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In my previous papers,® I have investigated the space of set
functions ¥(B). It is defined as follows: Let & be a closed family
(o-Korper) of all Borel subsets of a separable metric space 2, and B(E)
be a completely additive, non-negative set function defined in & If
#(E) be a completely additive set function defined in &, which is ab-

solutely continuous with respect to A(E) and Ll Dypla) PdB(E) is

finite, then I said that ¢(E) belongs to 2(8). 2(B) is a Hilbert space
with the inner product ‘

¢,9) = | Doot@Dyof(@)p(HE) ©

In these previous papers, I have assumed that p(2) is finite. But
in the applications, the case often occurs where B(£) is infinite. In
this case, the usual definition of an integral is inconvenient.. But A.
Kolmogoroff® gave a new definition of an integral which is irrespective
of the finiteness of 3(£2). In his definition of an integral, it is un-
necessary that set functions are defined for all sets in a closed family;
they need only be defined for decomposed sets of a multiplicative
system. Such set functions, I call, in this paper, differential set func-
tions. TUsing Kolmogoroff’s integral, we can define the space of
differential set functions in the same way as the space of ordinary set
functions.

(1) F. Maeda, “On the Space of Real Set Functions,” this journal, 3 (1933), 1-42;
“On Kernels and Spectra of Bounded Linear Transformations,” ibid., 243-273; “ Kernels
of Transformations in the Space of Set Functions,” this journal, 5 (1935), 107-116;
“Transitivities of Conservative Mechanism,” this volume, 1-18.

(2) If we do not demand the separability of 2,(8), we can, more generally, take
the closed family £ in an abstract space £ as the domain of definition of set functions.

(3) A. Kolmogoroff, “Untersuchungen {iber den Integralbegriff,” Math. Ann.
103 (1930), 6564-682.
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In this paper, I investigate this space of differential set functions,
and I show that almost all properties of the space of ordinary set
functions hold also in this space of differential set functions. And next,
I apply these theories to certain problems of wave mechanics. In the
space of point functions, the characteristic functions of the operators
Q=gq.... and P= Li .... cannot be obtained in the strict

27t dgq
mathematical sense. The characteristic function of @ is expressed,
using the improper Dirac d-function, by d(¢—1), and the characteristic

2ni
functions of P is ¢ * o which is not quadratically integrable.® In
the last part of this paper, I show that in the space of differential
set functions, the characteristic functions of these operators can be
obtained in the strict mathematical sense.

Differential Set Systems and Differential Set Functions.

1. Let I be a system of sets in an abstract space 2, then M
is called a multiplicative system when the product of any two sets E
and E” belongs. to I with E and E’. Now, assume that I con-
tains 2.

Let A be a set in IN. The decomposition of A in a sum of finite
or enumerably infinite distinet sets {F,} belonging to MM :

A= S E,,
is expressed by
DA=3E,,
and the sets E, are called the elements of the decomposition .
Let DA=E, |

be another decomposition of A,-such that E,, is a subset of any one
of the elements E, of ®, then we say that 9 is an extension of 9,
and write

YDOD.

(1) Cf. J.v. Neumann, Mathematische Grundlagen der Quantenmechanik, (1932), 69,
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Of course D is an extension of D itself.
Let ® and © be any two decompositions of A

DA=3E,, DA=ZE,,

then YA =E,.E,

n,

is called the product of ® and ¥/, and is the extension of either D
and ¥

Denote by MDA the aggregate of the elements of all extensions
of a decomposition DA. We say MDA is a differential sel system in
A. It is also a multiplicative system.

Let MDA be another differential set system in A. Then [DY]A
being a decomposition of A, we have a differential set system in A,
ie. MID]A. Since [DY]A is an extension of DA and D4, we
have

MDA 2 M[DD]A, MDA MDD]A. 1)

If E, be any set which belongs to both MDA and MDA, then
there exist .4 and DA so that

DO, @i:@’,

and E, is the element of both ;4 and ©{A. Then E, is the element
of [D:DJA. Since [DD]A is an extension of [DD']A, E, belongs to
MDD]A. That is

(MDA MDD 4) < M[DD]A. 2)
Combining (1) and (2), we have
(MDA MD' A) = M[DD]A.

That is, the product of two differential set systems in A s also a
differential set system in A.

Denote by MA the aggregate of the elements of all decompositions
of A. Then MA is also a differential set system in A, and

MA 2 MDA
for all MDA. IMA contains A itself,
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2. If, for any elements E of a differential set system IMDA, one
or many complex valued function &(E) are defined, then we say that
E(E) i3 a differential set function in A.

