([17, Lemma 3.5]). Let r A ð1;yÞ. Then j r A Ay if and only

if j A RHr.

Definition 2 ([15, Definition 2.1]). A function j : Rn � ½0;yÞ ! ½0;yÞ is
called a growth function if the following conditions are satisfied:

( i ) j is a Musielak-Orlicz function;

( ii ) j A Ay;

(iii) j is of uniformly lower type p for some p A ð0; 1� and of uniformly

upper type 1.

Recall that the weak Musielak-Orlicz space WLj is defined to be the space

of all measurable functions f such that, for some l A ð0;yÞ,

sup
t A ð0;yÞ

j fj f j > tg; t
l

� �
< y

equipped with the quasi-norm

k f kWLj :¼ inf l A ð0;yÞ : sup
t A ð0;yÞ

j fj f j > tg; t
l

� �
a 1

( )
:
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In what follows, we denote by S the space of all Schwartz functions and

by S 0 its dual space (namely, the space of all tempered distributions). For any

m A N, let Sm be the space of all c A S satisfying kckSm
a 1, where

kckSm
:¼ sup

a AN n

jajamþ1

sup
x ARn

ð1þ jxjÞðmþ2Þðnþ1ÞjqacðxÞj:

Then, for any m A N and f A S 0, the non-tangential grand maximal function f �
m

of f is defined by setting, for all x A Rn,

f �
m ðxÞ :¼ sup

c ASm

sup
jy�xj<t
t A ð0;yÞ

j f � ctðyÞj; ð8Þ

where, for any t A ð0;yÞ, ctð�Þ :¼ t�nc �
t

� �
. When

m ¼ mðjÞ :¼ n
qðjÞ
iðjÞ � 1

� �	 

; ð9Þ

we denote f �
m simply by f �, where qðjÞ and iðjÞ are as in (7) and (6),

respectively.

Definition 3 ([22, Definition 2.3]). Let j be a growth function. The

weak Musielak-Orlicz Hardy space WH j is defined as the space of all f A S 0

such that f � A WLj endowed with the quasi-norm

k f kWH j :¼ k f �kWLj :

Remark 1. Let o be a Muckenhoupt weight and f an Orlicz function.

( i ) If jðx; tÞ :¼ oðxÞfðtÞ for all ðx; tÞ A Rn � ½0;yÞ, then WH j goes back

to the weighted weak Orlicz Hardy space WH f
o , and particularly, when

o1 1, the corresponding unweighted space is also obtained.

(ii) If jðx; tÞ :¼ oðxÞtp for all ðx; tÞ A Rn � ½0;yÞ with p A ð0; 1�, then

WH j goes back to the weighted weak Hardy space WHp
o, and par-

ticularly, when o1 1, the corresponding unweighted space is also

obtained.

Before stating our main results, we recall some notions. In 2007, Ding

et al. [6, 7] introduced a notion about the variable kernel Wðx; zÞ when they

studied the Marcinkiewicz integral. Replacing the condition (3), they

strengthened it to the condition

sup
x ARn

r A ½0;yÞ

ð
S n�1

jWðxþ rz 0; z 0Þjqdsðz 0Þ
� �1=q

< y: ð3 0Þ
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For any q A ½1;yÞ and a A ð0; 1�, a function Wðx; zÞ is said to satisfy the

Lq;a-Dini condition, if (1), (2), (3 0) hold andð1
0

oqðdÞ
d1þa

dd < y;

where

oqðdÞ :¼ sup
x ARn

r A ½0;yÞ

ð
S n�1

sup
y 0 AS n�1

jy 0�z 0jad

jWðxþ rz 0; y 0Þ �Wðxþ rz 0; z 0Þjqdsðz 0Þ

0BB@
1CCA
1=q

:

For any a; b A ð0; 1� with b < a, it is trivial to see that if W satisfies the Lq;a-

Dini condition, then it also satisfies the Lq;b-Dini condition. We thus denote

by Dinq
a the class of all functions which satisfy the Lq;b-Dini conditions for all

b < a. For any a A ð0; 1�, we define

Dinya :¼
\
qb1

Dinq
a :

A routine computation gives rise to

Din r
a � Dinq

a if 1a q < ray;

and

Dinq
a � Din

q
b if 0 < b < aa 1:

The main results are as follows. Their proofs are given in Section 3.

