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Mr. K. Morinaga has constructed the wave geometry0 > in which 

(1.1) 

is invariant. According to Morinaga, the fundamental equation for ,fr 
is given by 

where (1.2) 

And as the condition for integrability of this equation, the equation 

(1.3) 

where g = det. I Yii I , 
was introduced. <3> 

The purpose of this paper is to construct a geometry by applying 
the principle of linearisation<4J to 0. Veblen's projective relativity<5> and 
by using the method of Morinaga's wave geometry. 

§ 2. Principle of linearisation. 

In order to apply the principle of linearisation to projective rela
tivity, we must first express Veblen's metric in terms of wave geometry. 

~~~~--~-----·-

(1) K. Morinaga, This Journal, 5 (1935), 151. 
(2) Throughout this paper we assume that the Latin suffices vary 1, 2, 3, 4 and 

the Greek suffices 0, 1, 2, 3, 4. 
(3) K. Morinaga, ibid., 160 and 169_. 
(4) Y. Mimura, This Journal, 5 (1936), 99. 
(5) 0. Veblen, Projektive Relativitiitstheorie, Berlin (1933). 
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In projective relativity the metric properties of space are characterized 
by a symmetric projective tensor Gap of index 2N. If we put 

Goo= w2 , 

(2.1) 

and Gea _ 
Goo - 'Pa' 

then fP is a projective scalar of index N, and both Tap and 'Pa are the 
components of projective tensors of index 0, and are therefore functions 
of (x1, x2; x3, x4). If we put 

Tap-<pa<pp =gap, (consequently ga.0 = 0) 

gii are the components of an affine tensor, which, we assume, deter
mines the metric of our affine space. Thus in tangential space at every 
point of the base space a quadric 

(2.2) 

is determined, whose radius is equal to l and whose centre is at the 
tangential point. Applying the principle of linearisation to (2.2), we have 

where Ta are five 4-4 matrices satisfying the equation 

Pauli has shown that the most general form of such Ta is given by 

Ta = Uh~f.u-1 ,<1> (2.3) 

where U is an arbitrary 4-4 matrix whose elements are supposed to 
be any functions of (x0, x1, •••• , x4), r. are Dirac matrices,<2> and M 
are certain functions of the x's. These M are obtained as follows<3>: 

(1) W. Pauli, Ann. der Physik, 18 (1933), 344. 
(2) T. Hosokawa, This Journal, 5 (1935), i42. (f. = Ei and ro = Es) 

~ 

(3) T. Hosakawa, ibid., 145. 
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_1 _.: .. ?1 ..... 'P2 ..... 'Ps ..... 'P4. 
oi 
0 

P} 
0 

0 

and (h1) = 

1 ! ¢1 ¢2 ¢a ¢4 
····-•·:-----·-·······- ········-------········ 
0 

0 

0 

0 

(2.4) 

where p}, q} and ¢;, are the functions of (x1, x2, x3, x4) satisfying 

Yii = aaai> 

gii = a<iai> 

and 

Then we have 

and 

And if we put 

we have 

p;-q{ = at, pi.q'J = ar, 
where h• ai = PiTh, 

where ai = q~fh' 

9i = -q}cpk • 

hµh-" = a• A µ A , 

Veblen<1> used the spinors of the form: 

fh = fh } 

(2.5) 

(2.6) 
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We ·shall remove the above restriction and consider the spinors in 
general form in our geometry. The law of transformation of ,jr will 
be given in the next section. 

§ 3. Coordinate-transformations and spinor-transformations. 

Now we assume that in projective wave geometry the transforma
tions of coordinates and spinors occur in the form 

x• == xi(x1, x2, x3, x4), - coordinate-transformation in the} 
.• - affine space . 

-;,0 = x0+ log p(x1, x,2, x3, x4), - gauge transformation of xO 

(3.1) 

• (1) 0. Veblen, Proc. Nat. Acad. of Science. U.S.A. 19 (1933), 979. 
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-f = S,fr, - spinor-transformation (3.2) 

where S is a 4-4 matrix whose elements are arbitrary functions of 
(x0, x1, •••• , x4). If we take the spinors of the form (2.6) and put the 
condition that the index M should remain constant under all the spinor
transformations, S must be a function of (x1, x2, afl, x4) only. 

Further, we assume that all the transformations (3.1} and (3.2) make 

(3.3) 

invariant. 
