Projective Wave Geometry.
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§ 1. Introduction.
Mr. K. Morinaga has constructed the wave geometry® in which
ds{r = ydad = 09 (1.1)
is invariant. According to Morinaga, the fundamental equation for
is given by
V¥ = R I¥ where P E‘ Eizm‘+Am—2T,‘}.n . (1.2)

And as the condition for integrability of this equation, the equation

Y capei? = £ Kina (13)
where g =det.|g;],
was introduced.®

The purpose of this paper is to construct a geometry by applying
the principle of linearisation® to O. Veblen’s projective relativity® and
by using the method of Morinaga’s wave geometry.

§ 2. Principle of linearisation.

In order to apply the principle of linearisation to projectivé rela-
tivity, we must first express Veblen’s metric in terms of wave geometry.

(1) K. Morinaga, This Journal, 5 (1935), 151.

(2) Throughout this paper we assume that the Latin suffices vary 1,2,83,4 and
the Greek suffices 0,1, 2, 3, 4.

(3) K. Morinaga, ibid., 160 and 169.

(4) Y. Mimura, This Journal, 5 (1935), 99.

(6) O. Veblen, Projektive Relativititstheorie, Berlin (1933).
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In projective relativity the metric properties of space are characterized
by a symmetric projective tensor G,z of index 2N. If we put

Goo = (pz,
G
W == 28 2.1
Goo ”7’9 (2.1)
Gy,
d e = a
an Ge @

then @ is a projective scalar of index N, and both 7, and ¢, are the

components of projective tensors of index 0, and are therefore functions
of (', 2% o% «%). If we put

Tas— PaPs = Yap, (consequently g, = 0)

g;; are the components of an affine tensor, which, we assume, deter-
mines the metric of our affine space. Thus in tangential space at every
point of the base space a quadric

TaBXaXB =0 (2.2)

is determined, whose radius is equal to 1 and whose centre is at the
tangential point. Applying the principle of linearisation to (2.2), we have

(r.X*)rsX?) = 0,
where 7, are five 4-4 matrices satisfying the equation
Tal® = Tapl -
Pauli has shown that the most general form of such 7, is given by
7o = Uhi7 U,P (2.3)

where U is an arbitrary 4-4 matrix whose elements are supposed to
be any functions of (29 2%, ....,2%, 7. are Dirac matrices,” and h%
are certain functions of the z’s. These k% are obtained as follows® :

(1) W. Pauli, Ann. der Physik, 18 (1933), 344.
(2) T. Hosokawa, This Journal, 5 (1935), 142. (?i = F; and 7, = E;)

(8) T. Hosakawa, ibid., 145.
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where 7}, ¢; and ¢; are the functions of (2, 2% 2%, o) satisfying

pigh = oL,  pigf = ok,
9i; = aut) where a = Dith =t ]

97 =a%"  where o' = gif*,

and » : ‘ \ ¢ = ~ @i .

Then we have kiRt = ‘8’:, RehY = &%,

and u= Ti—¢ide, d =7, (2.5)
And if we put 7t = Uﬁg‘fﬁU‘l TGP =71p)

we have | . 78 = ylor®

Veblen” used the spinors of the form:
¥ = MY (22, 27, 7). O (26)

We shall remove the above restriction and consider the spinors in
general form in our geometry. The law of transformation of  will
be given in the next section.

§3. Coordinate-ttansformations and spinor-transformations,

Now we assume that in projective wave geometry the transforma-
tions of coordinates and spinors occur in the form

7 = T, 2%, o7, x*), — coordinate-transformation in the
L affine space : 3.1)

= 2°+log p(at, 2% 2%, 2*), — gauge transformation of 2*

- (1) O. Veblen, Proc. Nat. Acad. of Science. U.S.A. 19 (1933), 979.
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4 = S+, — spinor-transformation (8.2)

where S is a 4-4 matrix whose elements are arbitrary functions of
(% 2% ....,x%). If we take the spinors of the form (2.6) and put the
condition that the index M should remain constant under all the spinor-
transformations, S must be a function of (x!, 2 2% %) only.

Further, we assume that all the transformations (3.1) and (3.2) make

7. X =0 (3.3)
wmvariant.
From these assumptions we know, in the first place, that by the
transformations (8.1) and (3.2), we have

7o XY = Oy, X, (3.4)
where 2 is a 4-4 matrix. Then from (8.1), (3.2) and (3.4), we have
Wr. W =r71,., W=S81we® (8.5)

In order to solve W from (8.5) we consider, for a while, the case in
which the transformations (3.1) and (8.2) are infinitesimal, putting

W=Itow, o = ¥y, g+t +, 1@ =,

Then from (3.5) we have

TP rare 2%yt e ttrs = 0.
Multiplying this by 7* and summing for 1, we have

Sty Tttt 5t = 0.
Comparing the coefficients of each base of .se'denion in the aboVe, we have
w=0, W=1I.

