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Let 4(8) be a class of complex valued set functions ¢(E), which are
absolutely continuous with respect to a function of normal sets B(E),

and f Dedp(a)|? dB(E) exist. Then, as in the case of real valued set

functions, 2,(8) is a Hilbert space.” In this paper, I will consider the
linear transformations 7', defined for all set functions in £.(8), such

that ZHT\W“ is convergent {¥.t being a complete normalized ortho-
gonal system in 2(8). And I say that such transformations are com-
pletely continuous. I define the norm [|7'|| of 7" and the inner product
(T, S) of two transformations 7' and S, as follows:

‘ 3 L
HTH:{ZMWF}%

v=1

(1,8 = 3 (14, S,

I then proceed to investigate the properties of the space of completely
continuous transformations. .

Next, T find the characteristic functions of the completely continuous
Hermitian transformations, and I discover that all completely continuous
transformations can be expanded with respect to an orthogonal system
of transformations. From these expansions, it follows that all completely
continuous transformations 7 are expressed in the following integral
form

i T¢(E)=f-])ﬁwf> K(E, d') Dawry p(a’) dB(E"), L

K(E, E') belonging to 2,(88)®. But all transformations of these integral

(1) Hence, all considerations in this paper, from sec. 3 to sec. 17, hold also for an
abstract Hilbert space.

(2) 2£4B8P)is a class of functions of two sets &(E, E'), which are absolutely continuous
with respect to S(E)B(E") and [.1J1| Daw Daenfa, a')|? dB(E)IB(E’)  exist.
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138 F. Maeda.

forms are completely continuous. Hence I have the theorem :

In order that a linear transformation 7, defined for all set functions
¢ in €(B), may be expressed in integral form (1), it is necessary and
sufficient that 7' should be completely continuous.

Space of Complex Set Functions.

1. Let B(E) be a completely additive, non-negative function of
normal sets defined in a metric space R which is compact in itself, and
be uniformly monotone®™ at a B-normal set 4. Let $(E) be a com-
pletely additive, complex valued set function, defined at any B-normal
subset of A4, and absolutely continuous with respect to B(E).

If we put

$(E)=E(E)+in(E),
where &(E) and n(E) are real valued set functions, then we define the
general derivative of ¢(E) with respect to B(E) as
Dgmyp(a) =Dt (@) + i Dpxyn(a),
and we have the fundamental theorem of integration and differentiation,
i e.

¢(E):fDB(E)¢(a)dB(E)~ (1)

Thus, if we consider two complex valued point functions, which differ
only at points of sets whose B-value is zero, as indentical, then by (1)
there is a one-to-one correspondence between ¢(E) and its general deri-
vative f(a)=Dgwp(a). But, if we define

1

Iri={[17 @ as )},

(fr )= f F(@)g(@)dBE),

then the set of all complex valued point functions f(«), for which
f |f(@)|*dB(E) is finite, forms a Hilbert space®. Hence, if we define
A -

loll=| f | Doy b() dmm}%

(1) F. Maeda, this journal, 1 (1930), 3 ; 2 (1932), 175.
(2) J. v. Neumann, Math. Ann. 102 (1929), 109-111.
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the set of all set functions ¢(E), for which f | Doy (@) |*dB(E) is finite,

forms an isomorph Hilbert space. If we denote this space by £(8),
then 2(8) has all the properties of the abstract Hilbert space which has
been considered in detail by J. v. Neumann®™. Alternately, we can
prove this as in the case of real valued set functions.”

2. But the space of complex valued set functions has, as in the
case of real valued set functions, a peculiar property, which does not
hold in the space of complex valued point functions. For, by the
Schwarzian inequality

| [Da@)dB()| SBE)[ | Dacwpla) * IB(E),

hence

Ik 2

[(E)[*
for all B-normal subsets I of 1.
Therefore, if {$,(F)} converges strongly to ¢(K), i. e.
llm o=l =0,

we have, by (2)
lim | ,(12) — ()| =0,

hence

lim ¢ (L) =¢(E)

for all B-normal subsets E of A. That is, {¢,(F)} converges to ¢(I7)
in the ordinary sense. But this property cannot hold generally in the
space of point functions.