From these assumptions we know, in the first place, that by the 

transformations (3.1) and (3.2), we have 

(3.4) 

where Q is a 4-4 matrix. Then from (3.1), (3.2) and (3.4), we have 

WraW=ra, w = s-lQ .<I) (3.5) 

In order to solve W from (3.5) we consider, for a while, the case in 
which the transformations (3.1) and (3.2) are infinitesimal, putting 

W=I+w, 

Then from (3.5) we have 

t<afl) = 0 • 

r,taflra.rfl+2taflrar{l, +tar,a+tr, = 0. 

Multiplying this by r' and summing for l, we have 

Comparing the coefficients of each base of sedenion in the above, we have 

(JJ = 0, W= I. 
,I 

Then we finally obtain Q = s. (3.6) 

So we have the result : The most general transformation which makes 
r axa,ir = 0 invariant is given 1Jy 

(1) Analogously to the process in Morinaga's paper, ibid., 163. 
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x• = x•cx1, .... , x4) , 

~=Sy, 
x0 = x<>+ log p(x1, •••• , x4), l 151 

(3.7) 

Therefore we know that, in our projective wave geometry, the 
transformation composed of C-transformation and S-transformation is 
the most general. Hence in our case the gauge transformation of r's 
does not appear, though it does so in Morin~ga's wave geometry, but 
the gauge transformation of x0 appears instead. Thus we have obtained 
the same transformations as in ordinary spinor-calculus.<1> 

Specially, we easily see from (3.6) that the transformation which 
makes r aXay itself invariant is given by 

!J = S = I; 

therefore the transformation is nothing but the C-transformation. 
Next, we shall introduce the Lorentz transformation as a special 

case. If we assume that fa = fa = r~ and (3. 7) is infinitesimal, we have 

where S=l+o-, 

Expanding a in sedenion and calculating (3.8), we have 

But on the other hand, from (3.1), we have 

and U8 = 0; 

therefore from (3.9), 

uA=u~=O, uj = -u{, 

and hence 

(1) W. Pauli, Ioc. cit., 348. 

1 . o o. I o- = ~uJr,rJ+s . 
4 

(3.8) 

(3.9) 

(3.10) 

(3.11) 
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Consequently our coordinate-transformation (3.1) becomes an ordi
nary affine transformation, and the gauge transformation does not 
appear. And from (3.11) we know that S is separated ·into two linear 
transformations 

Moreover from (3.10), we see that the affine coordinate-transforma
tion is a rotation. Therefore we get the same result for the Lorentz 
transformation as in. Morinaga's wave geometry.O> 

§ 4. The parallel displacements of raXay. 

We shall consider the parallel displacements which make r aXay = O 
invariant. We denote the coefficients of connection in projective space/ 
by I'J0, which may be any functions of the x's. Then we have the 
relation . 

(raXay)., = (I+Aµdxµ)(raXay).,+d:,;' I 
Jtv = xv+ I'%0Xadx0 , 

where A's are certain 4-4 matrices. 
Using the identity<2> 

(4.1) 

(4.2) 

where {fµ} is the Christoffel symbol made from ra.0, and I'µ are 4-4 
matrices, having the following expansion: 

C1µa0) = 0, 

we have the following relations after the same calculations as Mori
naga made<3> : 

r;v = {t!"v}+4(L~"+C~0)r0µ+a;Rv, 

L~+Cf = 0, 

(1) K. Morinaga, Joe. cit., 158. 
(2) W. Pauli, ibid., 856. 
(8) K. Morinaga, ibid., 160 . 

• 

(4.3) 

(4.4) 
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where R., is an arbitrary covariant vector, and L~fi and L~ are the 
coefficients of the expansion of A., : 

Therefore our case corresponds to the special case of Morinaga's wave 
geometry in which g6A = a5J.• 

From the equations (4.1), (4.3) and (4.4) we obtain the following 
differential equation for y. 

(4.5) 

where the operator 17µ is defined by 

17 µ = -~ + Aµ • oxµ 

From the fact that the parallelism of X" must be invariant by all 
the transformations (3.7), we know that 17µ is an invariant operator; 
namely by the C-transformation 

and by the S-transformation 

- 0 - 1 
17µ =-_-+Aµ= Sl7µS- , oxµ 

and R., is covariant for C-transformation and is invariant for S-trans
formation. Hence the equati<m (4.5) which we are going to take as 
the fundamental equation, for y in our geometry, is invariant for all 
the transformations (3.7). This equation is determined by the microscopic 
projective metric r a, the coefficients of projective connection I'Jf! and 
the multiplier of the parallel displacement Aw 

§ 5. . The condition for integrability of the fundamental equation 
for y. 