Then we finally obtain 2=48. (3.6)

So we have the result: The most general tramsformation which makes
7. X% = 0 invariant is given by

(1) Analogously to the process in Morinaga’s paper, ibid., 153.
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E’i:Ei(ml,..-.,x‘i), §0=w0+10gp(x1"""w4)’
Y= Sy, (8.7
Fo= 2% 8,87

o

Therefore we know that, in our projective wave geometry, the
transformation composed of C-transformation and S-transformation is
the most general. Hence in our case the gauge transformation of 7’s
does not appear, though it does so in Morinaga’s wave geometry, but
the gauge transformation of x° appears instead. Thus we have obtained
the same transformations as in ordinary spinor-caleulus.’

Specially, we easily see from (3.6) that the transformation which
makes 7,X*{ itself invariant is given by

2=8=1I;

therefore the transformation is nothing but the C-transformation. ‘
Next, we shall introduce the Lorentz transformation as a special
case. If we assume that 7, = 7, = 7, and (8.7) is infinitesimal, we have

04+ust, = I+ o) (I~0) (8.8)
where S=1Ito, ,a_x’; = tuk.
o :

Expanding & in sedenion and calculating (3.8), we have

¢ = %ugf,jﬁ =sI and uj= —uf. (3.9)

But on the other hand, from (8.1), we have

?z: =0f and wuf=0;
therefore from (3.9),

w=ul=0, u=—ui, (3.10)
and hence o= »i—u;imi +sl. 3.11)

(1) W. Pauli, loc. cit., 348.
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Consequently our coordinate-transformation (3.1) becomes an ordi-
nary affine transformation, and the gauge transformation does not
appear. And from (8.11) we know that S is separated -into two linear
transformations

. (g, ) — ($1: $2) ’ (s, 4r)) — ('T’s, "T"4) .

Moreover from (8.10), we see that the affine coordinate-transforma-
tion is a rotation. Therefore we get the same result for the Lorentz
transformation as in Morinaga’s wave geometry.®

§ 4. 'The parallel displacements of r,X“.

We shall consider the parallel displacements which make 7, X*¥ = 0
wnvariant. We denote the coefficients of connection in projective space
by I'Js, which may be any functions of the z’s. Then we have the
relation

(reX¥), = (I+A,82°) 7 XV otz » } 1)
X' = X'+ I2Xods?, '
where A’s are certain 4-4 matrices.
Using the identity®
ﬂL = {/lpxz}Tu"l‘an _'7'/111/1 ’ ) (4.2)

ox”

Whefe {4} is the Christoffel symbol made from 7., and I, are 4-4
matrices, having the following expansion :

I, = Cifrarg+Cire,  Ci® =0,

we have the following relations after the same calculations as Mori-
naga made® :

Iy = {5} +4LP+CPyr,+OiR, , (4.3)
LE+Ce =0, (4.4)

(1) K. Morinaga, loc. cit., 158.
(2) W. Pauli, ibid., 356.
(8) K. Morinaga, ibid., 160.
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where R, is an arbitrary covariant vector, and L and L# are the
coefficients of the expansion of A, :

Au = LgBTaTﬁ+Lgra+LvI’ Lf'aﬁ) = 0 .

Therefore our case corresponds to the special case of Morinaga’s wave
geometry in which gs5; = 05,

From the equations (4.1), (4.3) and (4.4) we obtain the following
differential equation for -

r¥ =R, (4.5)
where the operator 7, is defined by

_ 0
’7 "= —é‘x—”*‘i'A# .
From the fact that the parallelism of X* must be invariant by all
the transformations (3.7), we know that P, is an invariant operator ;
namely by the C-transformation
= 2ot - oA
v,= —-7"F ’ A = —
# ox# A “ ox*

us
and by the S-transformation

. _ a - _ -1
Pu= 2o+ A, =8r,87,

_ 1
A, =84,8+85"
ox*

and R, is covariant for C-transformation and is invariant for S-trans-
formation. Hence the equation (4.5) which we are going to take as
the fundamental equation for ¥ in our geometry, is invariant for all
the transformations (3.7). This equation is determined by the microscopic
projective metric 7,, the coefficients of projective connection I}, and
the multiplier of the parallel displacement A,. :

§ 5. ‘The condition for iﬁtegrability of the fundamental equation
for .

