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By
" Kakutard MORINAGA and Hybitird TAKENO.
‘ (Received December 10, 1935.)

The object of this paper is to find out from the physical stand-
point some useful solutions of the fundamental equation for g;;:

12" “estqu im? = Kpmat 0.1)

The: general -solutions of this equation have been obtained by T. Sibata
and one of the present authors,” but these are not yet directly ap-
plicable to the physical problem, so we shall investigate this problem
from another point of view. First, we shall find out some approximate
solutions, and then proceed to the finite solutions.

§1. Approximate solutions.

If we exclude the euclidean terms, the most general approximate
solution of the equation (0.1) is given by solving the following equation® :

9i =05+ hij, lhi P <1. \

— + — =
-0 + out oxt 0B

_3_}51@_*__@@@_3@3@_ 8h4m —0 k ('f:,j,....,l,m,...-=1,2,3,4)
R (1.1)
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(1) T. Sibata and K. Morinaga, This Journal, 6 (1935), 173.
(2) T. Sibata, This Journal, 5 (1935), 195. The corresponding equation for

gij =03j+ki; can be obtained by the transformation «' =% (i =1,2,8), o' = izt
where §ij =0 for i<j and 6y = 8 = 033 = ~0y = 1.



192 K. Morinaga and H. Takeno.

The solution to be considered first is the orthogonal one (i.e.
g; =0 for ¢=7), but as is readily seen from (1.1), the solution of
this type must have the forms:

gn = filz), gz = (@), gz = f(2%), Ju = fulzh),

which supplies zero curvature tensors. Hence we know that a non-
euclidean orthogonal solution ean not exist.

Therefore, let us consider another simple and useful case,

It is always possible to choose the coordinate system so that one
of the congruences of parametric curves may be orthogonal to the
others. We will take such a congruence as time-coordinate «* (= it)
as in the case of the ordinary relativity. Now let us assume that the
gravitational phenomenon occurs with a special direction (for example,
a gravitating particle is spinning in this direction). We take this
direction as 2%-axis and assume that this direction is orthogonal to
2 and z?-axes.

From these assumption, we have

0u=0u=0gu=0s=95=0, (1.2)

and then from (1.1) we may take gs =1, gu=1 From (1.1) also
we have

%};,IZL = 22112 (1.82)
Ei @b
%’;gﬁ = %’b; (1.3¢)
Fa (40
.%’iiz_ - _%%A (1.4b)
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from which we have the general solution® :

s = £, DX, T+ [2700 ) o)

ke = (X, V) —ifi(X, Y)+m(, 29 (1.8)

b = —A(X, V=X D+ [ 28D g e

where f’s, m, and n’s are arbitrary functions and
X =od+ixt, X=a—1i2; Y=g+, Y =a'—52,

But as is readily seen m-terms and n-terms give euclidean metric.
Hence if we exclude euclidean terms, the most general approximate
solutions of the equation (0.1), which satisfy (1.2) are given by

gu = 1—ip(X, )+1(X, Y)
g = X, V)+2uX, Y)

. o (A)
gz = 1+ip(X, Y)—i2(X, Y)
Osm = Oam » Gim = Ogm
where ¢ and X are arbitrary functions satisfying the relation
le2<1, lzxP<1, loxi <1, (1.9)

(1) From (1.8b), (1.4c), (1.3¢) and (1.4b) we have
hyy = a(at, 2¥)—hyy, (a: arbitrary function) (1.5)
. 8?
ax'm' amw ) =0, \Gpowt * owtaat et s = 05
h’!l = bl(X’ xl, x’)+b2(4—Yy x » x’) }
b = o X, o', 20) 4 (X, 2, &%)

where b’s and ¢’s are arbitrary functions and X = #3+ix}, X = 2*—dz'. By sub-
stituting (1.5) and (1.6) into (1.8b) and (1.3¢) we have :

6 = ib+d)(x',2?), ¢ = —ib+d,(a', 2%,
hyy = iby—ib,+e(@!,2?).  (e: arbitrary function) (1.7)
If we substitute (1.6) and (1.7) into (1.3a) and (1.4a) we have
=AX, Y)+m(Y,Y), b =£fXT)+m(Y,Y),
where Y = «'+42?, ¥ = a'—14x?, consequently we have
12 = _fl—'fa"'ml(n?)-
Substituting these results into (1.3a) and (1.4a) again, we obtain (1.8).

and

hence,
(1.6)

hence,
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§2. Finite solutions.

In this section we see when the approximate solutions- above ob-
tained may also be finite solutions. Removing the condition (1.9) and
from (A) we have '

gt = %1—{1+i(so—x)}

g2 = —%{wx) | o @1
= —j;{l—»i(so—x)}

gr=0", gm=on

Calculating the values of curvature tensors K, which for convenience’
sake we express in the form:

Kijim = Pijim~+ %‘Qr’o‘lm T
where Piilm = - {?1.} [’)’ﬂj, h]+{z}[mir h] ’

 Quin = -Cim . P PG Fm
g owioxt  oxfox™  odxox™  oxtoxt

we have

Table of Pjjim.