Let &€ (F) be another differential set function in 4. If

E(E) = &(F)

for all sets F in a differential set system, then we consider that &(E)
and £(E) are the same differential set function in A.
When £(E) is one-valued, and

4EB) = S 4E,)
for any decomposition of £ in MDA
E= Zﬂ‘, E,
then we say that &(E) is completely additive. Since the convergence
of > &(F,) must be independent of the order of the terms of the
serie;, %‘, &(E,) must be absolutely convergent.

Let &(E) be a differential set function in A. If there exists a
finite number I such that for any positive number ¢, a decomposition
DA exists so that for any decomposition D D D,

sub@s(E,,)-Il <e (DA= ;E,,),

then we say, after Kolmogoroff, that I is the integral of £(E) in A,
and write

1= LE(dE) o

If LE(dE') exists, then jEE(dE) exists for all elements E in

MA, and is a completely additive differential set function in A.
When f(a) is a point function defined in A4, then from fla), we

can construct a many valued differential set function f(E) so that it

takes all values f(a) when a is a point in E. After Kolmogoroff,®

we can define the integral jAf(a)E(dE) by S‘Af(dE’)E(dE').

(1) We can define the integral in the case where I is infinite. But such an
integral is not used in this paper.
(2) A. Kolmogoroff, loc. cit., 676.
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These integrals, introduced by KXolmogoroff, have almost all the
fundamental properties of the ordinary integrals.®

Space of Differential Set Functions.

3. Let B(E) be a completely additive, non-negative differential
set function in 2, and &(F) be another completely additive differential
set function in 2. Let IMDL be a differential set system for all
elements of which B(E) and &(E) are both defined. If &(&) =0 for
all sets £ in MDY, where B(E) =0, then we say that &(&) is ab- '
solutely continuous with respect to B(E).

If &(F) and &(E) are absolutely continuous with respect to S(E),
then

E(E)AE) "
AE) o
takes a definite value or % at all sets E in a differential set system.
' 0

Hence, if we define the value of ‘(1) as 0 when (1) becomes —, then

0
(1) is a differential set function in £.

If a completely additive differential set function &(E) is absolutely
continuous with respect to B(E) and

B
i @

is finite, then we say that &(E) belongs to 22(5)7 And we denote the
positive square root of (2) by || £]|.
In the inequality

|;dibi|2§zi”ailzzi”bi|2, .

put aib,; = E(E,L), ‘ b,; |2 = ‘B(E.,), then we have

[EB P - [EE P p_<sg
B S amy  E-3E, ®)
ince E(E itive. . |EdE) 2 .
since £(E) and B(E) are completely additive. Hence if jE——B 75 is

finite, then by the definition of the integral, it is the upper bound of

(1) For detailed discussion, cf. A. Kolmogoroff, loc. cit., 661-682.
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; J‘E;%))i (E =>1E). Therefore, if £(E) belongs to £(B), then
_( |&dR)
"B =) pam)

is a completely additive non-negative, differential set function defined
for all sets £ in M2, and by (3)

| &(E) [* < B(E)x(E) 4
for any set E in a differential set system. Since »(E) < #(2) = || €]
we have
LEE) < AE) || £1F ()

Conversely, if there exists a completely additive, non-negative
differential set function »(%) in £ which satisfies (4), and Sgn(dE) is
finite, then £(%) is absolutely continuous with respect to 3(E), and

HEEIE = s m) = ( wdB) (@ =S E,
Sy SSHE) = | MdE)  (2=XE).

|ECE) . . .
Hence j-gh—_ﬁ(dE) is finite. That is §(&) belongs to 2x(3).

Thus, we have the following theorem :

Let &(E) be a completely additive, differential set function in 2.
Then &(E) belongs to L.(B), when and only when there exists a mon-
negative completely additive differential set function w(E) in 2, which

satisfies
| §(B) * < BE)E)

for any sets E in a differential set system, and Sg"(dE) s finite.
In this case

C el [ i

4. £(B) have the following properties :

() (P) is linear; i.e. cEi(E)+ck(E) belongs to Lu(B), together
with &(E) and &x(E); c,c; being any complex numbers. For, it is
evident that c&y(E)+cEAE) is completely additive, and absolutely
continuous with respect to B(¥). In Minkowski’s inequality

1
[ at b P12 SIS Lo PR+ I3 0 P12,

i
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5105 = _CE(E) =S E
Ty T eyt T EE
Then

| B+ e B P e
B ] slal| 35 5@y ] el 3 @) ]

Since the right hand side of the above inequality is not greater than
el -1 &l + eal -1l &, el E)+ciEE) belongs to £y(F), and

ledrtesl| < lal-ll&all +lel-ll&].
(ii) In Lu(B), the inner product (£, 7) is defined by the value