As shown before, when r,, I'; and A, are given, the fundamental
equation for Y becomes ‘
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¥ (-
s = (T AR

- If we calculate the condition for integrability of the above equation, we
have the following equations analogously to Morinaga’s (6.3) and (6.4),

[%R,‘mﬂr["r‘”ﬂhfﬂyl ] + =0, A
] (5.1)
["i‘Rﬂvaﬁ. po.. .Tcarﬁl—!-fpy, po.. IJ"P =0 ’

- O _71)—_0 _
where fuv—' '5&;’; (R,; Lp) Ex”(R" Ly)’

and R, is the curvature tensor derived from Ij; and the notation
(,) indicates covariant differentiation with respect to the coefficients of
connection I7;—0iR;s.

Substituting (2.3) into (5.1), we have

[%Ri‘.‘wh{“ gl?nf'u'*‘fwl:l?’ =0,
(5.2)
[_L]fR:I;‘aﬁ’ y...hl?ahglfpfa'{"flﬂ,LﬂI]% = ( ,
where F=U"y.

If we substitute the actual value of 7,7, and rewrite the above
equations, the first becomes

/3 5 1 2 6 8

?/kxﬂ—?/kgu'*‘zfx#, '&kau—'km—km—’b’ﬂm,
.1 2 6 .8 _3 .5

‘bk“f}‘klu‘l"km“"bkh“ —’Lkg'u‘*'?/km"!‘zfm,
4 10 a9
k““l"ikl,,, ’Lkgﬂ_k“,

L 7 9 4 10
7’k11u+k41p! k,m""'lklﬂ,

4 10 a8 (
“‘k,],"*"lzk,\,‘, ’Lk;“—‘kl” q;l
et bt %
% s - — U
3“‘ :ﬂ 1 " 2 Ms 8 ‘|=0 (63

—ikm—-ikm-}-ng,,, "‘ik,\,,‘l"k,m"k‘ﬂ”"iklﬂ '—\p‘g

1 2 [3 8 3 5

—tku—kiut ki —tk, itk tik 25, ) \ 3y
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where
1 ceafpl 1,2 2 «afpl 1,3 3 X 14}
klﬂ = R/l,ua hEah’B] ’ kz,u = Rwa }”[ahbj ’ klﬂ = Rlﬂaﬁh[ahﬁj ’
4 5] 6
k/w = R;l;taﬁh%ahoﬁj ’ k/lu = R;I/.Jaﬁh%ah%] ’ klu = R};aﬁh%ahAéJ’

7 8 9
kiﬂ = R;I;laﬁh%ah?ﬂ ’ k/m = R;U.taph%ah’dﬁl ’ kl,u = R:!;laﬁh%ahgj ’

10
km = R:l;laﬁhéah%] ’ /

and the second takes the form analogous to (5.3) in which k,;, is
replaced by %, ,.... For brevity’s sake, we shall express (5.3) and the
similar equation mentioned above in the following notations.

Alﬂq; = 0’
AA,U.'V-..$ =0.

In order that (5.3) should admit non-vanishing solutions ¥, it is
necessary that

det.|4,,| =0, det.|d,..|=0, ete

But it has not yet been possible to obtain these conditions in more
concrete form, so that we shall leave it for future research and here
confine ourselves to the following two simpler cases.?’

Case 1. When

3 5 1 8 2 6 4 7 9 10
k1u=klu: km=kxu, klﬂ=_klu’ klu=k1u=klu=klﬂ=fm=0~

(5.43)
Case 2. When

3 5 1 8 2 6 4 7 9 10

kiu=—kiy ko= —kiny, kip=ki, kiu=kiu=kp=k,=r5f,=0.
(5.4 b)

Both (5.4a) and (5.4b) satisfy the condition

det.ldm|=0,

identically. Though we cannot assert that these are the only possible
cases, they seem to have important significance as will be seen later.

(1) These equations are necessarily obtained from thé condition that the funda-
mental equation for ¢ is completely integrable for (¥, ¥;) or (¥3, §,) respectively.
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We can prove by the same method as Morinaga’s that the fundamental
equation 1s integrable when either (5.4a) or (5.4b) holds. And these
two conditions are not compatible except when the curvature tensor
vanishes.

If we rewrite (5.4a) in the form

R hihty = Ry, **hichin )

Ry hihy = — Ry *htht,

R;.*hihfn = Ry *Phishf, e (5.5)

R;.fhth = Ry BhEh = Ry, *fhihdy = Ry *Phihd = 0,
=0,

the first four equations can be put together in one equation

R oht.hgy = %e,,.,m.Ra;.“ﬂhEah;fﬁs,

or Ry hehs = %emmRk}P‘mhih‘b’aé‘ , (5.6)

where suffices + and o are summed, and the expression ey, When
P, 0,7, w,% iS a permutation of 0,1,2,3,4, has the value 1 or —1
according as the number of the inversion is even or odd and otherwise
has the value 0.

