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§1. Introduction.

In wave geometry’ we have defined the expression for the metric
in general microscopic space by

ds¥ = da'r ¥
where 7’s are 4—4 matrices satisfying the equation
rarn = 9l

and ¥ is a 1—4 matrix given as a solution of the ‘“unknown Dirac
equation.” And we have investigated the transformations and parallel
displacement which make dsy = 0 invariant. In this paper, from
another point of view we shall consider the parallel displacements and
the differential equations for ¥ obtained by this parallelism.

§2. Vectors which satisfy the relation pir; 4 = 0.

First, we will show that there exists a vector p* satisfying the
relation :

prav =0. (2.1)
Since 7; are expressed as
7: = Ukit;U? (2.2)
where A} are defined by
| g5 = 3,

(1) K. Morinaga, Wave Geometry, This Journal, 5 (1935), 151.
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if we put ‘ ohi = p’ (2.3)
and Uy =1,
(2.1) is rewritten as Up't¥ =0
or Pk =0 (2.4)

Rewriting (2.4) in actual form, we have
P+ — %)+ 0¥+ (— 1) = 0
PH P~ %)+ P~ ¥+ PF) = 0
P+ pH¥) + P(— ) + 04 (E¥) = 0
P+ PN + P(F) + P (— i) = 0

It is easily seen that the rank of the matrix formed by the coefficients
of p,....,p" in (2.5):

Vs =i Y —idy ,
Yo~ ¥ |
- |

(2.5)

_ _ _ (2.6)

o o Y iy

Yoo ¥~

is 3 at most. Therefore there exists a set pl.....,p* at least which
satisfies (2.5), namely ¢* satisfying the relation (2.1).

When the rank of matrix (2.6) is just 3, there exists a vector p*
which satisfies (2.1). When the rank is 2, there exist two independent
vectors pi(a = 1,2) which satisfy (2.1). And from the form of (2.6)
we see that the case when the rank of (2.6) is I does not occur. So we
shall investigate the problem only in the two cases when the rank of
(2.6) is 8 or 2.

For the sake of convenience and future consideration, we rewrite
(2.5) in the following form:

(*—ipY s+ (@ —ip¥s = 0

— @+ i)Y+ (o' +ip)by = 0

(P'+ip W — (PP — i) =0
P+ i+ (0t —ip') ¥, =0

2.7
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(I) When the rank of the matrix (2.6) is 3. From (2.7), we
know that in order that there may exist nonvanishing v, the deter-
minant formed by the coefficients of 4’s must vanish, i.e.

4 ..

g =20 - (2.8)
or, using (2.3), .

gise'P’ = 0. (2.9)

(II) When the rank of (2.6) is 2. There exist two independent
solutions, say oL, ....,7. (@ = 1,2), which satisfy (2.5). Substituting

these 7% and eliminating ¥4,....,¥s, we have
4 4 ..
1_120’101=0 §M§=0 \
4
gpipé-i"z%{pl o3+ pi'ps} = 0
4
Skl =0 | (210)
{PPpE — P*p8"} +i{pPps — oY} = 0
{pPps — pi*pd’} — i {pPpf — pPp¥’} = 0
and
4 - - 4 . .
gpipi =0 =0
&
2 pipi+2i{pPpf +1PpF} = 0
4 -
1_Ezliohoz 24 {pi'pd + pPps'} = 0 . (2.11)
{vi'pd — o ps'} + i { P+ PRpk} = 0
{p1'p8 — iP5} — {oPpP+ PPt} = 0
which can be reduced to the following three equations:
4 .. .
glpm =0 (a,b=12). (2.12)

If after (2.3) we define the vector pi(a = 1,2) by the equations:
ek = i, (2.13)
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we have, from (2.12),
94 =0  (a,b=1,2). (2.14)

In this case from (2.10) and (2.12) we have the solution of 4 of the
type either 44 =45 =0, or ¥; = Y, = 0. For, otherwise from (2.10)
and (2.11), we have the relation

which shows that p% are not independent.

§3. The parallel-displacements which make p'r;¥* = 0 invariant.