Theorem 1. Let a A ð0; 1�, r A ð1;y� and j be a growth function

with p A ðn=ðnþ aÞ; 1Þ. Suppose that W A ½LyðRnÞ � LrðSn�1Þ� \Din1
a satis-

fies (4) and (5). If j1=ð1�pÞ A Apa=½nð1�pÞ�, then T is bounded from WH j to

WLj.

Theorem 2. Let a A ð0; 1�, q A ð1;yÞ and j be a growth function with

p A ðn=ðnþ aÞ; 1�. Suppose that W A Dinq
a satisfies (4) and (5). If jq 0

A
Aðpþpa=n�1=qÞq 0 , then T is bounded from WH j to WLj.

Corollary 1. Let a A ð0; 1� and j be a growth function with p A
ðn=ðnþ aÞ; 1�. Suppose that W A Dinya satisfies (4) and (5). If j A Apð1þa=nÞ,

then T is bounded from WH j to WLj.

Theorem 3. Let r A ð1;y� and j be a growth function with p :¼ 1

and j A A1. Suppose that W A LyðRnÞ � LrðSn�1Þ satisfies (4) and (5). If

there exist two positive constants C and M such that, for any y; h A Rn
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and t A ð0;yÞ,ð
jxjbMjyj

jKðxþ h; x� yÞ � Kðxþ h; xÞjjðxþ h; tÞdxa C

M
jðyþ h; tÞ; ð10Þ

then T is bounded from WH j to WLj.

Remark 2. (i) It is worth noting that Corollary 1 can be regarded as the

limiting case of Theorem 2 by letting q ! y.

( ii ) Theorem 1, Theorem 2 and Corollary 1 jointly answer the question:

when W A Dinq
a with q ¼ 1, q A ð1;yÞ or q ¼ y, respectively, what

kind of additional conditions on j and W can deduce the boundedness

of T from WH j to WLj?

(iii) Let o be a Muckenhoupt weight and f an Orlicz function.

(a) When jðx; tÞ :¼ oðxÞfðtÞ for all ðx; tÞ A Rn � ½0;yÞ, we

have WH j ¼ WH f
o. In this case, Theorem 1, Theorem 2, Corollary

1 and Theorem 3 hold true for weighted weak Orlicz Hardy space.

Even when o1 1, the corresponding unweighted results are also

new.

(b) When jðx; tÞ :¼ oðxÞtp for all ðx; tÞ A Rn � ½0;yÞ, we have

WH j ¼ WHp
o. In this case, Theorem 1, Theorem 2, Corollary 1 and

Theorem 3 are new for weighted weak Hardy spaces. Even when

o1 1, the corresponding unweighted results are probably new.

3. Proofs of main results

To show the main results, we need some notions and auxiliary lemmas.

Definition 4 ([15, Definition 2.4]). Let j be a growth function as in

Definition 2.

( i ) A triplet ðj; q; sÞ is said to be admissible, if q A ðqðjÞ;y� and s A
½mðjÞ;yÞ \N, where qðjÞ and mðjÞ are as in (7) and (9), respec-

tively.

(ii) For an admissible triplet ðj; q; sÞ, a measurable function a is called

a ðj; q; sÞ-atom if there exists a ball B � Rn such that the following

conditions are satisfied:

(a) a is supported in B;

(b) kakLq
j ðBÞ a kwBk

�1
Lj , where

kakLq
j ðBÞ :¼

sup
t A ð0;yÞ

1

jðB; tÞ

ð
B

jaðxÞjqjðx; tÞdx
� �1=q

; q A ½1;yÞ;

kakLy ; q ¼ y;

8><>:
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and

kwBkLj :¼ inffl A ð0;yÞ : jðB; l�1Þa 1g;

(c)
Ð
R n aðxÞxg dx ¼ 0 for any g A Nn with jgja s.

Definition 5 ([22, Definition 3.2]). For an admissible triplet ðj; q; sÞ, the
weak atomic Musielak-Orlicz Hardy space WH

j;q; s
at is defined as the space of

all f A S 0 satisfying that there exist a sequence of ðj; q; sÞ-atoms, fai; jgi AZ; j AZþ
,

associated with balls fBi; jgi AZ; j AZþ
, and a positive constant C such thatP

j AZþ
wBi; j

ðxÞaC for any x A Rn and i A Z, and f ¼
P

i AZ
P

j AZþ
li; jai; j in

S 0, where li; j :¼ ~CC2 ikwBi; j
kLj for any i A Z and j A Zþ, and ~CC is a positive

constant independent of f .