Multiplying (5.6) by hfhg and summing for p and o, we have

R}L["mrae 7’a7; = %eparme;l;l[amhgh;h;hlﬁag . (507)
Substituting (2.4), i.e.

into (5.7), we have

1 ..
Rigen = EDeeﬂaﬁﬁRluaB ,

where
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Therefore
Pi

H = ‘gl = g'
Pi! Giteips Y

And finally we obtain the following important equation :

Bigen = V—zgeemaoR}};"B Ao (5.8a)

Conversely, we can easily deduce (5.5) from (5.8a). Therefore (5.8 a)
and f;, = 0 together make a sufficient condition for integrability of the
fundamental equation for . Similarly from (5.4b), we have

Y i (5.8b)

Rpen = —

Also (5.8a) and (5.8 b) are written in the following form, respectively.®

1 §rabrpp F
21/9 € ApafPx s ( )

gfrabr = €enapx

R};‘Eﬂ = +

Further we make the assumption that the connection of our pro-
jective space satisfies

Gaﬁ{p = 0 .

Then the coefficients of the connection I'j; become the Christoffel
symbols derived from G, i.e.

I'y = {aTB}Gaﬁ . (5.9)

Then from (2.1), we know that this connection is obtained from the
Riemannian by a conformal transformation. Therefore, the curvature
tensor satisfies the relation

Repn =0, Rowi» =0, Ry =0,
Ramlv = Rluom ’ (5.10)

R/Jl = R“'”:M'a) = Rlp ) etc‘

(1) Vg means one of the two values of g'} which coincides with lp;f |
(2) See Note 1 at the end of this paper, p. 164.
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In this case, (F) becomes

Ri;‘&) — Ei;:EEvanlempl .(1) (5.11)

Contracting the above for 2 and 7, we have

M a' % 1 apx —_—
Rﬂ# = + 21}g_ eeV B Raﬁv,u?x = + 21/_9‘ ee"] B REan]/lfax =0.

Hence we have R,,=0. (Fo)

§ 6. The contracted fundamental equation (F¢).

Since we regard the projective tensor equation (F) as the funda-
mental equation, it is urgently necessary to express this equation in
ordinary tensor-form. For brevity’s sake, we will consider the case of
plus sign only. The relations among the coefficients of connections,
namely I = {JB}GaB’ {5) = {Jﬁ}w and {{“j}%., have been given by
Veblen® as follows :

Ig = {&}+0i0,+80;—750% 6.1)
{&} =0, \
{6} =r"pis, thatis  {jH} = ¢, {2} = —oil;,

(i) = o+ diont dhagi s (6.2)

0V — o fi l,(i‘!i ,\aﬁk_) = L(ﬁ‘?a,_ 3609)
{Jk} §01,{_1k}+ 2 ax" =+ ax" ’ Pap 2 axﬁ ot 7}

(1) In the above discussion, we began with (5.2) in order to obtain the fundamental
equation. When we begin with the equivalent equation

1 Tahfose T,
[ 3 Rustapdishisoso +funl [F=0,
l- 1 R TanfBope +
g Biagn . RGhGEeTe +fm,p...I:"¥ =0,

in place of (5.2), using the relation

we can arrive at the same result (5.11). The + and — signs of (5.11) correspond to
the + and — signs of (F) respectively.
(2) O. Veblen, Projektive Relativititstheorie, 44, 49,
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where @, is a projective vector of index 0 defined by the equation

0, = ?log @ )
ox®

To rewrite projective equations in affine form we use the following
principle. If M,z ... is a projective covariant tensor, the transformation
(3.1) being a special form, the quantities

Mk — Tiarjﬁr"r"’MaBr--- ’
M = Py Moges....
Misio = Tiarjﬁ.--Maoog... ’
M., ete.,

are all affine tensors of the nature indicated by their suffices.

First, let us express the contracted fundamental equation by an
affine tensor equation. We denote the curvature tensor made from
{&} by B, then

Ryi® = By’ +04(Ps;n— P+ PPere,) — 0 Pe 3 — DDy + P°Prey)
—7ei( D7 — DD )+ 7607 — 0°D)) (6.3)
B,y = K004 — 9%, 0i0s+05p0) + 205000+ 020 s0uts » (6.4)

where K;j;' is the Riemannian curvature tensor made from {,-‘}c}gij, the

notations (;) and (,) indicate covariant differentiations with respect to
{$} and {j’}c}gﬁ respectively, and the upper and lower Greek suffices are
transmitted by 7,5 and r*%, and the upper and lower Latin ones by gy
and g%,

