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§ 1. Introduction. 

In my previous paper,<1> from the equation : 

(1.1) 

in which the parallel displacements makes ds,tr = 0 invariant, we ob­
tained the fundamental equation for ,tr : 

-:i = (-Am+2T~r~+Rml)'t. (1.2) 

We then proceeded with the calculation that the expression: 

_!_(rzI'im-rzAmrz-rz or~) 
gll oX · 

(not summing by l) 

which is the coefficient of ,tr in the right hand side of the equation: 

_ov_=~L(rzrfm-rzAmrz-rz~1-)v 
oXm gll OXm 

(not summing by l) (1.3) 

is independent of the suffix l. In a later section again, we arrived at 
the same result from the invariancy of Am for constant gauge trans­
formations. 

In -this paper we will begin with (1.1) generally without putting 
any assumption. 

In order to classify quantities in space exactly, hereafter we say 
the quantities, which are invariant by G, S-transformations, the quanti­
ties on the Ma-side of space e. g. g;,;, dxi, rjk etc. ; and the quantities 

(1) This Journal 5 (1935), 151. 
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which undergo S or G-transformation, the quantities of the Mi-side of 
space e.g. r., ,fr, Am etc. 

§ 2. The general fundamental equation for ,fr 
and its integrability. 

In the expression ds,jr = dx•riV, putting r.v = IJfi we consider 
dx•IJf. as the microscopic metric. 

From the original equation of (1.3) : 

ri ::.. =(r.rtm-Amrz-{J~-)v 

we have easily the following equations : 

olJf- ( . . 
~~• = -A iJJ-+I'l )IJ!· oxm m • im 3 

(2.1) 

and 
IJf. = r·•'•(l) i i T , (2.2) 

It is easily seen that the above equations are invariant by the C, G, S­
transformations. <2> 

Thus we shall take (2.1) and (2.2) together as the fundamental 
equations for ,fr instead of (1.2). 

But if we put 

M-[ ~" l 
irA4 

(J = 1, 2, .. , 5) , 

it is to be noticed that the rank of the matrix of 11-fu II is less than 4. 
Therefore we must select the solution IJf. (i = 1, 2, •, 4) so that the rank 
of II Vik II is less than 4: if such a solution IJfi is obtained, then from 
this IJfi we can determine the values of ri and ,fr so that IJfi = riV, 
So we have the result: Given the coefficients of connection in the 

(1) ri = Uhfh.U-1• 

(2) This Journal 5 (1935), 161. 



On Wave Geometry. (Continued.) 106 

Ma-side of space I'j,. and the multiplier of parallel displacement Am, 
we can determine r. and y from the equations (2.1) and (2.2).0 > 

Let us now find the condition for integrability of (2.1) and (2.2). 

Calculating the condition ;:W• J, we have 
o ax"' 

and differentiating the above equation and using it again we have 

(2.4) 

where Rzmii is the component of the curvature tensor with respect to 
Il, and the notation (,) denotes the IP-spinor covariant derivative with 
respect to I';\ and Am,<2> We can also show that 

oAcm A A --1]-- [l m] ox 

is covariant with respect to the suffices l and m by the C-transforma­
tion and that it is a spinor by the S-transformation namely 

( oAcm A A ) s( aAm] A A )s-1<s> 
oXl] - l] m] - oXl] - - [l mJ • 

So we have the following result : The condition that (2.1) and (2.2) 
have solutions is that the resulting equations obtained by putting 
'IF. = u'ir in (2.3) and (2.4) are compatible. 

(1) Especially, it is noted that in this case __!__r (-Amrz+rfm----;:,8IL) is not 
gu uxm 

necessarily independent of l. 
. BAm BAz A 

(2) U we write l}xl~- axm -AzAm+ mAz = Ami, we have 

BAml P 
Amz,r = ~-r mrAp1-I'frAmp+ArAmz-Am1Ar 

(3) This Journal 5 (1935), 161. 
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If we call •'• expressed by dz''F1 =I! l • a metric component of 

the Mi-side of space for dx1, the equation (1.1) shows that when dx1 

undergoes a parallel displacement with the coefficients of connection 
I'A, the corresponding metric component vi is displ3:ced parallel with 
the coefficients of connection 

This shows that A mn is regarded as the curvature tensora> in metric 
space on the Ma-side of space. Hence (2.3) and (2.4) together • are 
the equations which define the relation between the curvatures of the 
Ma-side of space and that of the metric space of the Mi-side of space. 