[ saBmam O
2 PUE)

Since, for any positive number e, a decomposition D,2 exists so that
for any decomposition D D P,

5 EENE) _ 5, EEn)1Er) | o (,@09 =3 E )

T BE) in BEw) | DE; = E;/
Z an E an
(1) To prove this inequality, put a = ¥ 2%—— 2 ™ =ap—Tn e E ™ in (a+b) =

a?+b*+2ab, where 7, =0, and an are real. Next, divide by 7» and sum with respect
to n. Then we have

Zan 2
e 1§ 7T
% ™  XTa E Tn ®

When a, are complex, the above equality holds for the real and imaginary parts.
Hence (i) holds when an are complex. Next, put an = &(E'in), Tn = A(Eix) In (i), and
sum with respect to . Then we have

() P

S i _ 5 e E [e(Em) BEm) gy

& oHEw T @ L 2% - ®
Now, '
HED ..o P
5 €ENEY _ 5y ) _ Y e ol 7 i)
T B(EY) wn B(Ein) I B(E;n)
HE)
< LBt 2 0B S~
= nn B(Evn) B(E@n)

IA

E,. | 7 Ein) ( T [§(Em) * - [6(Es) ) by ().

3(E'm) LN B(Ei'n) [ ﬁ(E’L)



26 F. Maeda.

the integral (1) exists. And by the following inequality

| EEW(ED ? < |EED [ < | 2B P
FTaE | =¥ amy *oaE)

we ' have [EnIZIEN-7].

Thus 2(B) satisfies the two essential axioms of the abstract Hilbert
space, where the null element is the differential set function which
vanishes identically for all sets in a differential set system. For when
lI€]l =0, then by (5) of the preceding section &(E) = 0 for any set
in a differential set system. Hence almost all conceptions in the abstract
Hilbert space can be used also in 2(3). We use these conceptions in
this paper without explanations.®

Put &(E) = HER),
h [SAE) P _ ( 1PGE-EVE _ ( qam — (&
P el Ry - il M B

is finite, when E’ belongs to a differential set system, say MDL. In
this case B(EE") belongs to L:(f).

Denote by () the linear manifold determined by the system
{B(EE")}, E  being any set in MDL. Let &(E) be any function in
2(B). Then for any ¢, we can take a decomposition DL and k so that

le-pll<e

- EE) =
where o(E) = ,21 ?3 (Ei)—ﬁ(EEi) DL = ? E).

(Cf. p. 25 footnote (ii)). Hence (p) is dense in Ly(p).

Weak and Strong Convergences.®

5. Let {£.(E)} be a sequence of differential set functions in
(B), and &(E) be a differential set function in 2,(p).

(1) For the axioms of the abstract Hilbert space, and conceptions in this space,
cf. M. H. Stone, Linear Transformations in Hilbert Space, (1932), 2-23. When I is
a ¢-Korper containing 2, and A(E), £&(E) are defined in all sets E in M, then 8,(8) is
nothing else than the space of ordinary set functions, which I considered in previous
papers.

(2) The following theorems about the weak and strong convergences hold also in
the space of ordinary set functions.
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If lim| &.—£ll =0,
7n->00

then we say that {£.(E)} converges strongly to &(E), and write
[lim] £.(E) = &(&) .
n>o

In this case, of course,

tm &, = (€11

for a}li 77(E) in éz(jé)\j then we say that {£.(E)} converges weakly to
£(E), and write
(Eﬂ) £.(E) = &(E).

In this case, let » becomes infinite in the following inequality :

NEOIEI &,

we have [P <tim[& [ -{[&]].
That is ' liTm:lLémng Hed. @
Since Gl <&l

the strong convergence implies the weak convergence.
And since

Il E'IL'—EHZ = H E'n HZ—'(Em E)—(E, En)+ H & HZ’
i (im)&u(E) = £8) and lim||&, ] = €],

then [li_)rg] EE) = &(E) . ()]

Let all differential set functions £,(E) be defined for all sets in a
common differential set system. In (1), put 7(E) = B(EE’), then

lim £,(E) = &(E)®

W For  (e@aER) = | FEREE) _ ( qam) = m.
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for any set E in a differential set system. Hence, the weak con-
vergence, and therefore the strong convergence, implies the ordinary
convergence in a differential set system.®

If im& (E) = &(E) in a differential set system and 1|€,|| <M
N>

Jor any n, M being a constant, then
(lim) £.(E) = &(B).