From (F¢), (6.3) and (6.4), after some caleulation, we have the
Sfollowing three equations as the contracted fundamental equations.®

K- 1 g ~22) = —2(8%+ MY) @
J* = 8[¢}6'— No'] ‘ (1)

3¢—2m—4H =0 (I1I1)

(1) See Note 2, p. 166.
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where

Ei = i‘gij¢fs¢§t+gst¢?s¢it = e""'—%d"’e, (6.5)

MY = —%[g?“j@",’h+ 6°6° —gii(6",— @ha,,)] = m¥—gim, (6.6)

Jt = g%, (6.7
67 = gtpiol,, e = g;e9, (6.8)
mi = —%[gh‘fa?ﬁ eiaf]+gﬁH, m=gymi, H=6,,
(6.9)

6, = No,—?,, (6.10)

N= ~/‘_§‘ , | | (6.11)

From (6.5), (6.6), (6.8) and (6.9) we see that all of the four tensors
E#%, M%, ¢ and m” are symmetric. The above quantities E¥, J* and
M#% can pure formally be interpreted as the electromagnetic energy
tensor, charge and current vector and the energy tensor, respectively.

Specially, when 6; = 0, from (6.10) we have ¢; = 0, therefore

i=mi=0,
80 EV9=M4=0,
and the equation (I’) becomes
where 1 is the cosmological constant. Thus we have pure formally
the Einstein and de Sitter law of gravitation with cosmological
constant A. In this case the other two equations become identities.
When N is very small and @ is a function of z° only, from (6.10),

we have 6;= 0, but ¢;; does not necessarily vanish. Then we have
the fundamental equation of the form ‘
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K9~ *K+2B9 =0, |
Ji = 0, y
K=0,

and e=0,

The first three of the above formally coincide with Veblen’s result.?’
But in our case we also have the fourth equation.

§ 7. The fundamental equation (F).

Next, in this section we shall investigate the affine form of the
fundamental equation (F). In the previous section, we saw that we
can construct sixteen affine tensors from the curvature tensor R,
but from the relation (5.10) we know that only three of these tensors
are essentially independent, viz. R“¥, R, and R'@. In the equation

Ryuey = ‘1/2“] eenapoR0n? (5.8a)

if we multiply by r*y#*y" and sum for 2, 4 & 7, we have the
following affine tensor equation.®

1 kivegg:-ii = ki I
21/9 € Pa ’ ( )

where G,;" is an affine tensor defined by
GHii = i Q kG ks 4 NETH 4 %( 1— _122 )(gkjgli — glighi)
where
2Ekh’j — 2'§0kl§0ﬁ — s‘)77:‘0013 + wﬂ‘alﬂ? + _;__( _ gkjeil + gljeik + gkiejl — gh'ejk) ,
(T1a)
2M*ME = m(—g¥g" +gYg™) — (—g¥m + g"m* +gFm — g'm¥) ,
(7.1Db)

(1) O. Veblen, Projektive Relativititstheorie, 52.
(2) See Note 3, p. 166.
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QH MG = — gkjsoil + gljspik + gki(pjl _ gliwﬂc , (7.1¢)

in which ¢¥, m¥, e and m are quantities defined in (6.8) and (6.9). As
can be readily seen, (I) can also be written in the following form.

Vg _
"_‘_sstmG??lm = Ustim «

2

From these equations we can easily deduce the following relations :

E¥ei = gk (7.2 a)
Mkazi = ¥ (7.2b)
H* = g (7.2¢)

which correspond exactly to the relation,
Kk i = K¥ | (7.24)

in the Riemannian curvature tensor. Here E™ and M* are symmetric
tensors defined in (6.5) and (6.6). Furthermore, from (7.1a), (7.1b)
and (7.1 ¢) we have the following equations analogously to (5.10):

E4ii =0, Euip=0, Eu;=Emu and  Epy =0,

(7.33)
Mupii =0, Muuap=0, My;= My,  and Miyi; = 0,

(7.3 b)
Hupi; =0, Hkl(ij) =0, chlij = —H;,; and Hl'Jclﬂj = OitkPri1

(7.8 ¢)

The equations (7.3 a) and (7.3 b) show that both E;; and M, satisfy
a complete set of identities of the curvature tensor of a metric space.®

Contracting (I) for 7 and [ and taking its symmetric part, we obtain
(I, the contracted fundamental equation,® and from the antisymmetric
part we have®

(1) T. Thomas, The Differential Invariants of Generalized Space, Cambridge
(1934), 131.

(2), (3) See Note 4, p. 169.
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1 . )
9 /Eekﬂpipw = g¥ or 'Eg"estmfpm = Pst (7.4)

This equation may be considered as giving the wave property as will
be seen at the end of this section.