Space of Completely Continuous Transformations.

3. A transformation 7' is defined as an operator which transforms
any set function ¢ in €,(B) to a set function 7' in L,(8). We define
the following operations on transformations :

S+1, ¢, TS, T
(1) J. v. Neumann, 1[athemaizsche Grundlagen der Quantenmechanil, (1932) 18-31.
(2) Cf. my previous paper “On the Space of Real Set Functions,” (this journal, 3
(1933) 3-7), where ¢ linear manifolds” is equivalent to “closed linear manifolds” in
Neumann’s sense.
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(S, T are transformations, ¢ is a complex number, m=0,1,2,.. .)
SE1T)p=Sp=T¢, (cT)p=cTP®
(1'8)p="T(5¢), °=19,
Tr=T7T"" (m=1,2, ....)

for all set functions in £(8).
A transformation 7 is called linear, when

T(p+¥)=T¢+ T
A linear transformation 7'¥, which satisfies
(71‘#9 1;’):<¢7 ,1‘*‘1,/)7
for all set functions ¢ and ¥ in 2:(8), is called the adjoint transfor-

mation of 7. Then
(IS)*=8*T* and T**=1.

If a number M exists such that for all set functions ¢ in 2«(3),
NToll=M| ¢
then 7' 1s said to be lemiled.

4. Let 7 be a limited linear transformation defined for all set
functions in £(8), then 7' has its adjoint transformation 7°*®. Let
§¥,} be a complete normalized orthogonal system in £(8). If Z;H T\
converges to a finite number, say [, then 7 is a constant number in-
dependent of the system {y,}*. For, let {$.} be another complete
normalized orthogonal system in 2(8). Expand 7Y, with respect to the
system {¢,}, then
. T‘llrv :MZ—-l< 77"!’1}, ¢,.¢)¢p.
and

H T, ‘ZZMZ__J (T, bu) 12-(5)
Hence, i (T, $u) 1* converges to [. But

ii‘ (T4, $) I 2@(7«1«,%)\2
=3 311, v =3 M

(1) When T¢=0 for all set functions ¢, then I shall write T=0.

(2) Transformation 1 means that 1¢p=d.

(3) Cf. F. Riesz, Acta Litterarum, Szeged, 5 (1930), 29

(4) This consideration is due to J. v. Neumann, Quantenmechanik, loc. cit., 96.
(5) ibid., 28
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Therefore [ is independent of the system {y}.
When >|| 74,!]° converges to a finite number, 7'is called a comp-
V=1
letely continuous transformation. I will describe the positive value

Ve

That is,

a

® as the norm of 7 and denote it by the symbol || 7"

7= 3 T
By (1) we have
I Tl={ Tl
When 7' and S are completely continuous; then ¢7 and 7'+8§ are
likewise so, and

leTll=lel-1[ 71,
Nr+8l=l7/+is L (2)

5. Lot T be a completely continuous transformation, then
Wrel=lTi-lell
Sor any set function ¢ in LuAB).
We can always ﬁnd a complete normalized orthogonal system {r,}
in 2(8), so that \[fl_m. Then, since || 7'|*=2 | T¥.|]%,
v=1
[T l[=1 Tl
Therefore
rel=Tidell

Hence || 7} =0 when and only when T'=0, that is, 7'¢=0 for all
set functions ¢ in 2,(B).

If T and S are completely continuous, then TS is likewise so, and
Nrslis|ri-isi.
Let {¥,{ be a complete normalized orthogonal system in &:(8).
Then, since by the preceding theorem
TS =l Tl -1 Syl
SirswEsi T sy, =

(1) By Mlnkowskls inequality {Xa+0i[2} P ={Z 1|23 + {2 b:]%}5.

[i%.
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00

Hence, || 7SV, || is finite, and

Val

rsii=sir

IR

6. If we define the distance between two completely continuous
transformations 7" and S by || 7—S|[, then by sec. 5

(@) | -1 =0,

(8) | T—S[|=]S—T{|>0  when TS,
and by sec.4 (2)

™) TRl =[T-S[+[[S~RI.