As shown before, when r a, I'Jf! and Aµ are given, the fundamental 
equation for y becomes 
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If we calculate the condition for integrability of the above equation, we 
have the following equations analogously to Morinaga's (6.3) and (6.4), 

[ ! Rµvai,rcarBJ+ /µ.,l }t = 0 , } ' 
(5.1) 

[!Rµva,9,pa ... f~BJ+Jµv,pa .. .l]v = 0,. 

where a o 
fµv = ox" (Rµ-Lµ)- oxµ (R.,-L.,), 

and Rµvaf1 is the curvature tensor derived from I'J11, and the notation 
(,) indicates covariant differentiation with respect to the coefficients of 
connection I'J11 - a~RfJ. 

Substituting (2.3) into (5.1), we have 

where 

If we substitute the actual value of f pf 11 and rewrite the above 
equations, the first becomes 

3 5 1 2 6 8 

ikAµ-ikAµ+2J;.µ, ik;,µ-k;,µ-k;.µ-ik;,µ, 
1 2 6 8 3 6 

ikAµ+k;.µ+k;.µ-ik;.µ, -ik.µ+ik;,µ+2/;.µ, 
4 10 7 9 
kAµ+ik;.µ, ik).µ-k;.µ 

7 9 4 10 

ik;.µ+k.µ, k;,µ-ik;.µ, 

4 10 7 9 
-k;.µ+ik;.µ, ik;.µ-k;.µ =ili-1 

7 9 4 10 
ik;.µ+k;.µ, -k;.µ-ikAµ v2 

=O (5.3) 
3 5 1 2 6 8 

-ik;.µ-ik;.µ+2/;.µ, -ik;.µ + k,µ- k,µ-ik;.µ vs 
1 2 6 8 3 6 

-ik;.µ-k;,µ + k;.µ-ik;.µ, ik;.µ+ik;.µ+2/;.µ f4 



where 
t 
k;,,, = R;.~aBh~ahi]' 
4 

k;,,, = RA/Bh~ahiJ, 
7 

k;,µ = R;.~aBh't_ahi]' 
10 
k,µ = R;.;aBktahiJ, 
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2 
k _ R••aB~l h3 

;,,, - ;,µ ''1:a BJ , 
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6 
k R. •aBh2 h4 

;,µ = Aµ Ca BJ, 

9 
k R ·•aB~S ~o 

).µ = ).µ "'[a'~PJ • 

and the second takes the form analogous to (5.3) in which k1,, is 
replaced by k ;,,,, 11 •••• For brevity's sake, we shall express (5.3) and the 
similar equation mentioned above in the following notations. 

L1;,,,;Jr = o, 
ti, · :r. = 0 11,µ, .v ••• -'f- • 

In order that (5.3) should admit non-vanishing solutions ;Jr, it is 
necessary that 

det. I LI;,,, I = 0, det. J Ll;,µ,11 ••. 1 = 0, etc. 

But it has not yet been possible to obtain these conditions in more 
concrete form, so that we shall leave it for future research and here 
confine ourselves to the following two simpler cases.<1) 

Case 1. When 
3 6 1 8 2 6 4 7 9 10 

k;,µ = k;,,,, k,,, = k;,,,, k;,,, = -k;,µ, k;,,, = k;,µ = k;,,, = k;,µ = f.µ = 0 • 

(5.4 a) 
Case 2. When 
3 6 1 8 2 6 4 7 9 10 

k;,µ = -k;,µ, k,µ = -k;,,.1, k,,, = k;,µ, k;,,, = k;,µ = k;,µ = k;,µ = J,µ = 0. 

(5.4 b) 
Both (5.4 a) and (5.4 b) satisfy the condition 

det. I L1;,µ I = 0, 

identically. Though we cannot assert that these are the only possible 
cases, they seem to have important significance as will be seen later. 

(1) These equations are necessarily obtained from the condition that the funda

mental equation for ,Ji is completely integrable for (ti, f2) or (ts, t,) respectively. 
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We can prove by the same method as Morinaga's that the fundamental, 
equatwn is integrable when either (5.4a) or (5.4b) holds. And these 
two conditions are not compatible except when the curvature tensor 
vanishes. 