Moreover, define

k f kWH
j; q; s
at

:¼ inf inf l A ð0;yÞ : sup
i AZ

X
j AZþ

j Bi; j;
2 i

l

� �( )
a 1

( )( )
;

where the first infimum is taken over all decompositions of f as above.

Lemma 3 ([22, Theorem 3.5]). Let ðj; q; sÞ be an admissible triplet. Then

WH j ¼ WH
j;q; s
at

with equivalent quasi-norms.

Lemma 4 ([7]). Let q A ½1;yÞ. Suppose W A LyðRnÞ � LqðSn�1Þ satisfies

ð3 0Þ. If there exists a constant b A ð0; 1=2Þ such that jyj < bR, then, for any

h A Rn, ð
Rajxj<2R

jKðxþ h; x� yÞ � Kðxþ h; xÞjqdx
 !1=q

aCR�n=q 0 jyj
R

þ
ð4jyj=R
2jyj=R

oqðdÞ
d

dd

 !
;

where the positive constant C is independent of R and y.

Lemma 5. Suppose W satisfies the Lq;a-Dini condition with q A ½1;yÞ and

a A ð0; 1�. Let b be a multiple of a ðj;y; sÞ-atom associated with some ball

Bðx0; rÞ � Rn.

( i ) If q ¼ 1, then there exists a positive constant C independent of b such

that, for any R A ½8r;yÞ,ð
Rajx�x0j<2R

jTðbÞðxÞjdxaCkbkLyR
n r

R

� �nþa

:
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(ii) If q A ð1;yÞ, then there exists a positive constant C independent of b

such that, for any R A ½8r;yÞ and t A ð0;yÞ,ð
Rajx�x0j<2R

jTðbÞðxÞjjðx; tÞdxaCkbkLy ½jq 0 ðBðx0; 2RÞ; tÞ�1=q
0
Rn=q r

R

� �nþa

:

Proof. We only prove (ii), since the proof of (i) is analogous to that of

(ii). From the vanishing moments of b, Fubini’s theorem, Hölder’s inequality

and Lemma 4, we deduce that, for any R A ½8r;yÞ and t A ð0;yÞ,ð
Rajx�x0j<2R

jTðbÞðxÞjjðx; tÞdx

¼
ð
Rajx�x0j<2R

ð
jy�x0j<r

Kðx; x� yÞbðyÞdy












jðx; tÞdx
¼
ð
Rajx�x0j<2R

ð
jy�x0j<r

½Kðx; x� yÞ � Kðx; x� x0Þ�bðyÞdy












jðx; tÞdx
a

ð
jy�x0j<r

jbðyÞj
ð
Rajx�x0j<2R

jKðx; x� yÞ � Kðx; x� x0Þjjðx; tÞdx
 !

dy

a

ð
jy�x0j<r

jbðyÞj
ð
Rajx�x0j<2R

jjðx; tÞjq
0
dx

 !1=q 0

�
ð
Rajx�x0j<2R

jKðx; x� yÞ � Kðx; x� x0Þjqdx
 !1=q

dy

a kbkLy ½jq 0 ðBðx0; 2RÞ; tÞ�1=q
0

�
ð
jyj<r

ð
Rajxj<2R

jKðxþ x0; x� yÞ � Kðxþ x0; xÞjqdx
 !1=q

dy

k kbkLy ½jq 0 ðBðx0; 2RÞ; tÞ�1=q
0
ð
jyj<r

R�n=q 0 jyj
R

þ
ð4jyj=R
2jyj=R

oqðdÞ
d

dd

 !
dy

k kbkLy ½jq 0 ðBðx0; 2RÞ; tÞ�1=q
0
ð
jyj<r

R�n=q 0 jyj
R

þ jyj
R

� �a� �
dy

k kbkLy ½jq 0 ðBðx0; 2RÞ; tÞ�1=q
0
Rn=q r

R

� �nþa

:

Hence the statement in Lemma 5(ii) is proved.
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Proof of Theorem 1. We only consider the case r A ð1;yÞ, since the

case r ¼ y can be derived from the case r ¼ 2. Indeed, when r ¼ y, by

LyðRnÞ � LyðSn�1Þ � LyðRnÞ � L2ðSn�1Þ and j1=ð1�pÞ A Apa=½nð1�pÞ�, we know

that Theorem 1 holds true for r ¼ y. We are now turning to the proof of

Theorem 1 under the case r A ð1;yÞ. Let ðj;y; sÞ be an admissible triplet.