For convenience sake in future applications, if we write (2.3) and 
(2.4) in another form, we have after some calculation,<2> the following 
equations: 

[ Ri.;./+ { ( Ri.;,Aµ - ! AeiA~])TAT µ + ! (P[mAfJ)TA + ! P[mAl] 

(2.5) 

[R ... ; + {(R*·. Aµ 2 AAAµ) + 2 (170 AA) . lmi;r lm - 4 l m ;rTATµ 4 [m l[ ;rTA 

* where Ri.;,Aµ is the component of the curvature tensor with respect to 

r*A -{A}+lAwA µm - µm 4 mYwA 

(1) See foot-note (2) in p. 105. 
(2) See Note 1, p. 109. 



On Wave Geometry. (Continued.) 

and A~, A:,., Am are the functions defined by the relation 

A = -I' _ _!_A n> m m 4 m 

107 

and the notation (;) expresses the covariant derivative with respect to 
* rtm 

Especially, it is noted that all the results above obtained hold 
good in the case "in which the dimension is 5 by putting the Greek 
suffices instead of the latin ones. 

§ 3. Special cases. 

1) When (2.1) and (2.2) are completely integrable, from (2.5) we 
have 

Ri .. = _l__( oAi _ oAm )u·. 
miJ . 4 oXm oX1 •J 

* 1 Rzmvµ = 4 (AzvAm., - Ai..Amv) (3.1) 

PcmAf] = -AefA~JUvµ 

2) When in (2.5) and (2.6) all the coefficients of v are linear 
and homogeneous in r,., we have 

PimijPi,;,,,:i/ = 0 ' Pimij; r .. Pi,;,,,;,~ q •. = 0 ' )<2> 

* 1 Rim~., = 4 (AzvAm., -Az..Amv) , 

f'cmAfJ = -Aef A~JUvµ 

(3.2) 

where 
Pi .. = Rz .+l( oAz - aA~) • mi.1 miJ 4 oXm oXl 

(1) I'm is the quantity defined by the identity 

8TA { } fJxl = fz rµ+I'zrA-rAI'l. 

(2) See Note 2, p. 110. 
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Specially, when the Ma-side of space is 5 dimensional and com­
forms {though not necessarily symmetric) namely when fi'AYµv = 8AYµv, 
(3.2) is reduced to the following form<1> : 

PAµvw = 0 or R __ 1 ( aAA _ oAµ ) 
).µvw - 4 OXµ - o;;A - ' 

(3.3) 

So the case beeomes to the case (1). 
Special case i). In the special case of the above when A, = AJ, 

(3.3) beeomes 

R = ~µ ____ A ( 08 oO ) <2> 
;.µ,w ox' oxµ Yvw. (3.4) 

Special case ii). If OA is a gradient vector in case i), we have 

Special case iii). When the Ma-side of space is real, i.e. I'1v are 
all real, we also have 

3) When in (2.5) the coefficients of ,Jr are reduced to quadratic 
form in Ti independent of suffix i, we have after some calculation the 
following relations : 

* 2 
Rlm[ii] = Rzm[ifJ-4 A[l[iAm]1J 

* 2 
Rimc5n--4Aczc5Am11J = 0 

* . 
fi'czA~J = 0 

(1) See Note 3, p. 11 • 
(2) In this case we can easily show that 

and 

(3) Independent of us H. T. Flint has treated this special case in which the parallel 
displacements which make dsl{I = 0 invariant Proc. R. 0. Y. Soc., 1935-432. 
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(R. ·[ij] + 2;; A5 + 1,; A T)·'· 0 lm rirj 4 ,,[l m]r5 2 vcm lJ-L T = • 
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Therefore the case is just coincides to that which we have treated in 
my previous papers. 0 > 

4) When the Ma-side of space is euclidean, the condition for 
integrability of the equations (2.1) and (2.2) are reduced to the follow­
ing form <2J : 

* * * * * * (iR1m1,-iR1m2d+f1m + t1m); (iR1m12+ Rim13+ Rim2A -iRzm34); 

* * * * * * * * (/7cmAb+i/7cmAfJ-Rlm51-iRzm54): (i/7cmAiJ+VcmAfJ-iR1mS2-R1m53) 

* * * * * * = ( iR1m12 - Rlm13 - Rtm2A - iRz~ ; ( - iRlmI4 + iR1m2d + ftm + tim) ; 

* * * * * * * * ( i/7cmAfJ - /7cmAfJ-iRzm52 + Rzm53) : (/7cmAb-i/7cmAfJ - Rzm151 + iRzm54) 

* * * * * * * * = (/7cmAb-i/7cmAfJ + Rml5I -iR1m54) : ( -iVcmAfJ-V[mAfJ -iRml& + Rzm53) : 

* * * * * * ( - iRiml4 -iRimZd + fzm - tim) : ( - iRiml2 - Rlm13 + Rim2A - iR1m34) 

* * * * * * * * = (/7cmAf3-i/7cmAfJ + Rzm52 -Rzm53) : (/7cmAb+ i/7cmA1J+ Rzm51 + iR1m54) : 

* * * * * * ( - iRlm12 + Rlm13 - Rlm24 - iRzm34) : ( iRiml4 + iR1m22 + ftm - tim) , 

where and 

5) When the Ma-side of space is real and the metric space of 
Mi-side of space has null curvature, i. e~ Amn = 0, the Ma-side of the 
space also has null curvature. (Ref. Case 2). 