In this section we will consider the parallel-displacements which
make p'r; ¥ = 0 invariant. Let two veectors pi(x) and p* at any two
consecutive points #° and «°+6x°, be parallel to each other; then for
the function set (7;, ¥, ¢*). and (r; ¥, P).43. at the two points, pir
must be invariant. So we have the following relations:

Frab =0, (8.1)
Par¥)ssas = 0, (3.2)
p' = pi—jp'sat, (3.3)

where I7, are functions of «’s which are the general coefficients of
connection in x-space. Expanding (3.2), substituting (3.3) und using
(8.1), we have

Bw”{pi%(n‘lf)_—'l}inl”'rﬂl“} =0.
ox
This must hold for all dz": So we have

an (n\lf)-—l",-ip"mlr =0. (3.4)
or

2

Since from (8.1) we have

2 ) = -2 i,

'3
P ox X
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(3.4) can be written in the form:

Cut)rik =0 (3.5)
i o i o
where Pnp* = ‘éx7+ Ie. (3.6)

So we have the result: The parallel-displacements which make
dsyr = 0 invariant are charactérised by the relations :

a7l = 0
and friv = 0.

Case (I) when the rank of matrix (2.6) is 3. Since there is a
vector p* which satisfies (8.1), the condition that (3.1) and (3.5) are
compatible is that the following equations:

gijPiPi =0 @3.7)
and Puft = onp’ (3.8)

hold, where o, is any covariant vector.

Case (II) when the rank of the matrix (2.6) is 2. Since there
exist two independent vectors pi(a = 1,2) which satisfy (3.1), the
condition that (3.1) and (8.5) are compatible is equivalent to the
following equations : ’

giiriph =0 (8.9)
2
and Pupl = ng abnpt (a,b=1,2) (3.10)

hold, where o2, are any covariant vectors with respect to suffices n.

§4. The condition for integrability of the equation for .

Now let us consider the condition for integrability of

AT i) = @

which is accompanied by the equation

frafp =0
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where we regard the equation (4.1) as the differential equation for
when 7; and I}, are given.
Rewriting (4.1), we have

¥ _

PF; Jam mTz‘lf (4.2)
where ¥ =UM
and Al = (= Tind + CRiguhht @

To avoid confusions hereafter we write ¥ instead of .

Now we shall consider the problem in two cases when the rank
of the matrix (2.6) is 8 and 2.

Case (I), when the rank of the matrix (2.6) is 3. Solving p* from -
(2.5) we have

r _ rr __ P _ _p
#a—b) 1—ab i(1+ab) (a+b) “43)
‘q’E — '4’1
h b=
where = ¥

Substituting (4.3) into (4.2) and writing in a actual form, we have

—2ib%=p"{(A — A% D)a+(— A%+ A%}
@x

—9; a—;'i‘ = p{— (At + Aba+ (AL, + AL9)}
> (4.4)
mgab_ = p{(Aln+ Ab)b+ (A%5 — A%}
9 aaf_ = p{(A%ni+ AL )0+ (Ahy— ALid))

oa

Eliminating P and %bm from the above, we have the following
xr

equation :

(1) As seen in Morinaga’s previous paper Cf,{ are the coefficient of 7;vj7 in the
expansion I'y, by sedenion and Tj,? = I, —{;2.} . See loc. cit. p. 160.
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P {(Al— ALd)a+(— A%t + AL) + (A%i+AL)ab— (AL, + AL0b) = 0

Solving @ and b from (4.3) in terms of p’s and substituting them in
the above, we have 2

101107. T imJ'w= 0
or  pPag =0 (4.5)
Differentiating (4.1) by «’, and using the condition :

¥
axElame
we have
o7; L g o
awﬂ< 1£—I¥m]TJ"I’)+P( a:[lj 1V —Cm— 2 a’;:g) =0 (4.6)
and using (3.5), the above condition can be written in the form: “ “
PR =0 (4.7)
By successive differentiation of (4.5) and (4.7), we have, respectively,
OO Tz = 0 ) -
piPiTmi:i.ks = o (48) ‘

and
O Rimiterid = 0

 PRinihri¥ =0 S @)

where g¢ are given by (2.3) and (4.3) in terms of 4,

So we have the result: When the rank of the matrixz (2.6) is 5’
the mecessary and sufficient condition for integrability of (4.1) is that
the system of equations (4.5), (4.7), (4.8) and (4.9) 4s compatible. '

Further, we will investigate the above result in detail.

(A) Simplest case. First, we consider the case when (4.1) is.com-
pletely integrable. In this case (4.5) and (4.7) must hold identically
for all values of ¥ and accordingly for all values of @ and b.. So we
have )
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Pm8i; = —0:i@m (4.10)

where Q,, is any covariant vector, i.e. the 'w-space is Weyl (not neces-
sarily symmetric). And since, from (4.10), we have

2
Rimpy = ‘a%gij ’
the matrix equation (4.7) is reduced to the following two equations:

2a(Krmat Kymzs) + (1 — 02 (Fpnie+ Frmsd) + (14 0D Kpma— Kimas) = 0, (4.11)
2b (Koym1s— Fimes) + 91 4+ 0%) (Bpmis+ Kymag) + (1 — 02 (Bepmie— Koimsa) = 0 (4.12)

where Kimis = Rimp®hBhT .

