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1.

Let us suppose that A®) = ((a;(t))) is a L-integrable matrix of ¢ in
an interval (p <#<7), and Y" is any matrix.? Here the order of the
product of matrices is read from right to left.® If we put

YV = I;lil; {I+ (tk—tk_l)A(flg-l)} Y? and tr-1 é &1 < tr ,
we have

Y=IlmY" =

n >0

([+ AWM Y = lim T % %0 AC2yo (1)

m»oo =1

R )3

The above defined Y is called the product integral of Y° with respect
to the matrix A(f) from £ =p to . Then we have as Caque-Fuchs’s
expansion of Y

»

§(1+ Adt)Y® = {I+ (A®) [A(t,)dtl)dm . } Yo. @

Now we shall express the product integral of matrices in the form of
an expansion using differential operations instead of the integral oper-
ations shown in (2). Form (1),

Y = lim {(I+ Atm-ndt). . ..(I+ A@DIt)(I + At )T+ Ao dt) |

M0

(1) L. Schlesinger, Math. Zeits. 33 (1931), 33-61; 35 (1932), 485-501.
(2) This is the opposite of the usual order.
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where

But since

T+ A(to)dt = I+A(t1)Jt—<—%‘?~> Jt+o(t)
t-tl

=/ (I-élt— At> (I+ Aw)t) } +o(dt), ®

l
t=t;
therefore we have
i) = Y )
I+ Atpat(I+ Atost) = {(I+ (A= ) at) @+ AJt)t}_t
11
+(I+ At t) o(dt);

similarly

I+ Atoa) U+ Ayay I+ A1) = {(I+ (A=) at) 1+ A

tety
+ (I+ At dt) o(dt)
+ (T + At dt) (T + Aty o(dt) .
And therefore we have
s _ d m-1 ) 1
Y = lim {{<I+ (4 o )At) (I+Adt)g

=00

t=t,, 1

+ (I + A(tm-1dt) o(dt)
+ I+ A D 2T+ Altn_2)dt) 0(4E)

+ (T4 A d). . . (I+ At o(t)

(1) Since the operations are read from right to left, it may be adequate to write

(A_dit) in the form (A—%I) )
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m {(I +(4A— g{) At)m—EI + AJt)t}=t

i
m >

‘m—1

4 Ep10(dt) + Bm_so(d8). ... +Ejo(d) |,

where
E;, = I+ AGn-Ddt) I+ At n_2dt). .. .(I+ AR)dt) .
Since from the assumption that E,, K., ...., E, are finite, we
have

m -4 r-p

t=t,, t=r

When Y° is a function of ¢, we have similarly

Y= {e(A_%) o

YO(t)} : (4)

t=r

The formulae (3) and (4) have been written formally, therefore, we
must prove the convergency of the series

B= {I +r(°iip)<A—~—gt->+(—Tgip)—?(A-gt >2+ .. .t}gr . B)
We know that®
B+ Pa— L]l (a— ¢ V]

and the ratio of the (¢+1)* term to the ¢ term

(1) We adopt thenotatian [ ] used in Math. Zeits. 33 (1931), 31. Also cf. the
foot-note on p. 2 of this paper.
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o (0= 20 a2 2]
! [(A"dity_l] e [(A_% 1] (6)

Now we assume that there exist certain positive numbers M and », and

define the funections gt% G;; so that they satisfy the relations
it | d
@jaij = i M“(Tﬂ‘aij | (7
where
d?? _ | dz) dp |
B g when | g 2,
and
a - | a
dtp a/iji — )) When : 'El’t? aul < T’ s
g, p=N+1.... ,7=1,2,....m).

Then we have from (6)

lr—pl [(A—é ”] < ' =Plig1sjr—pi 1.