For, by the footnote of the preceding page, lim“ £.(E) = &(E) can
be written in the form
lim (£, 7) = (&, 7) _ (4)

where 7(E) = J(EE'), E’ are sets in a differential set system. Hence
(4) holds for all 7»(E) in £(3). But

[Ewn I =& -2 <Mz,

and %(B) is dense in 4B). Hence (4) holds for all 7(E) in Lx(p).
That is, {£.(E)} converges weakly to &(&).?

If (lig) £(E) = &(E), then it is already proved that {||&,]|} is

bounded when %(3) is complete.” Hence we have the following
theorem :

When all &,.(E) are defined in a diﬁ'erential' set syetem and Ly(B)
is complete, {£,(E)} converges weakly to &(E), when and only when

ngi EAE) = &(E)
in a differential set system, and {|| £,!|} s bounded.
If 11;91 EAE) = E(E) in a differential set system and
mlle, | <€, )

(1) In the case of the strong convergence, the implication of the ordinary con-
vergence can be proved directly by

1
[en(B)-4B) | < (BB} || én—t 1.
(Cf. sec. 8, (5)).
(2) Cf. J.v. Neumann, Math. Ann,, 102 (1929), 380. The completeness of &;(B)
is proved in the next section.
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then [}Lrg] E(E) = &(E).
For, since || £,!| is bounded, by the preceding theorem,
(liglo) EAE) = &E).

Hence, by (2) lim|| &, [ =] €]].

n»oe

Combining with (5), we have

AL
Therefore, by (3) [ling] E(E) = &(E).

- Combining the above theorems, we have the following theorem :
When all §.(E) are defined in a differential set system, {&.(E)}
converges strongly to £(E), when and only when

lim £,(E) = &(E)
NF00
i a differential set system, and

lim|| &, 1] = [| €.

Completeness of £,(3).% |

6. When all differential set functions in L(B3) are defined in a
common differential set system, then (B) is complete. That is, if
{¢.(E)} be a sequence of differential set functions in £(g), such that

>0

then there exists a differential set function £(E) in 2(8), so that
[lim] §,(E) = &(E) .
Nn->o0

(1) This method of proof can be applied to the case of the space of ordinary set
functions. In my previous paper (F. Maeda, this journal, 3 (1933, 4), I deduced the
completeness from that of the space of point functions.
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Since, by sec. 3, (5)
| €l E)—E(E) P < BE) || €n—Ea |7,
€.(E) converges to a differential set function §(E). And
6B —4(B) | < oH(E) @)

im=o0

for any £ when n > N. Hence, when E = _ZEE,-

| 316 B~ 3 6B | < e 2YAE) < o
for any ¥ when n > N. Now take n so that (3) and
| §(B)—Eu(E) | < p(E) @
hold. For this definite n, there exists an integer K so that
| £B)— S} 6E) | < (B ®)

when k> K. Hence, by (3), (4) and (5)

6B~ E(E) | < 30(E)

when %> K. That is, &(E) is completely additive.
Now, by (1) {||&¢.|]} is bounded, and by sec. 3 || &,|]? is the

t‘xpper bound of .2-1 IEE((Z’; [ (2= %} E;). Hence

seElcia<n @=3m),

where M is a constant number independent of n. Since
lim &.(E;) = §(EY)
>0

for any E; we have

L EE)E g
Hopmy
Therefore IE(E) ? =M

'-1 B(Ez)
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for any decomposition £ = > E;. Hence, by sec. 8, j I—E‘é(ziTEE)')i is
finite. That is &(Z) belongs to ()., ¢
{l]£.]]} being bounded, by sec. 5, we have
(li_g) £(E) = &E).
Hence (11{13) {En(E)—E(E)} = £.(E)—E(E).
And by sec. 5 (2)
But, since | En—Erll <e when m,n > N,

N being an integer which depends to ¢, from (6), we have
en—El<Ze when m > N.

That is [liinw] EE) = &(EF).

Thus, the theorem is proved.

In what follows, we consider the case where &(3) is complete.

Kernels of Transformations.

7. Let R, E) be a completely additive differential set function
defined in a differential set system, when K(Z, E’) is considered as a
function of set E,E’ being a parameter, and-when-RF;E)is-eon-
sidered-as.-a-funetion- of - set -£% E-being -a .parameter. When K(E, E")
is considered as a function of set E, E' being a parameter, we denote
it by K&, z,). Similarly for &( gz, E).

When &(E, z,) and K(), E') belong to L:(3), we say that K(E, E')
belongs to (B, B).

When K(E, E') belongs to (3, 8), if for some differential set fune-
tion &(E) in L&(B),

g K(E, dE)E(E) W
e  PUE)
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is a differential set function in 2,(3), say 7(E), then (1) represents a
transformation in £y(8), which we denote by

To4(E) = 7(E) .