If we rewrite (5.4 a) in the form 

Ri~ aPh,l11h~ = R°J.~ aPht_h°1rJ , 

R••aPhl hs _ -R••aPh2 h4 Aµ Cafl]- Aµ [apJ, 

R. • aPhl h2 - R" · aPJ.3 h4 Aµ ta PJ - Aµ '"t:a fl] , (5.5) 

R. • aPhl ho _ R" • api,gho _ R" • aphs LO _ R" • aPh' LO _ 0 
Aµ ta PJ - Aµ ''1:a PJ - Aµ tanpJ - Aµ tanpJ - , 

fAµ = 0, 

the first four equations can be put together · in one equation 

R. • aPhP hd - 1 R". aPh"' hru~,c 
Aµ [a fl] - 2 e /Jd'l'OJx Aµ Ca PJVO , 

or R. • CaPJhPh d = _!_ R" · [afl]h"' htJJJlx Aµ a p 2 epd'l'OJX Aµ a J:i"O , (5.6) 

where suffices 't" and w are summed, and the expression ePd'I'"'"' when 
p, a, t", w," is a permutation of 0, 1, 2, 3, 4, has the value 1 or -1 
according as the number of the inversion is even or odd and otherwise 
has the value 0. 

Multiplying (5.6) by hGh, and summing for p and a, we have 

R• • [aBJ.. _ 1 R" • [aPJhPhdh"'hOJ!>X 
Aµ • -, aerpv - 2 ep<1'l'OJX Aµ f 1/ a f,UO • 

Substituting (2.4), i. e. 

into (5.7), we have 

J.x - !>X 
''11 - uo ' 

where 
h8 ••• h~ 

D = . 
~ ••• hf 

1 ! 'Pi 

= oi =JpiJ. • . P} J 

o! 

(5.7) 
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Therefore 

D2 = I Ta0 I= 
.. ~ ... 1 ........ .'f.~ .......... . 

= I Yi.i l = g. 

And finally we obtain the following important equation : 

R - i/g __ p• •a0 <1> 
Aµt:17/J - 2 -e!'laflll"" Aµ • (5.8 a) 

Conversely, we can easily deduce (5.5) from (5.8 a). Therefore (5.8 a) 
and fAµ = 0 together make a sufficient condition for integrability of the 
fundamental equation for ,jr. Similarly from (5.4 b), we have· 

(5.8 b) 

Also (5.8 a) and (5.8 b) are written in the following form, respectively.<2> 

(F) 

Further we make the assumption that the connection of our pro
jective space satisfies 

Gat,lp = 0 • 

Then the coefficients of the connection I'J0 become the Christoffel 
symbols derived from Gap, i.e. 

I'J0 = U0}Gap • (5.9) 

Then from (2.1), we know that this connection is obtained from the 
Riemannian by a conformal transformation. Therefore, the curvature 
tensor satisfies the relation 

R.,µaJI> = O, R[.,µl]JI = 0 , } 

(5.10) 

(1) ✓"g means one of the two values of gi which coincides with IP} 1-
(2) See Note l at the end of this paper, p. 164. 



158 H. Takeno. 

In this case, (F) becomes 

R . · t'I _ ~=t!_~t,al'l•R "' (1) Aµ - 2 ,- <- Aµaflr• • 
'/ g 

(5.11) 

Contracting the above for ,1. and 7J, we have 

R/ = ± i/1 - i71aPx Raf111µ'Px = ± /1 --eE'laflx Rcat111Jµ'Px = 0 • 
2 g 21 g . 

Hence we have (Fe) 

§ 6~ The contracted fundamental equation (Fe). 

Since we regard the projective tensor equation (F) as the funda
mental equation, it is urgently necessary to express this equation in 
ordinary tensor-form. For brevity's sake, we will consider the case of 
plus sign only. The relations among the coefficients of connections, 
namely I'J0 = {J0}aat1' L~} = U0}rat1 and {fnuii' have been given by 
Veblen<2> as follows: 

{&} = 0' 

that is 

{A} = cu gij + <p!j<{'k + rp!k'Pi ' 

{·t} = -m-{-i}+l(~O<pj + o<p~) 
3 n 3 2 oXk ox3 ' 

(6.1) 

(6.2) 

(1) In the above discussion, we began with (5.2) in order to obtain the fundamental 
equation. When we begin with the equivalent equation 

[ ¼RAµCat1Jh~h~f Pf11 +fAµl J = 0, } 

[! RAJ4:.afl],v .. ,h~h~rPf11 +f,µ,i,.,,l ]v = 0, 

in place of (5.2), using the relation 

we can arrive at the same result (5.11). The + and - signs of (5.11) correspond to 
the + and - signs of (F) respectively. 