By Lemma 3, we know that, for any f A WH j ¼ WH
j;y; s
at , there exists a

sequence of multiples of ðj;y; sÞ-atoms, fbi; jgi AZ; j AZþ
, associated with balls

fBi; jgi AZ; j AZþ
, such that

f ¼
X
i AZ

X
j AZþ

bi; j in S 0;

P
j AZþ

wBi; j
ðxÞk 1 for any x A Rn and i A Z, kbi; jkLy k 2 i for any i A Z and

j A Zþ, and

k f kWH j @ inf l A ð0;yÞ : sup
i AZ

X
j AZþ

j Bi; j;
2 i

l

� �( )
a 1

( )
:

Thus, our problem reduces to prove that, for any b; l A ð0;yÞ and

f A WH j,

j fjTð f Þj > bg; b
l

� �
k sup

i AZ

X
j AZþ

j Bi; j;
2 i

l

� �( )
:

To show this inequality, without loss of generality, we may assume that

there exists i0 A Z such that b ¼ 2 i0 . Let us write

f ¼
Xi0�1

i¼�y

X
j AZþ

bi; j þ
Xy
i¼i0

X
j AZþ

bi; j ¼: F1 þ F2:

We estimate F1 first. A tedious calculation gives par 0 > nð1� pÞ. For

simplicity, denote par 0=½nð1� pÞ� by u. By Theorem A with j A Au=r 0 ,

Minkowski’s inequality,
P

j AZþ
wBi; j

ðxÞk 1 for any x A Rn and i A Z, and

the uniformly upper type 1 property of j, we know that, for any l A
ð0;yÞ,

j fjTðF1Þj > 2 i0g; 2
i0

l

� �
¼
ð
fjTðF1Þj>2 i0g

j x;
2 i0

l

� �
dx

a 2�ui0

ð
Rn

jTðF1ÞðxÞjuj x;
2 i0

l

� �
dx

161Weak Musielak-Orlicz Hardy spaces



k 2�ui0

ð
Rn

jF1ðxÞjuj x;
2 i0

l

� �
dx

k 2�ui0
Xi0�1

i¼�y

ð
Rn

X
j AZþ

bi; jðxÞ













u

j x;
2 i0

l

� �
dx

" #1=u8<:
9=;

u

k 2�ui0
Xi0�1

i¼�y

2 i
X
j AZþ

j Bi; j;
2 i0

l

� �" #1=u8<:
9=;

u

k 2�ui0
Xi0�1

i¼�y

2 i 2 i0�i
X
j AZþ

j Bi; j;
2 i

l

� �" #1=u8<:
9=;

u

k 2�ui0
Xi0�1

i¼�y

2 i2ði0�iÞ=u

 !u
sup
i AZ

X
j AZþ

j Bi; j ;
2 i

l

� �( )

@ sup
i AZ

X
j AZþ

j Bi; j;
2 i

l

� �( )
; ð11Þ

which is wished.

Next let us deal with F2. Denote the center of Bi; j by xi; j and the radius

by ri; j. Set

Ai0 :¼
[y
i¼i0

[
j AZþ

gBi; jBi; j;

where gBi; jBi; j :¼ Bðxi; j; 8ð3=2Þði�i0Þ=ðnþaÞ
ri; jÞ. To show that

j jTðF2Þj > 2 i0
� �

;
2 i0

l

� �
k sup

i AZ

X
j AZþ

j Bi; j ;
2 i

l

� �( )
;

we cut fjTðF2Þj > 2 i0g into Ai0 and fx A ðAi0Þ
{ : jTðF2ÞðxÞj > 2 i0g.

For Ai0 , from Lemma 1 with j A Apð1þa=nÞ (since j1=ð1�pÞ A Apa=½nð1�pÞ�),

and the uniformly lower type p property of j, it follows that, for any l A
ð0;yÞ,

j Ai0 ;
2 i0

l

� �
a
Xy
i¼i0

X
j AZþ

j gBi; jBi; j;
2 i0

l

� �

k
Xy
i¼i0

X
j AZþ

3

2

� �ði�i0Þp
j Bi; j;

2 i0

l

� �
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k
Xy
i¼i0

X
j AZþ

3

4

� �ði�i0Þp
j Bi; j ;

2 i

l

� �

k sup
i AZ

X
j AZþ

j Bi; j;
2 i

l

� �( )
; ð12Þ

which is also wished.