12 2(%‘91‘92"’“1“2

13 | E(a,8,-2,8,) | {a,0,~5¢,~¢)} (Pijtm = Pumij = = Pijmi = = Pjitm)

14 —.}(azﬁﬁa,ﬁz) —%(eﬁez) %{alazfi(s,—sz)} !

23 -Al(azﬁl""‘:‘gz ”;}(‘xﬂz) 211‘{"“1“2“-("1;52)) Al{alaﬂﬁ(el—s*)}
-4 %(“281_"182 Al{al,zz-;.i(;l—ez)} ' -5 (e, +e) o *}(eﬁéz) _ é {“1‘.’2“‘5(61.‘52)}
: —
34 Aj a8, 0 ' -0 0 | ) 0 0
P
Im | - —
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where
=29 o= _;_ = (.%)2 = x(ﬂ.)"
o aX,az y fu= ,ﬁz Y€1 ?aj{,ez 6X’
Table of Qijlm.
13 wry—=7,)
14 —(T1473) | =i —=T2) (Qijim = Qumij = — Qijmi = ~— Qjilm)
23 —(M+7) | —Un—T) | —Un-1y)
24 =1y =73) l (1 +73) ‘ (1 +73) UT1—73) Qiita = Qijn =0
|
.. |
”6 13 4 | 2 24
%o e
h _— , =
whnere 71 3 X2 T2 3 Xz
Since in our case the equation (0.1) becomes as follows
1/2- K,m = thlz (2.23)

(V4 Kuut K +i(p— D EKus— (9 + D)Ko = 0 (2.2b)
(— V4 Kug+ K + i — 1) Ks— (p+ 0D Kozs = 0, (2.2¢)
substituting the actual values of K, into (2.2a) we have
amaV' 4 —4) = Bifs | af—afr=0, afhtapp=0 an=0,

aoy = Bifs = agfy = alﬁz =0.

Conversely, if these relations hold, (2.2a) is satisfied identically, so the
following two cases are possible.

Case I. When o =§,=0. Case II. When ¢y =5 =0.

In Case I we see that 7, =¢ =0 and X becomes a constant, and
accordingly Ki;. is given by
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Table of Kjjm.

1B |
14 -k ~ik ifmz = Kijju=0
28 | —k | —ik | —ik
24 | —ik | & k ik where k= %"*%1 i
ol 13| 14 | 3 | 2 = ;" “:;a %"('g—%)a'

Substituting these values into (2.2b) and (2.2¢), we have only one
equation® :

1— V4 = 2ix. 2.3)
Hence from (2.1), (2.3) and taking account of X = constant, we have
49X = constant.

If x==0, it must be that ¢ = constant and curvature tensor vanishes,
therefore we must have

1=0.

Conversely if ¥ =0, (2.3) is satisfied, consequently (A) is a finite
solution of the equation (0.1).
In Case II, by the same way as the above we can get

p=0.
So we have the two types of finite solutions :
(F): 1=0, (F): ¢=0.

Hence we have the result: When the space differs infinitesimally from
euclidean under the assumption (1.2), the solutions of the equation (0.1)
are given by (A) i.e. (F)+(Fy), but in the finite case the solution
breaks up into either (Fy) or (Fy).

In the coordinate system z=2a! y=4% z=12% t= —dxt (F)
and (F,) are written as follows:

(1) We assume that k== 0, otherwise the space becomes euclidean.
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gu = 1—ip(z—t, x+1y) gn = 1+3x(z+t, x—1y)
9 = plz—t, x+1y) g = Xz+t, x—1y)
(Fl) : . N (Fz) H . .
gz = 1+ip(z—t, x+1y) O» = 1—ix(z+t, 2—1y)
Oam = Osm, Otm = —84m Osm = Osm, Gsm = —Oum

from which we know that (F}) or (F:) has wave properties which
propagates in + direction or — direction of z-axis respectively. The
physical interpretations of this result will be found in Mimura and
Iwatsuki’s paper.®

§ 3. Some properties of the solutions (F,) and (F3).

Concerning the finite solutions (F;) and (F%), we can prove the
following theorem.

Both (Fy) and (F:) can mot be transformed into the orthogonal
form :

‘9;=0  (@=Fj) (3.1)

by any real coordinate tramsformation of x,v,z, t.
Proof. We use 2%, 2% 2% a2t for the coordinates «,¥,2,f. A real
transformation is given by

#f = F 2,2, ),
} (3.2)

;. oxt ;
- —, 13 0.
Q; o IQal':’:

We will prove the theorem in the case of the solution (F#}). By the
transformation (3.2), g;; is transformed by the relation

‘g = QQTGim
= imQQT —ip{(QIQ}— AR+ +QIQ)}, (83)
where 8,, =0 for l==m and 6, =ép =05 = —du=1. If we put
o(X,Y) = a+ib,

»where a and b are real functions, we have a®+b?==0.