C g

Therefore we may conclude that the right hand side of (5) is absolutely
and uniformly convergent in the interval of ¢ defined by

- 1
[t pi<M-

So we have the

theorem 1 : If there exist M and » satisfying (7), then in the interval
| t—p | << % the following relation holds »
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[ e(A—;;iZ)('r—p)YO(t) }

t=r

{ Y() } I (I+ Adt) Y°(p) =

[ =D)(4__ d (r p)z n
{lI+ = ( L)+l (A Y"(t)}

Now we will proceed to apply this theorem to the theory of parallel
displacement of vectors in general manifolds. In the manifold, let
V). 4, be a vector at the point z* +dx* which is parallel to the vector v*
at the point *. The equation of the parallelism is given by

mm=“m(9ﬁ+mywhﬁ. ©)
o

r=x+dx
We will call such a parallelism a point-parallelism in distinction from

that called a non-point-parallelism which will be treated in the latter
part of this paper.

Using theorem 1, we will derive the formula for the parallelism at
a finite distance along a curve z* = f;(t) starting from a given initial
point P. Substituting the equation 2* = fi(f) into (9), we have

o = {{83 —( g,,y +T vf')dt} o }(2)

t=t+dt

Therefore, if we put

—(IAF) = A  and ()= Y5, ©

(1) When Y°(¢) is a constant matrix, (8) can also be obtained from the following'
equations:

ay

di ———AY =10,
ay —r)? (d*Y
¥ = ve)+ o0 (4 o (S
t=r t=r
Y(p)=

n
(2) T}, f, means 2‘1 Ty fi
i-

(3) By our assumption p. I, ((v*)) = (v102....v7)
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we know that the expression for the parallel displacement of vector
from P(t=p) to Q(t=r) along the curve 2°=f(t) is given by matrix
equation

r
~

V(P, Q. fith) = {j(r—«mf:»dt)} V@), (10)

r
t=r

where the notation V(P, Q, fi(t)) represents a vector obtained by the
parallel displacement from P(t=p) to Q(¢=r) along the curve.

Then by theorem 1, (10) is written in the form

g'_ )\+ ‘)\ / -7
v(P, Q,fi(t))={e((‘“ BT A O (11)

t=7r

or

Ie((;{; BT, 1))

V(P, Q,fit) = l V(t) } . (12)

t=r

So we have the

theorem 2 : Given a vector field V(t) on a curve x*=fi(t), the vector at
t=r parallel to V(p) along the curve is given by the equation (11) or
(12).

The formulae (11) and (12) may correspond to Taylor’s expansion
in the case of a parallel vector along the curve z*=f;(t)®.

As an application of the formulae (11) and (12), we shall consider
the problem concerning the curvature tensors. When we calculate the
curvature tensors in the usual manner, a difficulty arises® but it will
be seen that the difficulty does not occur when we apply the formulae
(11) and (12).

Let V be the vector which returns to the initial point after moving
—
around the circuit EFGHE parallel to V. If we put

3 oxY
Al = <<~§2-L—8:+ﬂf,,(u, v)‘aa“)) )

(1) The equation (11) is obtained by a method similar to that of the footnote on

p- 5.
(2) Ruse: Proceedings of the London. Math. Society, 31 (1930), 225.

(8) See the foot-note in the next page.
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v
B, = <<—3—8&+[;f, u, v 305)) ,
ov v

a = (m—u)d; and b= (v;—vo)B ,

we easily obtain

VoV — {ebeae-befa}v—v = {I+ (ba—ab)+ .. .. }V*V

u=u0 u=u0
’l)='l)0 ’l)=’l)0
© Gt 1 )
=<<R.;,;;,‘2‘Z g—z(u1~uo)(w1—vo)+....>> \s (13)
u=uy
112’00

where the dotted terms are higher than the 3rd degree in (u;—uo) and
(vi—vo). When the circuit becomes infinitesimal, we have for (13) by
putting (ur—uo)=du and (vi—vo)=dv

(1) The result corresponds to equations (18), (20) in Math. Zeits. 35 (1932), 496, by
I. Schlesinger. But if we calcute this after the usual manner (Schouten: Rieci Kal-
kiil, etc.) we have another result.

V-V = (I+0)[+a)I+b)I—a)V—V
= (ba—ab)V—(b2+a)V+....