It remains to estimate ðAi0Þ
{. Applying the inequality k � kl1 a k � kl p with

p A ð0; 1Þ, we conclude that, for any l A ð0;yÞ,

j fx A ðAi0Þ
{ : jTðF2ÞðxÞj > 2 i0g; 2

i0

l

� �

a 2�i0p

ð
ðAi0

Þ {
jTðF2ÞðxÞjpj x;

2 i0

l

� �
dx

a 2�i0p
Xy
i¼i0

X
j AZþ

ð
ðfBi; jÞ{

jTðbi; jÞðxÞjpj x;
2 i0

l

� �
dx: ð13Þ

Below, we will give the estimate of integral

I :¼
ð
ðfBi; jÞ{

jTðbi; jÞðxÞjpj x;
2 i0

l

� �
dx:

For any k A N, let

Ek :¼ ð2kþ1gBi; jBi; jÞnð2kgBi; jBi; jÞ:

It follows from Hölder’s inequality that

Ia
Xy
k¼0

ð
Ek

jTðbi; jÞðxÞjdx
� �p ð

Ek

j x;
2 i0

l

� �� �1=ð1�pÞ
dx

( )1�p

:

On the one hand, noticing that j1=ð1�pÞ A Apa=½nð1�pÞ�, there exists a constant

d A ð1; pa=½nð1� pÞ�Þ such that j1=ð1�pÞ A Ad . By Lemma 2, we have j A
RH1=ð1�pÞ. Thus, thanks to Lemma 1 with j1=ð1�pÞ A Ad , and j A RH1=ð1�pÞ,

it follows that, for any l A ð0;yÞ,

ð
Ek

j x;
2 i0

l

� �� �1=ð1�pÞ
dx

( )1�p

a j1=ð1�pÞ 2kþ1gBi; jBi; j ;
2 i0

l

� �� �1�p
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k j1=ð1�pÞ Bi; j;
2 i0

l

� �� �1�p

2k 3

2

� �ði�i0Þ=ðnþaÞ
" #ndð1�pÞ

k ðri; jÞ�npj Bi; j ;
2 i0

l

� �
2k 3

2

� �ði�i0Þ=ðnþaÞ
" #ndð1�pÞ

:

On the other hand, since d < pa=½nð1� pÞ�, we may choose ~aa A ð0; aÞ such that

d < p~aa=½nð1� pÞ�. By the assumption W A Din1
a , we know that W satisfies the

L1; ~aa-Dini condition. Then Lemma 5(i) yields thatð
Ek

jTðbi; jÞðxÞjdxk 2 iðri; jÞn 2k 3

2

� �ði�i0Þ=ðnþaÞ
" #�~aa

:

The above three inequalities give us that, for any l A ð0;yÞ,

Ik 2 ipj Bi; j;
2 i0

l

� �Xy
k¼0

2k 3

2

� �ði�i0Þ=ðnþaÞ
" #nd�ndp�p~aa

:

Substituting the above inequality into (13) and using the uniformly lower type

p property of j, we obtain that, for any l A ð0;yÞ,

j fx A ðAi0Þ
{ : jTðF2ÞðxÞj > 2 i0g; 2

i0

l

� �

k 2�i0p
Xy
i¼i0

X
j AZþ

2 ipj Bi; j;
2 i0

l

� �Xy
k¼0

2k 3

2

� �ði�i0Þ=ðnþaÞ
" #nd�ndp�p~aa

k sup
i AZ

X
j AZþ

j Bi; j;
2 i

l

� �( )Xy
i¼i0

Xy
k¼0

2k 3

2

� �ði�i0Þ=ðnþaÞ
" #nd�ndp�p~aa

@ sup
i AZ

X
j AZþ

j Bi; j;
2 i

l

� �( )
; ð14Þ

where the last ‘‘@’’ is due to d < p~aa=½nð1� pÞ�.
Finally, combining (11), (12) and (14), we obtain the desired inequality.

This finishes the proof of Theorem 1.

Proof of Theorem 2. We only consider the case p < 1. The proof

of the case p ¼ 1 is similar and easier. Once we prove Lemma 5(ii), the

proof of this theorem is quite similar to that of Theorem 1, the major change
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being the substitution of

Ia
Xy
k¼0

ð
Ek

jTðbi; jÞðxÞjj x;
2 i0

l

� �
dx

� �p ð
Ek

j x;
2 i0

l

� �
dx

� �1�p

for

Ia
Xy
k¼0

ð
Ek

jTðbi; jÞðxÞjdx
� �p ð

Ek

j x;
2 i0

l

� �� �1=ð1�pÞ
dx

( )1�p

:

We leave the details to the reader.