Hence, the set of all completely continuvous transformations, defined
Jor all se! functions in (B), is @ metric spuce. 1 denote this space by £.

Let {7,} be a sequence of transformations in 2; if, in £ a trans-
formation 7’ exists so that

lim!|| 7,—7||=0,

then I will say that {7.} converges strongly to T, and denote it by
im]7,=7.

v-»o0

Since
=T ll=l| Tv—T

o1,
if
[m]T,=1T,
then {T.b} converges strongly Té, i. c.
im]7T,¢p="T4¢
Jor all set functions ¢ in L(B).

If 1T} be a sequence of transformations in £, which converges
strongly to T, then
[IIm]S7T, =87
and
[Im]7T.S=17T8
Jor any transformations S in L.
For,
NS7T,—ST=8(T,—T)||=ISIl-|| =TI,

and



On the Space of Completely Continuous Transformations.

N 1,8—18|| =1 (T—T)S | = To—T1l- | S|

143

Let {7.} be a sequence of transformations in £, and {c.} be a

sequence of complex numbers. If a transformation 7' of
that

im]fe; T+ ceTo+ . ... e To} =1,

then 1 will say that the series
aTi+e.T.+. ... +e.To+ . ...
converges strongly to 7', and denote it by
T=cTi+eTo+ . ..+t ...
In this case, by the first of the above theorems ‘
To=c,Tip+eToep+ ... . FerTndt .. ..

for any set function ¢ in £,8), the series being strongly
and by the second theorem,

ST=c ST+ 8T+ . ... +eSTh+ ...,

TS=c¢T'S+ce.TeS+ - +eaTudS+ ... ..

7. The space £ s complete, 1. e. if
lim! 7,—71,|=0,

m-»co
1-poo

then, a transformation 7' exists in £, so that
[Hm]7T,=T.

For, let ¢ be any set function in £48), then since
lim || (7 — 1) 1 =0,

Nt-»oo
W-roo

£ exists so

convergent ;

(1)

2(8) being complete, a set function ¢* exists in £,(8) so that

[Hm]7T.¢ =¢*.

(2)

Denote the transformation which transforms ¢ to ¢* by 7', i.e.

71¢ — 4)*,
then 7' is obviously a linear transformation.
Next, I will show that 7" belongs to £, and

[Lm] T=1.

H-»oo

(8)

Let {v¥,} be a complete normalized orthogonal system in £(8).

Then, by (2) and (8)



144 F. Maeda.

[Hm] 7= T, (4)

for all values of ».
By (1), an integer N exists so that for all values of m and n
greater than N
I

vZ; "Nf - T, ‘P ‘\ <HJY -7,

T<e? (5)
for a given positive number ¢. But, since
211 T — Ty =1imm 3| Lr,— Ta |
from (4) and (5), we have-
S T T 2< ®)

for any value of p.
Since |19 1 Tl + 1] T = T,
(SB[ 20 manl 1+ = Tk
hence by Minkowski’s inequality
S0 s v 2 - |

But since ZH T =117, % by (6)

12 )-‘

(Sl

ARSI AR

2

con-

But this inequality holds for any value of p, therefore Zl ™,

verges to a finite value. That is, 1" belongs to £. And from (6), as
p tends to oo, )

H _!lv_ 1771 || <8
for n>N. Therefore
[lim] 7,=T

1300

Volterra’s Solution of Functional Equations.

8. The functional equation

p=1+T9, @)

where ¥ is a given set function in 2(8), and ¢ an unknown set func-
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tion, is a generalization of Fredholm’s integral equation of the second
kind. When |[T||<1, we have a solution which corresponds to Vol-
terra’s solution of the ordinary integral equation.
Instead of interated kernels, consider the iterated transformations.
By sec. 5, we have
(TSl T) T =] T
Generally
e =siri-irisirie
Let
Tw=T+T+....+T",
Then, since || 7|/ <1, we have for m>n
T Tal [ S 125 4 54 T