Since (4.11) and (4.12) must hold identically for all values of @ and b,
we have :

Ry = ———agvglgﬁ o (4.13)

Hence we have the result: When the rank of the matrixz (2.6) is
8, the mecessary and sufficient condition in order that (4.1) may be
completely integrable, is that the x-space is Weyl (not necessarily sym-
metric) with the relation (4.13).

General case. In the general case we have succeeded, but the
result is so complicated that we do not feel much interest in it, so we
confine ourselves here to the important case in which the z-space is
Weyl (not necessarily symmetric).

In this case (4.5) and (4.8) are satisfied identically, therefore the
condition for integrability of (4.1) is that the system of equations (4.7)
and (4.9) namely (4.11), (4.12) and (4.9) is compatible for all suffices
l and m. The condition that (4.11) has a common solution of a for
the suffices I, m and U/, ' is that

{ Fmszt Foimaa)Ferrmrss— v mone) — vrmmat Kyrmoss) Krmaz — Kiman) }2
+ { (s — Frmaa) Frrmnat Krmezs) — B mns— Fyrmoo) Kimis+ Kimzs) 32
+ {(Frmat Komen) R mz+ Kvrmsd) — (Brmna+ Eyomos) Eimz+ Kimsd }2 = 0

(1) These results are equivalent to those which were obtained in Morinaga's
previous papers 6 (1985), 107.
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which can be reduced to the following equations
{§ (Rrmezipkrm 1310 — Kumeripkvm op) } 2+ {52; o1 pferme o — Kvmpsipkvme 150 1
+ {%J (Kvmp 1ok m 1530+ Krmpzipkvm o) )2 = 0 .

By the same method which was used in the previous paper, the
above equations become

€™ RymipRirms; " RimiaRirmn® = 2V 4 RiminRirmyi*Rimie R/ (414)
Similarly, from (4.12) we have
eij’”lei,,Ri/,;,/,'- P lequify;l/;q = - 2 1/ Zle;pRi/,;,/_;'pRi,;,?qRi/;n/jq . (4.15)

Hence the general condition of integrability of (4.1) when the
x-space is Weyl (not necessarily symmetric), is that
eijkrleipRi"n-'L’;' plequi"r;a";'q =0,
and RiminRirn/;? RimiqRyym® =
Case (II), when the rank of the matrix (2.6) is 2. From the
statements in §2 it must be that ¥, =V, =0 or V5= 9, =0.

First, we will consider the case when ¥ = 4, = 0. In this case we
have, from (2.5),

I O SN/ S
2ib  —(B+1) -1 0
(4.16)
B BB D

B+l 26 0 i®P-1)

Substituting these values of pi(a = 1,2) into (4.2), and eliminating
from the resulting equations, we have

pi{(Aln+ AL)b+ (AL — AL) + (A% + AL+ (AL, — ALi)b) = 0,

D3{(Aln+ AL+ (1A%, — AL)b+ ([ A+ AL)b+ (Aln— 1AL} = 0,
and

PH{ (Al + 1AL+ (AL — AL)b+ (1A, + AS)b+ (AL — 1AL}

+05{(Alm+1AL)b+ (1A% — AL) + (A% + AL)D?+ (AL, — T ALn)D} = 0

(1) K. Morinaga, this journal 5 (1935), 173.
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and by aid of (4.16) the above can be reduced to the simple equation:
PipiAln = 0

or PaPiVmi; = 0. (4.17)

where g% are given by (2.8) and (4.16).
By the same method, by which (4.7), (4.8) and (4.9) were obtained;
from (4.1) we have the" following equations:

PaRimiri¥ =, (4.18)
P Tonsie = 0
(4.19)
PiRimiturilr = 0
e eeaeanas , (4.20) .

Hence we have the result: When the rank of the matrixz (2.6) s
2, the condition for integrability of (4.1) is that the system of equations
(4.17), (4.18), (4.19) and (4.20) s compatible.