Note 1. 
Alm is written as follows 

(1) We can easily see from equation (6.10) or (6.11) in author's previous papers 
(Joe. cit., 168) that the condition 

✓T R .. pq R - 2- Estpq lm = ± lm[stJ 

is a sufficient condition for integrability of fundamental equation in all cases which 
are not necessarily positive definite. 

(2) These equations are obtained by the same method by which we have (3.2). 



110 K. Morinaga. 

-{ o[i - oI'm -I',zI'. +I'. I',z}-..!{ aAcz -I'rciA J+AciI'. J}+~A .. A l 
OXm oX1 m m 4 OXmJ m m 16 ,.. m 

Am= -[~-_!__Am. 
.4 

where 

The first term in the above expression is equal to 

Ix·••µ . - 4 lm T,.T,,, 

by using the identity 

the second term is reduced to the following form 

where 

and V mA: : expresses the covariant derivative of A: : with respect to 
{}m}. The third term is reduced to the form : 

So we have 

A I (R* · · ,µ 2 A' A 1' ) 2 (;, A• ) lm = - 4 lm - 4- Cl m] T ,l T µ - 4 v [m l] T). 

2 ~ A 2 A•µA" - 4 lm /J- 4 [l m]T,gµv 

where Rz·m· Aµ is the curvature tensor made from {,.} + 1 A.,'g - I"-µm 4 m µo, = µm• 

Note 2. 

In order that in (2.6) all the coefficients of "1r should be linear 
and homogeneous in Ti, the following relation must hold 

{(R*••).µ 2AAAµ) 2(;, A" +A•µAv ) - ·•·A lm -4 [l m] TATµ+4 V[m l] [m l]gµv TA - almi T,.Ti 

(not summing by i) 
where ai,;./ is any function. 
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So we have 

R;;,/P - ! AezA~ = 0 l 
PcmAfJ+ Ae~AyJg,,v = 0 . 

(N2.1) 

And by this equation (2.6) is reduced to the form 

{R·z·:i+l(oAi _ aA.,,,_)~}r·•'A= o. 
m, 4 OXm oXl • 3 T 

Since we have r. = Uhtf;. u-1, the above equation can be rewritten 
as follows: 

(N2.2) 
where 

and 

If we rewrite (N2.2) in actual form from the matrix form we have 

Pi,;.i 5f1 + (pi,;.;; 1-ipi,;.,; 4)fa+ ( -ipi,;.;; 2 + Pi,;.;; 3)V, = 0 

where 

•••5:i: +( • •••2 •••3\:i: +(p•"l+' , .. 4):Y. - 0 Plmi T2 -ipzmi -Plmi JT3 lmi iPimi T4 -

(pi,;.;; 1+ ipi,;.;; 4ff1 + (ipi,;.;; 2 - Pi,;.;;3)f2 - Pi,;.;; 5~a = 0 

(ipi,;.;; 2+ Pi,;.;;3ff1 + (pj,;./-ipi,;.;; 4)f2-Pi.;., 5f, = 0 

(N2.3) 

Therefore as a necessary condition for which (N.23) may have a 
non-vanishing solution f we have the following equations: 

or } (N2.4) 
(not summing by l, m, i) . 

And we also have from (N2.2) the following equations : 

Pi.;.?f1 + (pi.;./-ipi.;.;; 4)~s + ( -ipi,;./ + Pi,;.;; 3)'ih = 0 

P ... 5:t., +( 'p••·2 ·••3\;;r.; +( ··•1+. ·••4);:r.; 0 lmi T2 -i lmi -Pzmi ITS Plmi ipzmi T4 = 
( ... 1 + .... ');;r.; + ( .... 2 ... 3):i: ... 5:i: 0 
P1 1m1i 1 ipl'm'i' T 1 ipl'm'i' -Pl'm'i' T 2 - Pl'm'i' T 8 = 

(N2.5) 

( 'p• .. 2 + ... 3\;;r.; + ( .... 1 • • •• ');;r.; ••• 5.IA 0 
'l, l'm'i' P1 1m'i1 J T 1 Pi1m'i' - 1,pz1m 1i 1 T 2 - P1 1m'i' T 4 = • 
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Therefore as a necessary condition for which (N2.3) may have a 
non-vanishing solution 't, we have 'by using· (N2.4) if Pi.;., 6, Pi,.;.,,,6 =I= 0 
the following equations 

~ •••A •••A - 0 
-'-.I Plmi Pl'm'i' - • 
A 

(N2.6) 