(2) 0. Veblen, Projektive Relativitatsth.eorie, 44, 49. 
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where <Pa is a projective vector of index O defined by the equation 

To rewrite projective equations in affine form we use the following 
principle. If Ma0r ... is a projective covariant tensor, the transformation 
(3.1) being a special form, the quantities 

Miik ... = ria.,,j0rkr •.• M 
I a0r ... , 

M•i·k ... = ria.,,j0rka ... M .. o. I aflOIJ .. ,, 

M• .. j ... = riari0 ... M 
•00· a000 .. · , 

MOO() ... , etc., 

are all affine tensors of the nature indicated by their suffices. 
First, let us express the contracted fundamental equation by an 

affine tensor equation. We denote the curvature tensor made from 
Ur} by B~~'/, then 

Ba0 = K;ja:aJ-So~i .• (a!So0+~Soa)+2si1~0Sosa+So~tSo!sSoaSo0, (6.4) 

where K:.;;,Z is the Riemannian curvature tensor made from Ci}0 .. , the 
1,J 

notations (;) and (,) indicate covariant differentiations with respect to 
Ur} and {J}.} 0 .. respectively, and the upper and lower Greek suffices are ., 
transmitted by ra0 and ra0, and the upper and lower Latin ones by Yi; 
and g•i. 

From (Fe), (6.3) and (6.4), after some calculation, we have the 
following three equations as the contracted fundamental equations.<0 

Ji = 3[r!;8j - Ne•] (II') 

3e-2m-4H = O (III') 
---------~·---

(1) See Note 2; p. 165. 
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(6.5) 

(6.7) 

(6.8) 

mii = -{{gh<ie~>h+ei&i ]+giiH' m = giimii' H = eiei' 

(6.9) 

(6.10) 

N=R-3 
(6.11) 

From (6.5), (6.6), (6.8) and (6.9) we see that all of the four tensors 
Eii, Mii, eii and mii are symmetric. The above quantities Eil, Ji and 
Mii can pure formally be interpreted as the electromagnetic energy 
tensor, charge and current vector and the energy tensor, respectively. 

Specially, when ei = 0, from (6.10) we have 'Pii = 0, therefore 

so 

and the equation (I') becomes 

where ;. is the cosmological constant. Thus we have pure formally 
the Einstein and _de Sitter law of gravitation with cosmological 
constant l. In this case the other two equations become identities. 

When N is very small and fP is a function of x0 only, from (6.10), 
we have 8i · . 0, but 'Pii does not necessarily vanish. Then we have 
the fundamental equation of the form 



and 
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Ji= 0, 

K= 0, 

e = 0. 

161 

The first three of the above formally coincide with Veblen's result.<1> 
But in our case we also have the fourth equation. 

§ 7. The fundamental equation (F). 

Next, in this section we shall investigate the affine form of the 
fundamental equation (F). In the previous section, we saw that we 
can construct sixteen affine tensors from the curvature tensor RAµe 11, 

but from the relation (5.10) we know that only three of these tensors 
are essentially independent, viz. Jl1dk1, W.{~0 and W.i/.0• In the equation 

(5.8 a) 

if we multiply by riAt~ker111 and sum for J., µ, ~. r;, we have the 
following affine tensor equation. (2) 

1 klpqG . . ii _ Gklij 
2✓g e pq - I 

(I) 

where G;~ii is an affine tensor defined by 

Gklij = Kklii+2Ekli.i+2Mklii+2NHklij+-}(i-!)<gkigli-gligki), 

where 

2Eklij = 2rpklr.pii-r.pik<pli+r.p1l<pki+ ! (-gkieil+glieik+gkiefl-gliefk), 

(7.1 a) 

2M klij = m( -gkigil + gljgik)- ( -gkimil + glJmik + gkimil _ glimfk), 

(7.1 b) 

(1) 0. Veblen, Proiektive Relativitatstheorie, 52. 
(2) See Note 3, p. 166. 
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(7.1 c) 

in which eii, m•1, e and m are quantities defined in (6.8) and (6.9). As 
can be readily seen, (I) can also be written in the following form. 