I

Hence

lim|| Tm—T4l| =0,

Ni—>oo

n-»oo
therefore, £ being complete, there exists a transformation S in £
so that

[lim] T,=~-S;
oo
that is,
—S=T+T+. ... +1T"+
the series being strongly convergent. By sec. 6, we have

—S—T=T(T+T+ e . +T" "+ ....)==T85,

ey

—(T+ 1%+ ...+ T +...)I'=—8T.
Hence, we have the so-called reciprocal property between 7' and S':
S+ 7= 1‘5‘ ST (2)

From (1) we have
Sp =8+ ST,
then, from (2)
S =S¥+ S¢ + T'p,

that is,

Sy + Tp=0,
Combining with (1), we have

p=y—8y. (3)
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Hence, if (1) has a solution in 84(B), it is given by (3). Using (2), we
can casily verify that (3) satisfies (1).

To shew that (1) has only one solution, it is sufficient that the
solution of

b="Té¢ (4)
is a null function. From (4), it must be that
e li=lTl-1l¢ll.
But, since || 7'|| <1, we have
e ll=0,
that is,
¢=0.
So we get the conclusion :
In the functional equation
="+ T4, 5)
if ¥ and T belong to L(B) and L respectively, and
hr<t,

then this equation has ome and only ome solution belonging to :8)
and this solution is given by

¢=4—8Y. (6)

Normalized Orthogonal System of Transformations.

9. Let {7} be a finite, or infinite sequence of transformations in
2. If a transformation 7' in £ is expressed as
17:C1f71+Cng+ e +C7,,Tn+ s ey
the series being strongly convergent,” then I say that 7 is a linear
combination of the elements of {77,}. And if a sequence {¢,} of complex
numbers exists, not all of them being zero, so that the scries
(’1’1’1‘[‘027{3—!— e —{-Cngy,,-i- e

converges strongly to 0, then I say that the eclements of {7} are
linearly dependent.

A subset I'" of £ is called a linear manifold when all the linecar
combinations of the elements of I" belong also to I Linear manifolds
are closed, for if

(1) Finite series are considered as strongly convergent.
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[im! 7=17

n—roo

then 7' is a linear combination of 1y, To— 1y, .. .., To—Thoy, ... . If
there exists a sequence { 7%} of transformations belonging to I, so that
all the clements of I” are lincar combinations of {7,}, then {7} is
called the jfundamental sequence of the linear manifold I

10. Let S and 7' be any lincar transformations in Q, and (¥, be
a complete normalized orthogonal system in 2(8). Now I will shew
that
; Sy, TV
converges to a finite number, which is independent of the system ).
Let {¢uf be another complete normalized orthogonal system in 2,(8).
Then, since by Holder’s inequality

,ﬁ LSV, )b, TH) = ‘/ él (S8, ¢M>!2§1\ (ur 1
- H S‘l’v” ° ” 71.\!,”

and

Ssv -l e s)/ S S T

ril,

VZ;ZI (S¥, bu)(Pu, T) | converges to a finite value less than [[S{]-]] 7'[].
Henee

Ma

S (S, $u) b 1)

pe=1

-

V=

and

(S¥, $.) (b, T)

L
i

=1p=

S
kA

converge to the same finite number, say 7. Since
S\P,.Zg (S‘I’v' ¢M)¢." ’
we have

3 3 (59 ), TH) =3 (S, TH),

v=1 ,,,;:1
henee

0o

:g; (SYre, THr).
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But
> §<s«1r,, $0) by THI= 32 5 (T, o)y §7,)
SR S P

hence, [ is a number independent of the system {yn{.
Therefore, Z(S\If,,, TY,) converges to a finite number /7 which is

independent of the system {yn,{. I will describe this number as the
inner product of S and T, and denote it by (S, 7'). Then

(S, T =Sl Tll, (2)
and by (1) .
(S, T)Y=(71%*,8%).
Of course,
(T, )=\ T
From

(S¢, Td)= (T4, S¢),
(8¢, (Th+ T2) b)=(S¢, T1b) + (S, Tu),
(¢So, Tp)=c(Sh, T),
we have following rclations
(S, 1)=(1,9), 3)
(S, Ti+T2)=(S, TV + (S, Te), (4)
(eS, T)=c(S, T).