The equation (N2.6) is also the sufficient condition for which (N2.2) 
may have a non-vanishing solution if pi.;., 6 =I= 0: for, in the case where 
l, m, i are fixed we have only two independent equations which are 
~ken from (N2.3) arbitrarily. 

or 

When Pi.;." 6 = 0, we have from (N2.3) the equations 

- ipi,;.?- Pi,;., 3 

Pi,;., 1 + ipi,;.i 4 

Pi,;., 1 - ipi,;., 4 

ipi,;.i 2 + Pi,;., 3 

ipi,,;.,,,2 - Pi,.;.,,,a 
Pi,,;.,,,1 -ipi,,;.,,, 4 

Then these equations become (N2.6). 
So (N2.6) expresses the necessary and sufficient condition in all cases 

for which (N2.6) has the non-vanishing solution y. 

Note 3. 

Specially, when the Ma-side of space is comformal namely 
flµgA., = O~A., we have the following relations between the components 
RAµvp with respect to an orthogonal ennuple 

R.,µAv = - R.,µvA for 

(1) In this case we have 

and 
2Pc.,P' µ]WA= R;,;twv+2S;,i,/PaWA 

So we have 

(Ref. J. A. Schouten. Der Ricci KalkiU, 1924, 93). . 

(2) EA= ±1. 

r (N3.1) 
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We will now show that in this case P;.µv.,, which satisfies (3.2), 
vanishes. We fix the point x and the suffices )..µ in P;,µv., and consider 
the quantities qabv., = P;P!P abe,11• If we select suitable values of P; 

we have the following relations<3> 

i) qab12, qab34 =I= 0 and other qab[Aµ] = 0 when the rank II Pab[_vw] II 
is 4, and 

and 

ii) qab12 =I= 0 and other qabDµJ = 0 when the rank II P ab[vwJ II is 2. 
In both cases i) and ii) we have from (3.2) and (N3.1) 

So we have 

This contradicts the assumption. So it is also not the cases. 
Therefore the rank of 11 Pab[vwJ 11 is zero. This conclusion holds 

good for all values of a, b = 1, 2, ...• 5, so in this case we have the 
result : P;,µvw = 0. 

This problem was discussed at a special Seminar of geometry and 
Theoretical Physics at this University. 

Specially the writer's best thanks for kind directions are offered to 
Prof. I watsuki. 

(3) J. A. Schouten. ibid., 49, 50. 
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Errata to the authors previous papers in these Journal 
voL 5, No. 3. 

p. 159, line 17: for (ridxi,jr).,+d., read (r.dx•,jr).,+8.,. 

p. 162, line 17 : for 4(Lf + C}l)gli read 4(Lf + Cf)Yu• 
p. 164, line 14 : for W. read Wri• 
p. 174, line 11: for 2R;iccRlpqllp],r .. read 2R;t!ccRlpqlld],r .. • 
p. 173, all (i)s in the equations (8.3) (8.6) will be read ( - ). 
p. 184, line 10: for (7.2) read (6.2). 
p. 187, line 10: for h!h;.i-h!h!.-hfM,.-MM,. • 

read (hlh;.i-hlh!. -hiM,. -Mh:,.)i 
p. 187, line 12: for h}h3i-h}hJ-Mh1-h~h1 

read (h}h3i- h}hj-Mh1- h~hj)i 
p. 187, line 16 : for hih<;,.Ji-Jith!.J - ll{_;h;.J -~h!.Ji 

read (Jith;,.Ji- Jith!.J -M;h;.J - ht;h!.J)i 
p. 188, for the sentences from lines 3 to 7 will be read as follow~ : 

· Applying the same method as above to the equations in (6.10) 

3 4 8 4 

-ikllt + ikllt + f.t + tilt = -ikpq + ikpq + f pq + tpq 
1 2 6 6 1 2 6 6 

ikllt +kilt+ kilt - ikllt ikpq - kpq + kpq -ikpq 

s 4 1 2 5 6 

ikllt - ikst + f llt + tilt - ik'J)'J_ + kpq + kpq -ikm 
1 2 6 6 3 4 

ik. - kst - k,,,, -ikat -ikpq+ikpq+f pq+tpq 

8 4 1 2 5 6 

ikpq - ikm + f m + t'J)'J_ - ikst + kst + kst -ikst 
1 2 5 6 3 4 

ikpq - km - kpq -ikpq -ikst + ikst + f st+ tst 

we get the following equations 

Nim(hjh";,.i + hjh!. + h}h";,. -h}h!.i) = O , 

Nim(hJh'!. + hJh!,.) = ·O • 

From (N9.1) and above equations we get three equations .•.• 

p. 188, lines 15 and 16: for (i)s read (-); and for f read (f +t). 
p. 188, foot-note is omitted. 
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