Multiplying (5.8a) by r**, summing for i, # and &, and
putting 7 = 0, we have®

JH— Jhi = gk gh gik 8"+ N(g™*6 — %) , 11
where Jrii = —Jigi = Priri 2

If we contract (II) for ¢ and %k, we obtain (II").
Multiplying (5.8a) by 7y, summing for # and & and putting
A =7 =0 we obtain the third relation connecting ¢’ and m¥%.®

3¢9 —2mY—g"H =0. (I1D)

The relation (III) is obtained from this by contracting for ¢ and j.
When 6° = g% = ¢ = m¥ = F = M% = 0, the equation (I) be-
comes as follows: :

1 kipafg- i g 2 kli'] — Rkl _ A (i il _ ol il
e +-ZAf | = K — = (gFight—ghigiky . (7.5
21/ge »q 35 3(99 g“g") (7.5)
And in this case, the other two equations (IT) and (III) become identities.
Hence in this case the fundamental equation is (7.5) alone, and if we
contract it for 7 and !, we have the equation

K = lgij.

Morinaga’s equation (1.3) can be obtained by neglecting the con-
stant A in our equation (7.5).

We have introduced (I), (II) and (III) from the equation (5.8a),
and conversely, if these three equations are satisfied, we can easily

(1) See Note 5, p. 169.
(2) As J; is obtained by contracting P for 7 and j, we here adopt the notation
Jiji instead of P which may, as it were, be considered as corresponding to the

charge and current tensor.
(8) See Note 6, p. 170.
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deduce (5.8a). Hence, (I), (II), (III) and f;,. = 0V together is a sufficient
condition for integrability of the fundamental equation for r.

If we neglect 2 in (I) from the beginning, we can get rid of the
equation (7.4), but in general this equation should not be ommitted.
Its physical meaning has not yet been fully given, but the following
may at least be said: That, if we adopt Cartesian coordinates «* in
the case of Euclidean space, this equation can be written in the form:

Dy =0,® (7.6)

where ¢ is a 1-4 matrix whose elements are ¢;, and D is a differential
operator satisfying the relation

D*D =[1;
so that from (7.6) we have
Oe=0,

which is the equation of propagation of ¢ in empty space. The
equation (7.6) just corresponds to Maxwell’s electromagnetic equation in
vacuum,

that is® DF=0.
§ 8. Notes.
Note 1.
From (5.8a) we have
1 . a
Rypenn = 0 jb—eemﬁoRzn 8
hence Rg,[eﬂ = 2}561,“&17'5@7’1907'“TﬁwTﬂxR;l;xaﬂ
therefore we have
Rjiv = -—zjaefwxlempsa, :

(1) Since L, is also an arbitrary vector, this condition does not violate the
arbitrarity of R,

(2) See Note 7, p. 171 and T. Sibata, This Journal, 5 (1935), 189.

(38) Y. Mimura and T. Iwatsuki, loc. cit,, 212
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Note 2.
From (6.3) and (6.4) we have
Ry = Byt (n—1)(@p;e— @0+ 0°Q 1 1) +7 9%, } N21)
Bi™ = ylay™B,g = K™+ 29"ple™,, (n=4)
respectively.  From these two equations and (Fe¢) we have
K9+ 205050+ (n— 1) (g9 F— 667+ @i r¥) + g7, = 0.,
On the other hand from (6.2) and (6.11) we have

. . . N
790l = Np— 049", N=,/—-=
13 14 g ,\/ 3
hence K 4+2g%0%,0%+3(g"F— 6%+ Np) + g4 = 0,

where F =00, = N>4+-69;, 8 = 6;,;+606;, (N2.2)

1 CRAD)

A=0l,= -6, = —
’ Vg ozt

The antisymmetric part of (N2.2) is reduced to the identity
Ny;; = 6,5 and the symmetric part becomes
K 42¢%0% 0l + 8(g"F— 0P)+g¥A = (. (N2.3)
But from (N2.1) and (6.4) we have
W+ 3[NO — 0] = 0, Bl = ¢,

From this we can get one of the equations sought, i.e. (II). In like
manner from (N2.1) and (6.4) we have

Bm+ 38},,8" - Q’fh = (pftsl)fs“i‘ 36},8"‘ - 6':;,, = 0 .

This is nothing but (IIT').
Now for the sake of brevity we put

F= N2+H, H = Giﬁi . 50?390?,9 = —e, (N2.4)
If we contract (N2.3) for 7 and 7 and use (N2.4), we have
K= —be—4A+41.
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From these equations, (N2.3) becomes

K~ g(K - 2/1)+2g“‘¢?,qo€'t—g""(%e+3H+ 34)—36% =0, (N25)
from which (I') can be readily obtained.