Proof of Corollary 1. By j A Apð1þa=nÞ, we see that there exists

d A ð1;yÞ such that jd A Apð1þa=nÞ. For any q A ð1;yÞ, by p > n=ðnþ aÞ,
some tedious manipulation yields ðpþ pa=n� 1=qÞq 0 > pð1þ a=nÞ and hence

jd A Aðpþpa=n�1=qÞq 0 . Thus, we may choose q :¼ d=ðd � 1Þ such that

jq 0 ¼ jd A Aðpþa=n�1=qÞq 0

and hence Corollary 1 follows from Theorem 2.

Proof of Theorem 3. Since the proof of Theorem 3 is similar to that

of Theorem 1, we use the same notation as in the proof of Theorem 1.

Rather than giving a complete proof, we just give out the necessary modifica-

tions with respect to the estimate of ðAi0Þ
{. Reset

Ai0 :¼
[y
i¼i0

[
j AZþ

gBi; jBi; j;

where gBi; jBi; j :¼ Bðxi; j; ð3=2Þði�i0Þ=nri; jÞ. For any l A ð0;yÞ, we have

j fx A ðAi0Þ
{ : jTðF2ÞðxÞj > 2 i0g; 2

i0

l

� �

a 2�i0

ð
ðAi0

Þ{
jTðF2ÞðxÞjj x;

2 i0

l

� �
dx

a 2�i0
Xy
i¼i0

X
j AZþ

ð
ðfBi; jÞ {

jTðbi; jÞðxÞjj x;
2 i0

l

� �
dx: ð15Þ

Below, we will give the estimate of integral

I :¼
ð
ðfBi; jÞ{

jTðbi; jÞðxÞjj x;
2 i0

l

� �
dx:
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By the vanishing moments of bi; j, Fubini’s theorem and (10), we obtain that,

for any l A ð0;yÞ,

I ¼
ð
ðfBi; jÞ {

ð
Bi; j

½Kðx; x� yÞ � Kðx; x� xi; jÞ�bi; jðyÞdy












j x;
2 i0

l

� �
dx

a

ð
Bi; j

jbi; jðyÞj
ð
ðfBi; jÞ{

jKðx; x� yÞ � Kðx; x� xi; jÞjj x;
2 i0

l

� �
dx

" #
dy

¼
ð
jyj<ri; j

jbi; jðyþ xi; jÞj
"ð

jxjbð3=2Þði�i0Þ=nri; j

jKðxþ xi; j; x� yÞ � Kðxþ xi; j; xÞjj xþ xi; j;
2 i0

l

� �
dx

#
dy

k

ð
jyj<ri; j

jbi; jðyþ xi; jÞj
2

3

� �ði�i0Þ=n
j yþ xi; j;

2 i0

l

� �
dy

k kbi; jkLy

2

3

� �ði�i0Þ=n
j Bi; j;

2 i0

l

� �
:

Substituting the above inequality into (15) and using the uniformly lower type 1

property of j, we obtain that, for any l A ð0;yÞ,

j fx A ðAi0Þ
{ : jTðF2ÞðxÞj > 2 i0g; 2

i0

l

� �

k 2�i0
Xy
i¼i0

X
j AZþ

kbi; jkLy

2

3

� �ði�i0Þ=n
j Bi; j;

2 i0

l

� �

k 2�i0
Xy
i¼i0

X
j AZþ

2 i 2

3

� �ði�i0Þ=n
2 i0�ij Bi; j;

2 i

l

� �

k
Xy
i¼i0

2

3

� �ði�i0Þ=n
sup
i AZ

X
j AZþ

j Bi; j;
2 i

l

� �( )

@ sup
i AZ

X
j AZþ

j Bi; j;
2 i

l

� �( )
:

This finishes the proof of Theorem 3.

Remark 3. We should point out that, if j is a growth function of uniformly

lower type 1 and of uniformly upper type 1, then WH j ¼ WH 1
jð�;1Þ and WLj ¼
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WL1
jð�;1Þ. In fact, there exists a positive constant C such that, for any x A Rn

and t A ð0;yÞ,

C�1tjðx; 1Þ ¼ C�1tjðx; t=tÞa jðx; tÞaCtjðx; 1Þ;

which implies that

sup
t A ð0;yÞ

jðfj f j > tg; tÞ@ sup
t A ð0;yÞ

jðfj f j > tg; 1Þt:

Hence, we have WLj ¼ WL1
jð�;1Þ. Analogously, WH j ¼ WH 1

jð�;1Þ.
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