If
[lim] Tw="1,

then by (2)
(=T, 8) =l T—T.|- 1| S]],
hence, by (4) '
Hm (1, S)=(T, S).

N> 00

In other words, if
T=ciTi4c:Tod . ... +eaTu+ ...,
the series being strongly convergent then
(7, S)=ci(Ty, )+ eo(Toy )+ . oo e Ty )+ . ... -



On the Space of Completely Continuous Transformations. 149

1. 1t ‘
(1, 8)=0
then, by (8) of the preceding section, -
(S, T)=0.

In this case, T will say that the two linear transformations 7' and S
are orthogonal.

Let {7} be a scquence of linear transformations belonging to £.
It
(T, T)=0 for 4 %7,
=1 for t=j,
then {77} is said to be a normalized orthogonal system, as in the case
of scquence of set functions.

An orthogonal system {7%,] is said to be complete in a linear mani-
fold I" of lincar transformations, if no transformation § of I, the null
transformation excepted, exists so that

(8, T.)=0
for all values of n.

Then as in the case of set functions,” we have the following
theorems :

The necessary and sufficient condition that a normalized orthogonal
system }7%} should be complete in a linear manifold [ is that {77} is
a fundamental system of [

If {7} is complete in [, any transformation 7" in I’ may be ex-
panded as follows :

.77:617'1+02172+ Cee s +CnTn+ ey

where e, =T, Tn),
and N TiP=2>lenl
n=%

Conversely, if {c,} be a sequence of complex numbers such that

o0

le.|” is convergent, then there exists a unique linear transformation
=1

T in I, g0 that
T=eTy+cTo4+ ... +eaTn+ ... @,

And, if S and 7 be any two transformations in /) then

(S, T)=3" (S, T)( T4, T).
N=1

(1) This journal, 3 (1933) 10-11.
(2) This corresponds to the Riesz-Fischer theorem.
(3) This corresponds to Parseval’s theorem.
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Hence, if we consider {¢,! as the coordinates of the linear trans-
formation 7, then [I"is a Hilbert space.

Expansion of Completely Continuous Hermitian Transformation.

12. A linear transformation H, which <atisfies the relation
H=IH7%,
is called a Hermitian transformation.

An example of a completely continuous Hermitian transformation
is the following projecting transformation. Let € be a linear manifold
of p dimensions in 2(8), and

My N2y + ooy Np
be a complete normalized orthogonal system in 2. ° Then any sct fune-
tion ¢ in 8,(8) can be decomposed into two components, one in € and
the other orthogonal to €; i. e.

p=¢'+¢", (1)
where (f),‘—‘ (¢, n)m+ (§b> 7):’)"72 + ...+ (d’a "71))7711 (2)
and P'=p—¢

A linear transformation which transforms ¢ into ¢/, is called a
projecting transformation”™ of €, and is denoted by P4, i. e.
Pep=¢' (3)
for any set function ¢ in &,(35).
Let '
N1 N2y - oo o5 N fl)‘E?) -~"’§"7
be a complete normalized orthogonal system in £,(8), then since
ng,,:O (n:l, 2, ),
we have '
| Pg|

=3 Pen =2 I =,

hence Pg belongs to £, and its norm is equal to the square root of the
number of the dimension of €.
Pg is a Hermitian transformation. For, decompose any sct functions
¢ and ¥ in €,(B8) in two components as (1), i. ¢.
$=0' +4",
Y=y +¥".

(1) Cf. J. v. Neumann, loc. cit., 40.
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Then, since (¢', ¥ =0 and (¢", ¥')=0,
(Pegp, ¥)=(¢', ¥/ +¥") = (¢', ¥),
(¢7 pﬁ\!’) = «¢7+¢’:', \P’):(d)” ‘PJ)
That is,
(P, ¥)=(¢, Pa).