(1) Y. Mimura and T. Iwatsuki, This Journal, 6 (1935), 203.
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From (3.1) we have
omQiQr+5(QIQ} - QIR +a(QA+ QI =0, (i==7) (3.4a)
o(QlQi— Q) QR+ QQ) =0. (E==j) (3.4b)
(3:4b) can be rewritten in the form:
QiaQ}—bQ) - QibQi+a@) =0. (=) (8.5)

The cases are separated in the following five.

Case I, when a@Q!—bQ%==0. From (3.5) we easily see that
| Q| = 0, which contradicts the assumption (3.2).

Case II, when only one of aQ!—bQ? vanishes, say,

a@Q-bQi =0, a@Q—bQi=0. (t=28,4) (3.6)
When bQi+a@?==0, from (3.5) we have
Q§=Q§=,0, (a=2’3’4)

from which we get | Q| = 0.
When bQ'+a@? =0, from (8.5) and (8.6) we have

G=q=0,
.Q&Qﬁ’__’QéQ% _|Q%Q§ o
G @ | @@ & @ ’

so we get | Q| =0.
Case III, when only two of a@:—bQ? vanish, say,

a@Qi-bQ5=0, (t=1,2) and 0, (¢=38,4)
in the same way as the Case II, we have
QA=Q=&E=¢=0,
hence from the condition | Q:|==0, it must be that

)Q?Q%
Qf @

3.7
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On the other hand from (3.4a) we have
ARk =0, QiQi—QiQi=0,
{ AAR-QAK =10, { QQi—QiQi =0,
therefore using (3.7),
R=Qh=0, Q=Qi=0.

So we have «?® = 23('zx!, ‘a?), af = 2%(’x",’%?), and therefore from (3.3)
it must be that gy = ‘gu(%!, '2?), "g» = 'g=('z!, '4?), consequently using
the lemma which will be stated at the end of this section, we can
deduce that K, = 0.

Case IV, when three of a@Q!—b@Q? wvanish, say,

a@-bQi=0, (1=1,23) and =+ 0, (¢ =4).

After a little ealculation, we see that this case can be reduced to the
type of Case III. ,

Case V, when a@Q!—bQ:=0, (:=1,2,8,4). In this case it is
easily proved that | Q¢| = 0.

Putting together all the results above obtained we see that the
theorem is true.

From this theorem we can also deduce that: By any real co-
ordinate transformation both (Fy) and (F,) can not be tramsformed into

glm

such form that three elements of all the matrices | 92| (m = 1,2, 3,4)

J3m

. g4m
vanish.

Proof. For such ¢g’s we can find in each case a simple real trans-
formation by which the matrix (g;;) is transformed into the orthogonal
form.® Therefore by the theorem above the proposition is true.

0 x 0 0
(1) For example, 3 g g 2 is transformed into the orthogonal form by
the transformation . 00 0
ot = ‘gl + ‘x? 20 =gl —/p2, =g+, =gt

where (x) denotes non-zero element.
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Next we will prove the following lemma used in the proof of the
first theorem of this section, i.e.
If 9i; of the form

;=0 (@=F7), gu=gul@2?), gx=0g2'29,

satisfies the equation (0.1), K, must vanish.
Proof. Putting '

g; = H?,  (i: not summed) (3.8)

the equation (0.1) is written down in the form

KstlZ — e Kst34 Kst — Kst24 Ksm ‘ Kst23 (3.9)

HH, 'HH, ' HH CHH' HH, CHH'

where ¢’s are constants whose values are +1 or —1. But from (8.8)
we have :

Khi_'ik = 0 ’ (h” 7:: j) k =¥:) (3-103)

0%H; oH; 2logH, _2H; dlogH, .
K = H; e T % , (i k
ik (axhaxk ot ozt oxk oo > 3o %)
(3.10b)

where 7 is not summed. Hence from (8.9) and (8.10a)

75%}’; = e?lli’g; =0. 1,75 k=; h,'i; not summed) (3.11)

And from (8.8) and (3.10Db),
Koz = sz =Kgu=0.
Hence from the last equations and (3.9), we have
King = Kooy = Koz = Koy = 0
Ky = Kioos = Koy = Koz = 0 (3.12)
Ky = Kign = Koy = Koy = 0

So that from (3.10a), (3.11) and (8.12), we have K;;, = 0. So we
have proved the lemma.
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From this lemma we can easily see that the equation (0.1) has no
non-flat solution of Schwarzschild’s type.

This problem was discussed at a special Seminar of Geometry and
Theoretical Physics of this University.

In conclusion we wish to express our hearty thanks to Prof. T.
Iwatsuki who has given us his kind guidance.

Mathematical Institute of the Hiroshima University.
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