And we say that K(E, E’) is the kernel of Tq. The domain of Ty,
which we denote by Dg, is the aggregate of all functions &(F) in L(B)
so that (1) is a function in ¥y(B). It is evident that Dy is a linear
manifold, and Ty is a linear transformation.

For example, B(EE’) is the kernel of the identical transformation
in &(B). For

BE-dEEdE) _ "
= | sam = @,

for any function £(E) in ().

All the theorems in the previous paper® concerning the kernels of
transformations in the space of ordinary set functions hold also in the
space of differential set functions. Here I cite one theorem which is
used in what follows. '

If W(E, E) be a differential set function in (g, ), which satisfies
the following relations : '

(WE, &), WE, &) = BEE"), (2)

(UE, @), U (B, @) = HEE"), 3)
UYE,E)=WE,E),
then W(E, E") is the kernel of a unitary transformation.®

In this paper, I use the following abbreviation :

KB, dEVUE) _ g
), RUEY,

SUE, dERIE" E) _
SQ B RE, E).

(1) F. Maeda, this journal, 5 (1935), 107-116.
(2) 1Ibid., 115.
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Then (2), (3) can be written as follows:
11*11(E”, E,) = B(E,EW) ’
un*E”, E)=BEE").

Vector Valued Differential Set Functions and Resolution
of Identity.

8. The theory of vector valued set functions, which I considered
in my previous papers,? can be applied to the case of vector valued
differential set functions.

Let © be a space of vectors, which satisfies the following axioms® :

(i) 9 is a linear space, :

(ii) in 9 an inner product is defined,

(ifi)  is complete.

And let R be a multiplicative system of sets in an abstract space V.
If for all sets U of a differential set system NRDV, a vector q(U) in
D be determined, then q(U) may be called a vector valued differential
set function. And q(U) is said to be completely additive, if

(a(D), o) = 0
when UU =0, and
W) [=]a(U)+aq(UD + .... +q(U)+....®
when U = En} U,. Then
o) = || q(0) |2
is‘ a completely additive differential set function in V.

Let £&(U) be a completely additive differential set funetion in V,
which is absolutely continuous with respect to o(U). If there exists a
vector f in O such that for any positive number ¢ a decomposition
DoV exists so that for any decomposition D 2 D,

(1) F. Maeda, this journal, 4 (1934), 57-91, 141-160.

(2) The separability is unnecessary, since all essential properties in the abstract
Hilbert space hold also without it.

(3) [=] means the strong convergence of the series.

(4) Cf. F. Maeda, this journal, 4 (1934), 60.
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EUU) _fll <. (@Vv=3U
S AN e LA

then we say that f is the integral qf §(U) by q(U), and write

= £@Uyp@l)
f jv s@dlny ()
When (1) exist, since
s EUU,) |F_ < 16U P
DR R AN
&(U) belongs to 8xs) and _
il =1ell. (2)

Conversely, when &£U) belongs to £(s), for any positive number
e, a decomposition D,V exists so that for any decomposition ® D D,

INCUALCATIE: (7 USRI (M =30 )-

I VAN R U DU, =3 Uy
(3)
Let {¢,} be a sequence of positive numbers, such that lirg g, = 0.
~ Put si=3 HNA). ghen V=311,
D » ao(Uy) n
and ST =31,
Dy . D

Then, by (3) there exists a sequence {g} such that

> -2 1<e for any D o 9,. (4)
D, D

Put @(y) = [@1@2 e @y] .
|« 8Un)a(Un) _  EUnda(Uns) |
@) For 157 a0 T oUnd) !

LU | < [8Un)E _ o\ §Un)EUni) _ 5, EUnEUni)

S5 AU T oUn) . dUs  an oUn)

[8(Und) P -5 [&(Un) 2
o(Uni) n o(Un) °

]

3]
n.
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By (4) > -3 1<, when 4> .
DWW DWW

.Since 9 is complete, a vector { exists so that

=3 |1 <2, .
D)

But, by (8) I Z(})— S < 2e, for any 929,
d» D
Hence =0 < 4e, for any © o 9,.
)
. | _ [ EdUYAD)
h = | febnal)
That is, f XV d0)

Consequently, if &(U) be a completely additive differential set
function, which 1is absolutely continuous with respect to o(U), then

s &al)a@l) exists when and only when &(U) belongs to (o).
v o(dU)

Let &U) and 7(U) be two differential set functions in ¥xXs), and
put

f_—_j dUp@l) f 7(dU)q(dl)
v odl) T 7 )y 6@y

Then by the definition of the integral, there exists a sequence of de-
compositions

‘ DocPyc....CcP C....
so that

f U}l’fl] b3 AR g [}gg] 3 AT
€7 =lms W0 (g y=sy,).
y>o 7 d( Un) i ) n
Hence (9 = lim 33 ST27(0).
That iS (f’ g) = (E; 77) .