- ((R;,;;j %xu %%‘i(ul—uo) (v‘~vo)>>V——(b2+a3 Wobenons

U=Uu¢
V=g
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V-V = ((R,;,,;-ﬁ %% %%dudv))v = ((Rl;@;*dlx%xw)) v. " (14

w=uy a:e=a;5
v=1,

which holds good within the infinitesimals of the 3rd order.

As shown in foot-not (1) p. 133, equation (14) can not be obtained
by carrying round a vector along a small circuit, by means of equation
(9) alone.

1L

In the case of point parallelism, the expression for the two parallel
vectors at any neighbouring points on a curve is given by functions of
the two end points only.

Now in this section, we will generalize the idea of parallelism.
The parallelism between two vectors on a curve xzi=fi(t) even for
an infinitesimal distance depends not only on the end points but on
the behavior of the functions expressing the equation of curve—for
example, it depends on the parameter of the curve, fi(t) (i=1, ....n)
and their successive derivatives, and other factors. To be more
precise, if x*=f;(f) be the base curve, the expression for parallelism
between two vectors V,, V., at two points on the curve ¢{=% and

=t respectively (not necessarily for an infinitesimal distance) is
generally written in the following form

V2 = F* |, 15w, Vil

where F?* is a functionals depending on the end points, functions f;
and Vt() .

We will call such a parallelism a non-point-parallelism correspond-
ing to the term ‘‘point-parallelism.” But it must be noticed that
this parallelism becomes different when the expression of the base curve
18 changed although the curve is same; for, by changing the parameter
t=Ah(s) the values of F* become different.

(1) Eisenhart obtained this equation in his Non Riemmanion Geometry by the
method of power series.
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In order to promote our discussion reasonably, we make the follow-
ing assumptions :

1 2

1 1 2 2 1 2 2
(i) if th//_Vtz and th//Vtz, then th+Vt1//Vt2+V,2 s

(il) F*|[t, ulfiw), Vo ll = Vi, (15)

(i) if V,//V,, and V,//V,, then V,//V,,

along the base curve with same parameter.
Then from the assumption (i), F* must be linear with respect to V4 i.e.

Vi =F*[t, t1fiw), V1 = F2|[t, t1f@]| Vi,

or = FM[t, t|fiw)]] VE.

Or using the matrix symbol, if we put (F3|[~]]|) = F, the above
equations are written in the following forms :

(1) Ve=F|[t, ¢1Li@] 1V,
(i) Fllt, tulfiw]l =1,
(@) Fll&, 6|l Ft, | fi)]] = F|&, 6|51l .
From these assumptions we can obtain, just as in the case of point-
parallelism, the expression for the general non-point-parallelism in the

finite distance by iterating the infinitesimal displacement (I+ Hdt)
successively, i.e.

Fl[t, t]fi)]] = |+ Hd?)

B e Yo

where H may be regarded as a matrix, each element 2H being an
arbitrary functionals

*H|[¢, fitw)]|  (L-integrabel).
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And by theorem I, we have

{Q(H%z) (-4)

V.= % } : (16)

t

Since we have assumed that f; and its derivatives with respect to
its parameter are contained explicitly in 7H, now we will see how the
parallelism may change its form by transformation of the parameter.

For this purpose, consider an infinitesimal transformation of the
parameter

t =t +(t)oa.
Then the variation of (Hdt)® is

GHdt) = {—H7 Ot + s Hy 0 FO7 @) + ..
+ 33 H 0 | 11560 191 0 )
+ ZJ S /szi’ w | 7] (fi@) 1) dv

TR }dt Sa. (17)

(1) 8(Hdt)is calculated from the following equations :

dfi _ dgi(t) d¥ N D= () — ot ). Dot
dt dv dt ’ ﬁ() g( ) f:b( )+ at/ 7(¢/)8¢4 ’
& _ @git)(d¥ \*, dgi V) dt A9t _ &)y rnuryn())VBat . ..
di? dt/s < dt ) T ae at’ ar (S WW))eat...,

. (A) o dath (B)
i 2gi 1= ()3 )+ ... ... ,
.................. dt dt’ (17 (¢)3)+

The 8rd, 4th and 6th terms of (17) are derived from the 3rd, 1st and 2nd equations
of (B), and the 2nd term of (18) is derived from (A).
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As important special cases, consider the two following :

(I) When 8(;Hdt)=0 by any infinitesimal transformation of para-
meter, that is, the case in which the parallelism is independent of the
change of parameter.