By the same method which was used in the case where the rank
of the matrix (2.6) is 3, as the condition in order that (4.1) may be
completely integrable, we can easily get from (4.1) the following
equations :

‘ Vlii = —0iiQm (4.21)
and ‘ : _
klmlz = klmxh kims = "kzmm ’ klmld = Kimes .
the later is rewritteﬁ as®
:t12/A €iipgBim™ = Rimi (4.22)

Similarly, when + = 4, = 0, corresponding to (4.21), we have

(1) loc, cit. 171,
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FvVa

2 emaqum = "‘Rl'rm‘j ® (423)

So we have the result: When the rank of the matriz (2.6) is 2,
the mecessary and sufficient condition in order that (4.1) may be com-
pletely integrable, is that (4.21) and (4.22) or (4.21) and (4.23) are
compatible.

By the same method as in the general case of (1), we get the result :
When the space is Weyl (not mecessarily symmetric), the gemeral con-
dition for integrability of (4.1) is that

* eukrleipRi’r;t’J.' plequi’;L’;q =2 1/4 leipRi’v;c’:;' pRir;z?qRi’;c’jq
or B
€% RyiwRimi " RimiaRiymrr? = —2 V'd Rimip Ry i " Rimto B’

§5. Fundamental Equation for .

In this section, we shall see how the equation (4.1) is related to
the fundamental equation for ¥r:

_:ﬂ;. = (Lt T'iriri+ Turh¥

obtained in previous paper.®
From the equation (4.1), we have

¥ (it Ay (5.1)
ox™ .

where A, is a certain 4-4 matrix. Now we put the assumption (a):
the rank of the matrix 7, is 2, the equation (5.1) is completely
integrable for 4+, and A, is independent of the initial values of .

After a suitable S-transformation, (5.1) can be brought to the
form ¢

(1) Double signs of (4.22) and (4.23) are to be taken correspondingly in order that
(4.22) and (4.23) must be equivalent, because the two cases of (4.22) and (4.28) are inter-
changeable by a suitable S-transformation without changing the coefficients of con-
nection and the metrics gi;’s.

2) loc. cit., 162-165.
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2, ;ﬁm = {Tintj+ Auf i+ 4057} F (5.2)
where

D= I8k,  Chrri=Tn  Ap=A4da S_aS__

But since 7; have the form :

0 0 x x

0 0 x x
Ti=

x x 0 0

X x 0 0

and A,, are independent of every initial values of ¥, from (5.2) we can

conclude that A, are expanded only in the terms 7y 77,5 =1,....,4)
and do not involve the terms 7:7;(¢=1,....,4) and 7 (2=1,....,4).
Hence multiplying (5.2) by 7; and contracting by ¢, we have

"a?“\gn‘ = (F +sz rer+TmT5)‘q’ ’ (5-3)
which is identical with the result obtained in former paper.®’
Specially, when the x-space is Riemannian, (5.3) becomes as follows :

= Tt Tora¥ (54)

So we have the result® from the equation (6.9) in previous
paper: Under the assumption (@), in a Riemannion space whose
parallelism s admitted by ds¥ = 0, the fundamental equation for
i s

2 = (Gt Tar¥
and the condition of comylete integrability of the above equation s
that =
+v4

2 G.m,qumm = Klmij .

(1) loc. cit., 167.
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§6. The metrics.

Here we shall consider only the case in which the rank of (rs{)
is 2.®

(1) When the x-space is Weyl (symmetric) we will obtain the
general solution of g; of the wave geometry which makes dsy = 0
invariant. For this purpose we consider the equations (3.9) and (8.10):

- girep =0 (6.1)

%&T*‘[}‘n{’ﬁ = Uccmpi (@,b6=1,2) (6.2)

multiplying (6.2) by p# (b=Fa), contracting it by n, and substracting
from this equation the equation obtained by interchanging a and b,
we have

(p1 2o = g2 2% ) = (otutf—oiueDfi. (@ bc=1,2) (63)
ox™ ox

This shows that the system of differential equations:

A¥ <0 @=12 (6.4)
o

makes a complete system. Therefore (6.4) has 2 independent solutions,
say ui(a%....,2%) and wi(x.....,z". If we change the variables by

Foot, B, B=u@....,o), @=u@....,2) (6.5

and take suitable linear combination of g%, we can put

=8 (a=12). (66

In this coordinate-system, (6.1) and (6.2) become, respectively
9w =0 6.7
i, =d%.08 (a,bc=12), (6.8)

From (6.8) we have

(1) Because the case where the rank is 3 becomes trivial when the x-space
becomes Riemannian, and it is not looked upon as of much importance in physical
applications.
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r: =0 (a=1,2; 1=3,4). , (6.9)
(ﬂereafter-we assume that a,b,¢ = 1,2; 4,5,k =1,....,4 and 1,z = 3,4).