Let two linear manifolds € and M of finite dimensions, say p and
¢, be orthogonal, i. e. any set function in € is orthogonal to any set
function in M. And let

Ny N2y - oo Moo

El: E'Z: ] &1:
be complete normalized orthogonal systems in £ and I respectively.
Then we can take

My M2y o vves Moy E19 E2y oo ey Eis Xts X2y v v vy Ky -+ - -
as a complete normalized orthogonal system in 2(8). Then, since
Pyn; =0 (t=1,2, .. ,p)
Pgfi=0 (t=1,2, ....,¢),
Poxi=0 (1=1,2, ....),

» q 0
(Pe, Pa) =2 (P, Pomi)+ 2, (Pefe, PmEi) + 2, (Paxiy Pmxi) =0.
That is, Pg and Py are orthogonal.

If we denote the lincar manifold, whose fundamental system is
composed by only one set function #; by [#:], then

—P[vzlﬁb:(‘f’, NOMi-

And
(Prngs P =1, when i=j,
=0, when 14 Fj.
Hence, P, gl Prngts -+ s Py form a normalized orthogonal system. And,

from (2) and (3), we have the expansion of Pe with respect to this
normalized orthogonal system, i. e.

Pg:PLTII]-]_P[TIZ]-F s +P[np]-
In what follows, I intend to expand completely continuous Her-

mitian transformations with respect to the orthogonal system of pro-
jecting transformations.
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13. Let A be a number; if, in 24(8), the null function excepted,
there exists a set function 7 which satisfies the relation
n=NHn, 1)
then A\ is called a characteristic constant of H. And, when A is a charac-
teristic constant, all set functions in 2(8), which satisfy (1), arc called
characteristic functions of H with respect to . Then, we can easily
prove that all characteristic constants of H are real, and any two

characteristic functions of H with respect to different characteristic
constants are orthogonal. '

For any completely continuous Hermitian transformation, there
exists at least one characteristic constant.”
By sec. 5, for any set function ¢ in 2(B)

| Hell=[HI-l¢], .
therefore, there exists a finite upper bound, say [, of % for all set
functions ¢ in ,(B). If H has a characteristic constant A and
’7::7\H77?

then

|Hnl_ 1

Ul I L
therefore, the absolute value of A can not be less than —. In what

follows, I will show that at least one value of %or —% is a character-

istic constant of H.

As in the previous paper, we can shew that the lower bound of
||\#-%H\If§l or H‘P+; HAr|| for any normalized set function v in
2:(B), is zero. :

Denote the value, —}— or —%, by A, such that the lower bound of

[y —2HY ||

for any normalized set function v, is zero. Then there exists a sequ-
ence {Y,} which satisfies

Lim ||, —XH, || =0.

(1) Since all the counsiderations about the sequence of linear manifolds in the space
of real valued set functions hold likewise in the space of complex valued set functions
without any essential change, the proof of this theorem is almost identical with that of
my previous paper (this journal, 3 (1933), 30-33). Hence, I will here give only an outline
of the proof.
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I will call such a sequence {y,}, the minimal sequence of ||V —AH® {.
Let iyt be of p asymptotic dimensions, then there exists an
associated sequence {€,t of linear manifolds of p dimensions.” Let

Mgy Mgy« =+ oy M,
be the normalized orthogonal system in &, then as in the previous
paper,
}Yijg}fnn[——?\_lfnn;ﬁ:(). (1=1,2, .. ..,p)

Since |7, || =1 for any value of n, then

nmuﬂn,,,H:%. (=1,2, ....,p)
H-yoQ [

»
Since || H{*=> || Hy, ||* for any value of n, we have
i=1 ¢
IH[P=L,.
32

That is, the asymptotic dimensions of minimal sequences of ||y —AH ||
can not be greater than A\*|| H | But for any minimal sequence {¥{,
the asymptotic dimensions are =1 ; for, ||V, |/=1 for all values of ».
Let p be the greatest asymptotic dimensions of iall the minimal
sequences of [|Y—AHY ||; then as in the previous paper, there exists a
linear manifold £ of p dimensions, composed of all the characteristic
functions of H with respect to . I will describe this linear manifold

€ as the characteristic manifold of H with respeet to A

14. In the preceding section, we find a characteristic constant of
Il which has the least absolute value. We will denote this characteri-
stic constant by 'V, and the characteristic manifold of H with respect
to A® by 8", and let its dimension be p.