Note 3.

Multiplying (5.8a) by 7%r*r*y" and summing for 2, #, & and 7
we obtain

. iy o
T Ry = Qlemr"r”‘r"”r"’r"’r"Rxppa- (N3.1)

Now let us calculate the left hand side of the above. From (6.3) we have
T4 R g = 11y B ey + (08 AT — 0] AE—01B]+ ;BT H 1™,

(N3.2)
where AE = @3’5"@'¢5+F3§ and B; = @?5—(pi¢e .
From (6.2) we have
(0?0 = _6h50?h ’ @?a = —Bf“—@hgp?hgoa ’
hence
A6 = —¢?h9”+N6" = B(‘;,
. o . . o (N3.3)
Al = —6i,+60(Np,—6,)+ Fo,— "¢, = Bi+Fo;,.
Now we will caleulate 7*%4*y"B, ., in (N38.2).
Ty "By = 1y "B’
— A K E T 0 A 0 iv__f3 T j T
=7r*r T”(W{fe} W{f’y} {rje}{u)f{r’n}{u})
Using (6.2) and the relation ¥ = g%, this becomes
= gktgleg {cb}+r g"‘g” 2 {co}+g"”g’“r {o’},} ...... 4,
—y"”y“'g“——aib {&) —rtg* {oo} gr""gr""r@0 {a}

— it ({3 {0 + G O — @30 — {"fv}.{i'%}) .

B By Bs By
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Substituting (6.2) into the above we have

A — alkbplaqyic ak 7Y 1 kb yla 3m£¢j_+ le yie ik _9Pe
1 gggax“{cb}g A

— A, = gibglagic. O _ i), glbgia i 3595;__'_ b ic, it 0Po

2 gggaxb{}gggwaxbgg’%axb

s0 ~

At Ay = ] 2 (4),— 2 (i, [+ 2R g e g — o]
ox® ox ox?

In like manner we have
B, = —¢™*{p14-0b} B; = ¢ {p"*+ "},
and —B; = g*g g i}l i} o+ ¢ omg g%} o » }
B, = g®9"g (i} {5} o+ ¢ om0 (%} 4,

where, for brevity’s sake, though ¢; is not an affine vector, we have put

; i " 2
Pt = g 900, = g’“g”’(‘é;‘:,‘f—— {Jb}g%).

From these equations we finally obtain
Ty Beuy = gP90 K 3ai?+ 207 ¢M — o {g" 1+ 9"} + 9™ {4 + ¢}
+g* 'g;)f: {07 — 0" 0"} — ™0 g} o + 9" pmg (S} o
— Kklij+ 2§0kl¢ji _— ¢jk¢li + wﬂga"i . (N3-4)

Next we will calculate the remaining terms of the right hand side
of (N3.2). '

PRrOLAT— B4 = g9 A+ AD) — AL+ )
Substituting A’s into the above from (N3.3), and using the relation®
61 = —Zmi+ ZgUH+ Ny, (N3.5)

we have

(1) This relation is obtained from (6.9), (6.10) and (N2.2).
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¥yt AT —0iAH = Flghg"—gUg™) - %( — g™ + g m*)
+ _g_H( —_— g’ﬂ.‘igil + gljgik) + N( — gkj ¢il + glj S"'ik)
= %(H_ l)(gkjgli — gljgki) — _g, ( — gkimil + gljm"k)
+N(—g¥p?+glip™®) , (N3.6)
In like manner we have
—r¥r"(éiBj—diBf) = — %(g’“'mﬂ —gm*) + —?;H (9" —g¥g™)
— N(—gHigi+gtig") (N3.7)
From (N3.4), (N3.6) and (N3.7) we have
rilra'/trkﬁrl".'R Auen
= KM ki 4 9 NE i 4 %( 21— !é{ )(gkjgli — gligH)

— _%( — gkjmil + gljmik + gkimjl — glimjk)

+ ( -2+ K_H )(g""g"' —g"g")

36 3
_%_(_gkjeil+glieik+gkiejl_gl'iejk) . (N3.8)
But from (III) we have®
. 2 . H .
6"‘1 = "_mi]+"—“ i .
g™ " 3?
Substituting this relation into the last term of (N8.8) we have

TilrfﬂrkerlﬂR ey = Kkh'j + 2Ekh'j + 2NHklij + _%_( A— % )(gkjgli — gljgki)

= (= g¥m#+ gm* + ghm? — g¥m*) + %( — 41+ K)(g"g"% - g"g™) .
(N3.9)

(1) See Note 6, p. 170 and note that we can deduce this relation independently
of (I). .
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But if we rewrite (III') we have 8H—e¢+A =0, hence from (N2.4)
we have

—4+K = —be—44 = —9e+12H = —6m. (N8.10)
From (N3.9) and (N3.10) we finally obtain
T“Tj”TkeT”Rmev — le’i.’l' . (NS.I]_)

In the next place, we will caleulate the right hand side of (N3.1)’.
Using (N8.11) we have

/ ny Y%
T s
__z_g_emr wrzlroﬂrkprlarrprsa R Ao = lgg—epqr wgkﬁglaGrsu

Y P Yalky i 1 .o ij
2g eoart G 9 G = /5e’°”"'G,,q i, (N3.12)

From (N3.11) and (N3.12) we can obtain (I).