From the arbitrariness® of funetion (¢), we haue from (17)

—rH+> ( "Hy o SO +2 T Hyr o ST + ) =0,

............ )

t { 5 Hi gy | [E1550) | f{C000) () i,

1

+S" /ZHf,L-/(u..) || (flun) nu. ) du+ . .. } =0.

The 2nd equation of (18) becomes by an easy calculation
Siim—1)74,, =0

where, if m is called the index of the term when it has the mi, m§, mé®,
.... degree with respect to f/(t), fi’, fi’’®), .... and m = > im,
rAn is a summation of all the terms of the index m in 7H. '

(II) We will consider the case in which §(Hdt)=0 for all the forms
of »(t) and fi(t).

For this purpose we have express the form of H more concretely.

The most general form of the matrix H will supposedly be the follow-
ing expression, on the assumption that an element of the matrix is ;H:

oH =2 (Hyj;, = 21 GH, (20)

b . B
(3,0, ety [

(1) (18) is obtained by the usual method for the calculation of functionals: i.e.
by substituting 4(2), #/(8), . ... for n(t), W/(t), ...., where 7(t), #(t), . ... have any given
values in the neighbourhood of point ¢, and have the same values as «(t), 7/(), . ...
respectively almost everywhere at other points.



138 K. Morinaga.
where

(bjl) () t’iz
tHy = F0- 5,0 3|
¢ ivr %)

CRNRC I (°i) (°3)
| ) ) S du

til i B

and ?,—p and t:ip may be, in general, functions of ¢ and u; (k> p).

Next we denote by e ome s, the summation of all the terms of the
s; th degree with respect to fi(u), fi(u).... in 7H;, and if we denote the
index of eHomsys,, by m, we easily see that m = Z b;,

Using these notations and substituting p; f; for f; (p; being any
constant), and variating continuously the values of fi(t), fi'(@®), fi''(8),

. to any assigned values in the neighbourhood of ¢=t and leaving
the values unchanged for the other points, we have from (18) the

following relations

(m~1) ZH“”"Sl"'Sﬂ =0, (21)

(

I e S L ()| 0.

From the 2nd equation of (21) we see that
Hamsl...sn =90 for m £1,

and for m=1, H;, ., do not necessarily vanish and in this case, from
the definition of the index m, we know that ;H[;Sl...sn can not contain
@), f”@®), .... and must be a linear homogeneous function of

O, e ... .
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Therefore 7H must have the following form :

H= Z oHojibs, 22)

v ”p) Fpdy
where 21b,=1 and 7;H satisfy (21).

Then we have the

result: In a mon point-parallelism, which does not change whatever
changes of parameter occur according to every curve taken to its base, the
general form of the equation of the parallelism is expressed by

e

Vi={e (e “v={(+mayv,

t=t

ot Ry

where H is given by (22).

As a special case, consider in which functionals ;H has the form
as usually treated
®i) ®i) g
H= 1 f,-l(t). S5, () f

e b, 4,

b b ®
“1 '71 I
) G f) S d e (23)
&

Ipda tyey

where ti, and t;, are funetions of .

Then from the last equation of (21), and taking account arbitrari-
ness of 7(t) and fi(f), we can easily see that ;H does not contain f(«) and
t explicitly.

Therefore from (22) and (23), we have

bty (dy) ( )

H= > K [@.. (t)

(@.3,b5) Gy 5y

(1) Thave presume that this is the most general form usually treated.
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b b
where 1=1b, and ;K;..;° are constants, which is nothing
It

but —I7f/() in the case of a point-parallelism.

So we have the

theorem 3: When ;H of a non point-parallelism is expressed by (23),
the parallelism becomes a point-parallelism when and only when the
parallelism is independent of all transformations of parameter of all
curves taken to the base.

In conclusion I wish to express my hearty thanks to Prof. T.
Iwatsuki who has given me his kind guidance.
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