Since two characteristic functions of H with respect to different
characteristic constants are orthogonal, in order to find characteristic
functions of H with respect to A, different from A®, it is sufficient to
consider the set functions which are orthogonal to &%,

Let

Hy=H——;Ps®, ()
then, since H and ™ are Hermitian transformations, H; is likewise
so. Decompose any set function ¢ in 2y(8) into two components

(1) Cf my previous paper (this journal, 3 (1933), 21.)
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p=9¢"+¢",
where ¢’ is contained in 27V, and $” is orthogonal to €. Then
Hip=H($' + ")~ 5 P (8 +4")

1 ! " 1
o HY

P
Hence
Hp=He". (2)

If ¢ is a characteristic function of H with respect to A different to
AT, then ¢ must be orthogonal to 2%, that is, ¢=¢". Hence, by (2)
¢ is also a characteristic function of II; with respect to the same
characteristic constant .

Next, let ¢ be a characteristic function of H; with respect to A,
then, since by (2) H; transforms all set functions in €% into null
function, ¢ must be orthogonal to €. That is, ¢=¢". Then by (2)
¢ is also a characteristic function of H with respect to the same charac-
teristic constant A.

Therefore, to find all the characteristic constants and corresponding
characteristic manifolds of [, different to A and 8%, it is sufficient to
consider all the characteristic constants and corresponding characteristic
manifelds of Hi.

Let
Ny N2y - -+ 5 T
be the complete normalized orthogonal system in €%, and

7]177]2,~~~-"’hm§h‘§‘-’7~---7§n’-~~~

be a complete normalized orthogonal system in £,(8), then since
Hlni:O (7/:17 27 <~--;p1)7

and PoVE, =0 (0=1,2, ...., %, ....),

we have

(H, Po®) =2 (Hon, Pan) + 3 (His, PoE)

=0.
That is, IH; and Pe™ is orthogonal. Hence by (1)

)P H P L PePl= - s

A2 A2 *

If
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then

But, if

155

by the mcthod of preceding section, we find a characteristic constant
A® of H, which has the least value, and a characteristic manifold %®

of p. dimensions.

Now put

Then | AP = |A® | and

7\“,——]11&\

HQT:_I:IT] —_ *1; PQ(Z),
AP

= HI|P-£

and apply the above method to I, instead of H,.

If an integer » exists so that
o

then

is the require!l result.

But if

WHIP- P P
x(l): )\'(2).’
1l s, 1 5o
VP P
B NCERRNEX

ya
K(“)-

for any value of u, then, since the infinite series

})1 P pn
)\u;~+ ’)’+ +x(7)2
converges,
1 (¢H) 2) 1
ole g et

oo

]) ) N

And so on.

D (1)

converges strongly to a Hormitian transformation, say §, in £. Butf as
in the prt,v10us paper,” we can prove that S is H. And we have the

(1) This ]oumal 3 (1933), 37.
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expansion of H with respect to the orthogonal system of projecting
transformations :

, 1 1 5 1 " )
f[:,h_(l_)Pg(l) +WXEP2(_) . +7Tn>])2( T S (3)
and
r2__ P1 P 'n
[| H || _W+W+ R N e
Let
77{")7 ﬂfzm, ) 7];2)

be a normalized orthogonal system of 2, And put
’ (1) — D (1)
Mm=n", =117, <oy M=y
— @ — @ —p®
Nin+1=M "y Dm+2=N2"5 -+ oy Npraps=MNps

and
M=Ae= .. ...... =X =AY,

— — — — 2\
./\m+1—7\p1+2* tee *—7\m+p2—7\ ’

Then, by sec. 12, {Pp,,! is a normalized orthogonal system. Since
PV =Py +Pag+ ... ... + P, 3

1
@ _r T 8
Pg *——Pm,,l,.,ll‘*'P[nm_‘.g]'*“ s+ Py

Ty
p1+p2’

by (3) we have the following exp nsion of H with respect to the noir-
malized orthogonal system of projecting transformations :

1 1 1
H:xPr"ﬂ‘i-')\:szH- cee +7T,,Pm"]+ cee

and

[ S L
AL An

where

P[’ln](f) = (¢7 7}/2)’7)7-

(1) Using this expansion of H, we can find the solutions of Y= Ii¢ and ¢ = +AHep
by the method of undertermined coeflicients, (Cf. ib1d., 40-42.)
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Expansion of Completely Continuous Transformation.