It is evident that
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S {£(@U) +7(dU)}a(@dl) =s f_(tllg)q@+s 7(d0)adl)
14 1 4 1 4

o(dU) o(dU) o(dU)
5)
Let £€,(U) and &(U) be differential set functions in 2y(s). If
[lifi] £,(U0) = &) [in Z(0)],
‘then  [li £dUdU) _ ( £@dUxndU)
then  [iim] | SATNAD). [ SAEHS [in 6. (6)

For, by (2) and (b)

1 EdUNEY) _{ £dU0@ED) | _ 1, _
HSV i L, ary |~ eTEl

I
Let U be a set in NV. If &U) belongs to L), then, since
E(UU") belongs to Ll(o), |

n_ [ &dU)dU) _ ( &dU-U)a(dU)
*’<U>-§U,,,<dm‘5V

exists. And p(U’) is a completely additive vector valued differential
set function. For, when U'U” = 0,

we have (0T, p(U")) = (U, &UU")) = 0.
And when U’ =X Uj, since

{UT) = [lim] 33 §UT) [in ()],
we have, by (6) WU = [lim] 3 WD [in £1

Lastly, we define SVf(/l)q(dU) by

€dUNED) _{ sww
jv s where &) gvf(z) @av).

As in my previous paper, we may consider {q(U)} as a normalized
orthogonal system in 9, and when {q(U)} is complete in 9, then any
vector f in O is expressed in the form
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= [ £@Uadl) 5U) =
f L AdD) where  &£(U) = (f,q(1)) .

And almost all the theorems concerning the normalized orthogonal
system {q(U)} in my previous paper hold also in this case.®

For example, let W(E, U) be the kernel of a unitary transformation
in &(B8).? Since

(II(E, @), WE, (U’))) = p(UT) "

we have (WE, o), WE, @) =0 (7)
when UU’ =0, and
WE, @) [=1WUE, @) +WE, @)+ .... +IUE, @)+ ....

where U= 31U,® Hence, WK, U) is a completely additive vector

valued differential set function defined for all sets U of a differential
set system IMDL, and its functional values are the elements of £(p).
Therefore, {U(E, )} is a normalized orthogonal system in £x(3), and
since

(WU, @), WU, @) = HEE),

it is complete in 2L (B).® For, then W(E, U) and U*(U, E) are the
kernels of unitary transformations, we have

HU) = (p(E), WE, @) = WD),

(1) F. Maeda, this journal 4 (1934), 70-76. In the proof of sec. 13 (ibid., 76), the
complete additivity of q(U) must now be proved as follows: Let U =3 U; then
T

there is an integer k independent of j such that

12 U -La@ I = T S an@D-aU = 52 3 onlUD) < 53 an(@) <.
i=1n=1 i=1 i=1 n=1 i=ln=f+1 n=k+1
We then apply the method used for the proof of the complete additivity of &(&) in
sec. 6.

(2) Cf. sec. 7.

(8) By the complete additivity of W((), U), and the orthogonality (7).

(4) These notions have already been mentioned in my previous paper (this joprnal,
3 (1933), 253).
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| HAUYW(E, dU) _ -
and SQ A0 NE(E) = ¢(E),

for any ¢(E) in 24(8).V

9, Let E(U) be a self-adjoint transformation in 9, which is
defined for all sets U in NV. If E(U) satisfies the following condi-
tions, then I say that E(U) is a resolution of identity.

(«) EU)EU) = E(UU);

@) EO)i[=]1EU)i+EU)i+ .... +EU)i+ ....
where U= U,

(n E(V)=f;

all for any vector f.
' As in my previous paper,? E(U) is a projoction on some closed
linear manifold which depends on U. And '

' p(U) = E(U);

is a completely additive vector valued differential set function in V.
If q(U) is a completely additive vector valued differential set fune-
tion in V, which satisfies

E(U)(U) = q(U'D),

then I say that q(U) is generated by E(U). When {q(U)} is com-
plete in , we can find the resolution of identity E(U), which generates
q(0), as follows. Let { be any vector in $, and put

§(d0)q(dU) '
(ZD=S ==L where  §(U) = (f,q(U)) .
i o oldl) (f- o)

Then, by sec. 8, p(U) is a completely additive vector valued differential
set function defined in NV. The transformation E(U) defined in NV,
which transforms f to p(U) is the required resolution of identity. This
can be proved as in my preceding paper.® v

When q(U) is generated by E(U), if

— [ &dU)a(al)
b=)"an @)

(1) Cf. F. Maeda, this journal, 4 (1934), 74.
(2) Ibid, 78-79.
(3) F. Maeda, this journal, 4 (1934), 81-83.
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then . E(U) = J U@%gm .