From these equations we can easily deduce the following relations : 

which correspond exactly to the relation, 

(7.2 a) 

(7.2 b) 

(7.2 c) 

(7.2 d) 

in the Riemannian curvature tensor. Here Eki and Mlcj are symmetric 
tensors defined in (6.5) and (6.6). Furthermore, from (7.1 a), (7.1 b) 
and (7.1 c) we have the following equations analogously to (5.10): 

E(kl}i,j = 0, Ekl(ij) = 0, Eklij = Eiikl and Ec1c1rn = 0, 

(7.3a) 

M(kl)ij = 0 , Mkl(m = 0, Mklij = Mijkl and M[kli]j = 0, 

(7.3 b) 

H(kl)ij = 0, Hkl(ij) = 0, Hklij = - Hiikl and Hc1cli'Ji = YJtTc<pliJ • 

(7.3c) 

The equations (7.3 a) and (7.3 b) show that both Eiikl and M.11c1 satisfy 
a complete set of identities of the curvature tensor of a metric space.<1) 

Contracting (I) for i and l and taking its symmetric part, we obtain 
(I'), the contracted fundamental equation,<2> and from the antisymmetric 
part we have<3> 

(1) T. Thomas, The Dijf erential Invariants of Generalized Space, Cambridge 
(1934), 131. 

(2), (3) See Note 4, p. 169. 
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or 

This equation may be considered as giving the wave property as will 
be seen at the end of this section. 

Multiplying (5.8 a) by riAfµrk~, summing for l, µ and E, and 
putting r; = 0, we have<l) 

where Jkji = -Jiki = <{Jkj,i ,<2> 

If we contract (II) for i and k, we obtain (II'). 
Multiplying (5.8 a) by riµri~, summing for µ and ~ and putting 

). = 77 = 0 we obtain the third relation connecting e•i and mii.<3> 

(III) 

The relation (III') is obtained from this by contracting for i and j. 
When &i = <pii = eii = mii = Eii = Mii = 0, the equation (I) be-

comes as follows : 

And in this case, the other two equations (II) and (III) become identities. 
Hence in this case the fundamental equation is (7.5) alone, and if we 
contract it for i and l, we have the equation 

Kii = J.gii. 

Morinaga's equation (1.3) can be obtained by neglecting the con
stant ). in our equation (7.5). 

We have introduced (I), (II) and (III) from the equation (5.8 a), 
and conversely, if these three equations are satisfied, we can easily 

(1) See Note 5, p. 169. 
(2) As Ji is obtained by contracting rpki,i for i and j, we here adopt the notation 

Jkii instead of rpki, i' which may, as it were, be considered as corresponding to the 

charge and current tensor. 
(8) See Note 6, p. 170. 
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deduce (5.8 a). Hence, (I), (II), (III) and f,µ = om together is a sufficient 
condition for integrability of the fundamental equation for ,ir. 

If we neglect A in (I) from the beginning, we can get rid of the 
equation (7.4), but in general this equation should not be ommitted. 
It.s physical meaning has not yet been fully given, but the following 
may at least be · said : That, if we adopt Cartesian coordinates 1J;i in 
the case of Euclidean space, this equation can be written in the form : 

(7.6) 

where <p is a 1-4 matrix whose elements are <p,, and D is a differential 
operator satisfying the relation 

D+D = □; 

so that from (7.6) we have 

which is the equation of propagation of <p in empty space. The 
equation (7.6) just corresponds to Maxwell's electromagnetic equation in 
vacuum, 

that is<3> D'J = 0 . 

§ 8. Notes. 

Note 1. 

From (5.8 a) we have 

R - 1 g R••afi 
A/.CM - 2 l/j/~'1/af/O ).µ 

hence 

therefore we have 

R•·[~7/J = _l_,,~'l/al3•R <p 
Aµ_ 2Vg"' ).µafi • • 

(1) Since Lµ is also an arbitrary vector, this condition does not violate the 
arbitrarity of Rµ. 

(2) See Note 7, p. 171 and T. Sibata, This Journal, 5 (1935), 189. 
(3) Y. Mimura and T. Iwatsuki, loc. cit., 212. 
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Note 2. 

From (6.3) and (6.4) we have 

Rµt; = Bµ1;+ (n- l)((J) µ;!;- (/) µ(/)1;+ (/) 11(/) 11T µ1;) +r µ/;(/)~ 11 1 l 
Blm = rlarm0Bafi = Klm+2g8k<p!s<l':k' (n = 4) 

respectively. From these two equations and (Fe) we have 

Kil+2g•t<fi~sr-:"t+(n-l)(giiF-eigi+(f)[1;rE1)+gii(J)r11 = 0. 