Note 4.
From (7.2a), (7.2b), (7.2¢) and (7.2d) we have

gy GMY = KM+ 2FM -+ 2Mka‘+2N¢ki+(z—12‘ ),
and from (7.8a), (7.3b) and (7.3 ¢) we have
g,;le"l”"G,;q' U= eklmG[;,&i]j = 2NekP "gam .

Contracting (I) for 2 and ! and using the above relations we have

N_orivag,, = K-+ 285+ oM¥-+oNgo+(1- K )go . ()
Vg 2

Taking the symmetric and antisymmetric parts of (N4.1) we can easily
obtain (I') and (7.4) respectively.

Note 5.

In the equation (5.8a), if we put 7 = 0, the right hand side
vanishes s0 we have

Rx,,eo =0, hence R”ko =0,
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On the other hand from (6.3) we have
- Rueo = Buuaot 0a(Pe;u— 00t Fre) =9, (0g 13— Pelr+ Frey)
| — 76 @o;u— O )+ 76 Do, 1~ O0)) .
Multiplying the above by r**»* and summing for 1, # and & we have
R%, = B9 — g"*(@y, o0’ — NO) + ¥ @y, ,9"* — NO°) .
Substituting the value of @,., into this, we have
Rid%) = Bk + gtk@rol, — gikOh g4, — Ngi*67 + Nkt

But, as {73} does not include 2 we have

Bty = —yityieBigk = —7’“7"”( a?c“ & '“%Z}{olfx} —{E} e+ k) {0'}})

=~ 2B e B U — o 8

=~ kg,
Then, (II) is readily obtained from these equations.
Note 6.
In the same way as in Note 5, from (5.82a) we have

R, =0 (N6.1)
From (6.3) we have

Rouo = Bougo+ (@e;u— Pe@ut Frue) — 0 Pe 10— PPyt Fooe)
— 9e(@o; s — P@ )+ 72, Po0— ) .
Multiplying this equation by 7" and summing for ¢ and & we have
Ry = B+ &y —0'6i+ Fg— g N2, (N6.2)
After some calculation from (N2.4) and (6.2), we have
140l = — "6+ Ny", (N6.3)
hence Ry = Byy— g6, + N — 06/ +g"H ,



Projective Wave Geometrv. 171
Using the relation ¢ {5} = ¢rp;, = 0, we have

Bity = B = rrtel Dte) - Le - (a3 G &)

0
b

From (N6.1), (N6.2), (N6.3) and (N6.4) we have
—e¥—g*0l,+ Ny —6°6'+9g"H = 0 .

= g v Ao} +rg {5} (&} = ¢¢ls = —¢9.  (N64)

From (N2.2) this becomes
V40D —giifT = (),
Hence from (N3.5) we obtain (III).

Note 7.
Rewriting (7.4), we have

P12 = 1/5¢M, P13 = "‘1/55024» Py = 1/!_1—59%
In the case of Cartesian coordinates this becomes
P2 = @u, Y3 = —0¢u, Y= ¢n. (N7.1)

-Sinece ¢; is determined except for gradient vector and this vector is
quite arbitrary, we can put

div.o =0, (N7.2)

in order to remove this arbitrarity. Rewriting (N7.1) and (N7.2) in
actual form we have

0 ®1 2 Pa 0 ¥3 ) Pa
B0y O 4 B0y 4 B0 _
o'  2a®  ox®  oxt

°p 4 Ops  Ops _ 094 __
— 0P 00 4 B0 00
ox? oxct oxt oxd

99y + Ops _ Ops _ 0@y _ 0
o  oxt oxt  oa?

Op1 _ Opp 4 093 _ 3¢ _
ot  or®  oa®  oxt
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that is Dp=0, D=s2
ox*

where o’s are constant matrices used by G. Rumer.?

This problem was discussed at a special Seminar of Geometry and
Theoretical Physies of this University. ‘

The writer offers his best thanks to Professors Iwatsuki and Mimura
for their kind guidance.

Mathematical Institute of Hiroshima University.

(1) T. Sibata, loe. cit., 191.
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