For, from the definition of the integral (1),
if‘Z‘E(U’(')g()U") 1%<e forany 29, @V=3U).
! v a\uU; | z

Hence

| EO-3 E(Uf)’%’;iw ‘! <e forany DOD,.
h * A "

10. When H is a self-adjoint transformation, we can find a
resolution of identity E(U) defined for all sets U in a multiplicative
system NV, where V is the space of real numbers, and

Hi = | _1B@U) M

for all f, such that svlzll E@U)f|}? are finite.’> When g(U) is gene-
rated by E(U), since E(D)g(U’) = q(UT"), we have

Ho(U) = | 1a@D). @)

In general, if a completely additive vector valued differential set fune-
tion q(U) satisfies (2), then we say that it is the characteristic element
~of H,” when q(U) does not vanish identically. When q(U) is defined
at U which is a point 2y, (2) becomes

Hq(2) = 269(2,) . (3)

When q(2) is not a null element, 1, is the socalled characteristic value

of H and q(4,) is the characteristic element of H with respect to 2.
Thus, when H has a continuous spectrum, equation (8) is not

sufficient for defining the characteristic elements, and we must use

(1) When RV is the multiplicative system.of intervals, c¢f. K. Friedrichs, Math.
Ann., 110 (1934), 5462. When RV is a closed family (s-Korper) of Borel sets, cf.
F. Maeda, this journal, 4 (1934), 91; and T. Ogasawara, this journal, 5 (1935), 117-130.

(2) Cf. F. Maeda, this journal, 3 (1933), 261; 4 (1934), 91.
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equation (2). That is, characteristic elements are vector valued dif-
ferential set functions.

When q(U) is a characteristic element of H, and {q(U)} is com-
plete in 9, we can find by the method of the preceding section, a
resolution of identity E(U) which generates q(U). I will show that
this resolution of identity E(U) satisfies (1).

Let f be any vector in the domain of H, then

_ [ &dU)@D) _
=] S vhee D)= (haD),

Hf=j 7AVNEY)  where  o(U) = (Hi,o1), @)

v U(dU)

and | Hfl|=1l7]l.
Since

) < _ [ {U-dUa@y) .
Hq(U) Lplq(dU) yv S where  &(U) jUx @u),
we have

" A — [ E@UU-dU) _

20 = (f, Ho(U")) jV ) SU}MU)- (5)

On the other hand, by the preceding section,

E@)f = | S0

Therefore, from (5)

_ [ X@URED) _ ¢ 2@d0a0)
jle(dU)f JV a(dU) fv odly

and Svi A EAUIE= || 7|2 = || HF .

Hence, from (4) we have (1).

(1) Since the equality (2) holds for any U, we may say that Hq(U) and Aq(U)
are differential-equivalent, and we may write Hq(dU) = 2a(dU). (Cf. A. Kolmogoroff,
loc. cit., 669). This expression is similar to (3).
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Characteristic Functions of @ and P.

11. In Schrédinger’s wave mechanics, for simplicity’s sake, let
the state space be of one dimension: —oo <<q <<, the wave funection

is denoted by f(gq) where [iwl flg) 2dg is finite. The space of such

point funetions is a Hilbert space. In this space of point functions,
two self-adjoint transformations @ and P are defined as follows :

= = h d
Qf(g) =afl@), Pfla) o7 dqf(q) @

With respect to the characteristic functions of Q,

9f(q) = 2f(9) 6y

has no solution except f(¢g) =0. But, if we use Dirac’s improper o
function, then

qd(g—2) = 28(g—2)

for any 1. That is, (1) is solved for any 2, and the characteristic
functions are do(g—2).?
With respect to P,

h d -
i —d—q_ fl@) = 2f(Q)

2ni

has solutions fi@=ce? o

for any 1. But since Sjwlfl(q) Bdg = +w, fi(q) does not belong to

the space of point functions.®

Thus, when the transformation has a continuous spectrum, its
characteristic elements cannot be obtained as a function of 2, it must
be a differential set function whose functional values are the elements

(1) Cf. J. v. Neumann, loc. cit, 47-49. Accurately speaking, the operator

h d .
omi dg (Cf. ibid.. 245, note

—h.- LA is not self-adjoint, and P is the extension of
2nt dgq
88.)