On the other hand from (6.2) and (6.11) we have 

N= ✓-_r 
3 

where 

165 

(N2.1) 

(N2.2) 

The antisymmetric part of (N2.2) is reduced to the identity 
N<fiii = 8c •. n and the symmetric part becomes 

Ki.i+2gst<p!s,lt+3(giiF-e<i.i>)+gi.iA = 0. (N2.3) 

But from (N2.1) and (6.4) we have 

From this we can get one of the equations sought, i. e. (II'). In like 
manner from (N2.1) and (6.4) we have 

This is nothing but (III'). 
Now for the sake of brevity we put 

F= N 2+H, 

If we contract (N2.3) for i and j and use (N2.4), we have 

K = -5e-4A+4J.. 

(N2.4) 
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From these equations, (N2.3) becomes 

Kii- ! gii(K-2l)+2gstSo~sSoit-gii( ! e+3H+3A )-3tfii> = 0, (N2.5) 

from which (I') can be readily obtained. 

Note 3. 

Multiplying (5.8 a) by riJ7iµrMr 111 and summing for l, µ, ~ and rJ 
we obtain 

r iA.,.jµ..,kErl1/R - _y_g__e ri•riµ.,,kprlqrrprs"R 
I I AµE1J - 2 pqrs I Aµpt1 • (N3.1) 

Now let us calculate the left hand side of the above. From (6.3) we have 

where 

From (6.2) we have 

hence 

(N3.3) 

- TiA MTl11( O { j } _ O { j } { j } { r } + { j } { r } ) 
- T ox11 U ox' A1/ - rE A11 T1/ U • 

Using (6.2) and the relation rii = gii, this becomes 

_ 7k,Tl1JTiA ( { j} { o } + { j } {m} _ f j} { o \ { j } {m \) 
OE • A1/ mE • A1/ \01/ • U, - m11 • AE J • 

Bi Ba Ba iJ, 
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Substituting (6.2) into the above we have 

so 

A1+A2 = gkbglagi{ a:"' {lb}g- a!b {,;:i}u]+2~i5i'kl+·gic :::[gla,~k-gkase>1l]. 

In like manner we have 

and 

Bi= -~k{sii·z+Sozi}' 

-B2 = gkbglagic{.,{b}uG:!}u+~k\Om!J1"'gic{::;} g' 

B4 = gkbglagic{.,{a}p{:i:}u+~z\OmYkbgicrn:}u, l 
_where, for brevity's sake, though \Oi is not an affine vector, we have put 

\Oi,l = giaglb</Ja,b = giaglb( ::: -{;b}u\Oc). 

From these equations we finally obtain 

ri).rjµrMrl7JBeµA7J = gkbgZagicK;,~/+2<pi\c,kl_ ~k{ <p'·l+ <pli} + ~il{ rp•·k+rp"i} 

(NS.4) 

Next we will calculate the remaining terms of the right hand side 
of (N3.2). 

rk~rl'l/(atA:-atAD = gki(rlOAt+glaA~)-gli(rkOAt+gkbAi). 

Substituting A's into the above from (N3.3), and using the relationn> 

(N3.5) 

we have 

(1) This relation is obtained from (6.9), (6.10) and (N2.2), 
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rkErz11ca{A:-atAi) = F(gkigli-glitf•)-_g__(-gkimP+glim,ik) 
3 

+-g__H(-gkigiz+gtigik)+N(-tfivP+gli<p•k) 
8 

= _!_(H- J.)(gkigli-gligk•)-_g_( -gkim"'+ glimik) 
8 3 

+N(-gki<pil+gli<pik). (N8.6) 

In like manner we have 

_ rk'r111(aJBt-a~B{) = _ ! (gkimil _ glimik) +-! H(gkigil _ gligik) 

-N(-gkirpil+glirpik). (N3.7) 

From (N3.4}, (N3.6) and (N3.7) we have 

r•Ar3"rk'r111 R AµE11 

= Kklij+2Eklii+2NHklij+}(;.-})(gkigli-gligki) 

_ _g__(-gkim•l+g'imik+gkimjl_glimik) 
3 

+(-_? J.+ K - H)(tfigli_gligki) 
3 6 3 

_ _!_(-gkieil+g'ieik+gkieJl-glieJk). 