From (6.9), we have

-gﬂ%ﬁﬁ~§%—%%ﬁ+%%+ua—@w%w=m (6.10)

Since g., = 0 and the determinant. | g;;| must not vanish identically,
it must be that '
g = and  |gm|==0.

Hence from (6.10), we have

(—a—gj‘f"“"’qg‘?—)'*'Qagbz“ngaz = 0 (6.11)
ox ox .
or
b ,?g;_:;_ﬁsu_.;) = — 6.12

C (M%)~ g, (6.12)

When the 2-space is Riemannian, from (6.11) we know that
4 - ofa
GJax ox® .

where f, (2 = 8,4) are any functions of «’s.

So we have the result: When the rank of the matriz r¥r is 2
in a Riemanmian space in which ds¥ = 0 s invariant, in o .coordinate-
system suitably chosen the metrics g;; is obtained in the form

{ 0w=0, = arbitrary, (a,b= 1,2)

B=g (=39

Gar = 7%

where f; are arbitrary functions of x’s.

§ 7. The general solution g;; of the equation:

+va
2

If we obtain the solution g; when (4.1) is completely integrable
and the rank of (r;¥) is 2, from the result obtained in §4, such g;;
must be the general solution of the equation :

€iipalim®™ = R«
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A '
’ j:lz 4 es'ijiv;zm = Rt'm[if] . (7-1)

Since (4.1).is completely integrable, there may be at least two
independent solutions v, say 1]! and ﬂr, which are not related by
Y= ,u\]r And since the rank of (r:¥) is 2, there exist two vectors

p* for each ¥, say 7i(a =1, 2) for 1}/‘, pia=1,2) for «p which
satisfy the relations:

PamTr' (7.2)
and B S -
1537’{4’ =90. (7.3)

It is proved that the four vectors 7, 7 are independent of each other.
For, if one of them, say P}, is expressed linearly by the others, say
= Api+Bpi+Cpi, it must be that from (7.3)

, (ARi+Bprad = 0
i.e. ,
F=p¥
which is a contradiction
Substituting 7. and 7, into (6.1) and (6.2), and writing p. for 7

and pi(A = 8,4) for pi(a =1,2), similarly asin §86, it is proved that
each of the two systems of differential equations :

pai =0 (@=12) (74) . .
and .
p%@é_o (=39 (7.5)

make a céfﬁplete systems. Therefore (7.4) and (7.5) have each two
independent solutions, say u%(x), ux) and wu'(x), uXx), respectively.
Then by the coordinate-transformation :

¢ = ui(x) z=1,....,4) -
and by linear- combination of gi’s, we can put
£ =0
So from (6.1) and (6.2), we have
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(1% = 0, Jip = 0, (7-6)
ré‘n=09 I =20 (7.7)
Therefore, from (7.7)
A 00z _ Obar ) — _
go( 20— %a) = _q,, @)
o 0wy _ 00 \ — _
o2 208 )~ _q,. @.9)

Substituting (7.6), (7.8) and (7.9) into (7.1), we have

R4 R = 20Q. _ 2Q,
u - ox* o’
(7.10)

R;"8+Ré"4 = an —ﬂ&
“ “ ox”  ox® T,

On the other hand, we have from the expression of R;,; actually

Ry = 5%_{sz%1161+ Qc} . (¢: not sum)

Substituting the above into (7.10), we have

i Q. | 0Q, _
P (log a)+Tx“+ P 0 (7.11)
where
Jis Ju
o=
g Ju

From the condition of the integrability of (7.11) for log o, we have

Q. _ 2Qu
oz ax°+ o

where K,, are any constants.

So we have the result: When the x-space s Weyl in which
ds{ = 0 s tnvariant, the general solution g; and Q; of the equation
(7.1) are given by (7.6), (7.8), (7.9) and (7.11) in a coordinate-system

suitably chosen.

Specially when @; = 0, we have the result: When the x-space is
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Riemannian, in a coordinate system suitably chosen the general solution
of the equation (7.1) is given by

*f

gap =0, gax'—'w,

ghu=0

where [ is any function satisfying the relation :

*f  Ef _ &f 22f
dwlox® oxPoxt  ox?ox® ox?oxt

= p(at, ¥)A(?, x*)

¢ and X being arbitrary functions of their arguments.

This problem was discussed at a special Seminar of Geometry and
Theoretical Physics of this University.

Mathematical Institute of the Hiroshima University.
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