(2) J.v. Neumann, loc. cit., 69.
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in the space of point functions. Then, as we shall see in the next
sections, it is convenient to treat the problems in the space of
differential set functions rather than in the space of point functions.

12. Let 2 be the Euclidean space of one dimension, and let the
multiplicative system I be composed of all open intervals and all
points in £, including £ itself. Then ML =M. Put BE) =b—-a
when E is the finite open interval (a,b), and B(F) =0 when E is a
point. Then B(E) is a completely additive, non-negative, differential
set function defined in a differential set system INDL composed of
finite open intervals and points. Then to the wave function f(q), there
corresponds a completely additive differential set function ¢(E) belong-
ing to %(B), such that

WB) = | fladg.
Hence the transformation @ in %(8) must be defined as follows :
QuE) = [ aft@)da = | aptam).
E E
Therefore, the kernel of Q s

QUE, E) = J RE-dE).

For
. — [ Q(E, dE)WAE) _ ( 4BE-dEVWIE) _
oum = [ S A J avam) @
Since QAEU) = SUZB(E-dU),

by sec. 10, S(EU) 1is the characteristic function of Q. When U is a
point, then B(EU)=0. And {f(EU)} is complete in 2(8). Hence,
@ has no diserete spectrum.

In order to find the resolution of identity which generates B(EU),
‘we use the method of see. 9. Then since

(¢(B), RED)) = (U),

(1) Cf. see. 10.
(2) Therefore, @ and Tq have the same domain.
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E(U) is the transformation defined in M2 which transforms ¢(E) to

HAU)BE-AU) _
| e HED).

That is E(U)Y(E) = 4(ETU)
for any differential set function ¢(E) in L(B).©

Now j JEQUYE) = | JHE-a) = [ ap@D).
Hence the above defined Q is a self-adjoint transformation and

QuE) = [ IEADYE).

13. With respect to the transformation P in the space of dif-
ferential set function, it must be that

PyE) = | h 0‘;2 fadg (B = jEf(q>dq) (1)

=2l
when the right hand operators have significance.

. 1
U) = ——| di
Put WE, U = [ X

Since, it is already known that

$oo b 2ni d _2mi
%S da j ¢ g j e h gy

a c

S g dq.

E

. » = length common to (a,b) and (¢, d),®
we have

WE,ANAE, d0) _ 11 4 [ gy [ o5 gy — 2ER
L 8 h&, L" qu,e q = HEE).

Hence N(z), U) belongs to £(B), and we have
UU*(E, E) = J(EE) .

(1) J.v. Neumann (loc. cit., 67) obtained the resolution of identity E(i) by an in-
exact method in the space of point functions.
(2) N. Wiener, Acta Math., 55 (1930), 196.
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Similarly U*(), E) belongs to 2,(8) and
uwwu, U) = puu).

Hence by see. 7, U(E, U) is the kernel of a unitary transformation, say
U, and by sec. 8, {(E, @)} is a complete normalized orthogonal
system in 2(p).

Put W(E, ,) instead of ¢(Z) in (1). Then since

flg) = —H o gy,
U

v'h
27t
- Wh_lqd
we have PWE,U) = 1/ j qu le X3 “’da
that is PU(E, U) = ij(E, dv).

Since {U(E, )} is complete in L(8), P must be the transformation
which has U(E, U) as the complete system of characteristic functions.
Hence P has no discrete spectrum.

To find the resolution of identity F(U) which generates W(E, U),.
as preceding section, since

(UE), WE, ) = W),

F(U) is the transformation defined in M2 which transforms ¢(E) to

g W'e(dUWE, dU) _ K W*(U-dUW(E, dU)
u BdT) v AAU)

- ( EO*¢(dUW(E, dU") _ *
| a0 DB Y(E),

where E(U) is the resolution of identity which corresponds to Q.

That is F(U)(E) = UEU)U"H(E).
Or we may write F(U) = UE(QO)U* .®

(1) Cf. J.v. Neumann, loc. cit., 70.
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Consequently, Py(E) = LAF(dU)s!)(E) ,

and P=U0UQU*.® (2

(1) For, QU*y(E) = | 1B@U)U*y(E)
for any ¢(E), such that U*¢(E) is contained in the domain of Q. Then

UQU*(E) = S AUBU)U* () = Sgw(dUw(E)
for any ¢(FE), such that

i = 2 2 = 2 [
[ p1Eanu=er={ 2ivBanU*p = i FaUe
is finite. (Cf. F. Maeda, this journal, 4 (1934), 66.)
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