2 

But from (III} we have<n 

e"-i = _g_mv + H g•i • 
3 3 

(N3.8) 

Substituting this relation into the last term of (N3.8) we have 

r•Ariµrk1;r111RAµ1; 11 = Kklv+ 2Eklii+ 2NHklii+; (;.- ! )<gkig1i-gligki) 

-(-gkim"+glim•k+gkimil-glimik)+_!_(-4).+K)(tfigl•-gligki). 
6 

(N3.9) 

(1) See Note 6, p. 170 and note that we can deduce this relatiou independently 
of (I). 
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But if we rewrite (III') we have 3H-e+A = 0, hence from (N2.4) 
we have 

-4).+K = -5e-4A = -9e+12H = -6m. (N3.10) 

From (N3.9) and (N3.10) we finally obtain 

(N3.11) 

In the next place, we will calculate the right hand side of (N3.1). 
Using (N3.11) we have 

i/ g e riA.,,.jµ.,,kprlqrrP,,,.B//R - ,/g.. _,rkPglqGrelj 
2 pqral I I . I Aµp11 - 2 •pqrSM 

From (N3.11) and (N3.12) we can obtain (I). 

Note 4. 

From (7.2 a), (7.2 b), (7.2 c) and (7.2 d) we have 

and from (7.3 a), (7.3 b) and (7.3 c) we have 

Contracting (I) for i and l and using the above relations we have 

J;;ijpq<f!pq = Kki+2Eki+2Mki+2N<pkj+().-{)gki. (N4.1) 

Taking the symmetric and antisymmetric parts of (N4.1) we can easily 
obtain (I') and (7.4) respectively. 

Note 5. 
In the equation (5.8 a), if we put 1J = 0, the right hand side 

vanishes so we have 

hence m-!~o:::: 0. 
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On the other hand from (6.3) we have 

R,µ~o = B1µeo+ <p,((f}E;µ- (f}E(f} µ+ Preµ)- <pµ( (f}e; 1- (})E(f};. + Fr~,) 

-rd(})o;µ-(f}o({) µ) +reµ{(f}o;, - (f}o(f} ,) • 

Multiplying the above by ri'r3~M and summing for l, µand~ we have 

Substituting the value of (/}0 ;a into this, we have 

But, as {,J,9} does not include x6, we have . 

.B!f~o = -ri'rjµB',;;l = -r•¥µ(__o -µ {M--°T(o~}-{:A}{o"µ} + {!}{<fA}) ox ox 

Then, (11) is readily obtained from these equations. 

Note 6. 
In the same way as in Note 5, from (5.8 a) we have 

Ro!'!o = 0 (N6.1) 

From (6.3) we have 

RaµEa = Boµ~+ ((f)e;µ- (})E(}) µ+ Fr µf)-<pµ((f)e;a-(})e(f)o+ F<pe) 

- 1/Je( (f}o;µ- (})o(}) µ)+reµ( (})o ;o- (f}~) • 

Multiplying this equation by riµr3t and summing for µ and ~ we have 

(N6.2) 

After some calculation from (N2.4) and (6.2), we have 

(N6.3) 

henc~ 
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Using the relation 9'.'eC~>} = 9').Tei9'ip = 0, we have 

Bil!o = ri"ritro.Bo;,t = ri"r3~ r.( a!µ {lo} - a~ -{t't.) - {;i} {tµ} + <i,~} {Jo}) 

(N6.4) 

From (N6.1), (N6.2), (N6 .. 3) and (N6.4) we have 

From (N2.2) this becomes 

Hence from (N3.5) we obtain (III). 

Note 7. 
Rewriting (7.4), we have 

In the case of Cartesian coordinates this becomes 

9'14 = 9'23 • (N7.1) 

Since 'Pi is determined except for gradient vector and this vector is 
quite arbitrary, we can put 

div. r = O, (N7.2) 

in order to remove this arbitrarity. Rewriting (N7.1) and (N7.2) in 
actual form we have 

_ o<p1 + o<pz_ + o<pa + o<p4 _ 0 
ax1 a# ax3 ax4 
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that is Drp = 0, D . 0 = a•~~. 
ax• 

where a's are constant matrices used by G. Rumer.<1> 

This problem was discussed at a special Seminar of Geometry and 
Theoretical Physics of this University. 

The writer offers his best thanks to Professors I watsuki and Mimura 
for their kind guidance, 

Mathematical Institute of Hiroshima University. 

(1) T. Sibata, Joe. cit., 191. 
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