15. Let T be a completely continuous transformation. Then, since
(TT*)y=T**T*=TT*,
(]7-:{4‘/11) [r‘rrvrv TILT

rT* and T*7 are Hermitian transformations. Let o be any charac-

tristic constant of 7'7*, and u be a non-null characteristic function of
TT* with respect to e, 1. e.

w=alT*n. 1)
Then, since
(IT%p, p)=(T*p, T*uw)>0,

and (TT*u, m:é (w, p),
o must be positive. Denote ye by A, Put

v=AT*p, 2)
then by (1)

p=nTy. (3)
Eliminate g from (2) and (3),

y=2""*T. (4)

That is, \* is also a characteristic constant of 7*7, and the characteri-
stic function of 77 with respect to A* is v, connected with p by the
relation (2) or (3). Conversely, all characteristic constants of 7'*7' are
also characteristic constants of 7'7'%,

Let

By M2y - ooy By o (5)
and Vi, Vsy ooy Vny e 5"
be the normalized orthogonal system of all characteristic functions of
TT* and T*T respectively, and their corresponding characteristic
constants be
AL AL L, A, L@
Denote the linear manifolds, which have (5) and (5') for thf‘lr

fundamental systems, by M and 9 respectively.
Since, by (2)

(1) Ci Vivanti-Schwank, Lineare Integralgleichungen, (1929) 188.
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(Th, pn)=(d, T*,@:%(qb, ) =12, ....)

if T¢=0, then ¢ is orthogonal to N.
Conversely, if ¢ is orthogonal to R, then ¢ is orthogonal to all the
characteristic functions of 7*7, hence T*T$=0. But

| T |1*==(T'd, TP)=(T*T¢, ¢),
therefore, Tp=0.
Hence, the necessary and sufficient condition that

Te=0 (6)
%5 that ¢ 4s orthogonal to M.
We have a similar theorem for 7.
16. Let
Viy V2y -y Vis oo oy X1o X2y -+ - o5 Xy » 0 -
be a complete normalized orthogonal system in 248). Then
=2 e 3 Tl
but, by (6) of the preceding section,
Ty =0 (t=1,2, ....).

2

3

Hence

T 72;; Il ‘TWH‘"’:Z;(TVU T”i)-':z_:l(T%Tw, vi),

then by (4) of the preceding section,

1|2 __ < l N b i
[171= 25 0o v =215
Therefore, 21{1’ converges to || T|I%
i

17. Decompose any set function ¢ into two components:
¢ ¢/+¢H
where ¢'= Z(cb, va)va, and ¢’ is orthogonal to M. Then, since by sec.
15 (6) 1’(;()” O we have
=19~ X (b, 1) s v
hence, by sec. 15 (3

T¢ nz;% ¢, Vn) Hne 1)
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Similarly, we have

T =3 L v @
Denote the transformation which transforms ¢ into (¢, v.)w. by @,
i. e.
Qn¢’ = (¢a Vn) Hon. (3)
Then .
(Qn‘i’: ‘1’):(4’; Vn) (I"m '4’):(‘1’; (P, f"‘n) Vn)y
that is,

Qi =¥, pu)va. (4)
Let
Viy Vay, ooy Viy ey Xty X2 oo ooy Xy - -

be a complete normalized orthogonal system in 2(8). Then

(Qm, Qn):é (vaiy QWV‘)+2 (Qm‘xia QHX‘t)

:{_Zl ((Vi, Y’zn)ﬂ'm, (Vh Vn)/"’n) +Z ((Xia Vm) Hons (Xiy l’n)f"’n)’

hence
(Qum, Qu)=1 when m=mn,
=0 when m=En.
And similarly,
(Qx, QH=1 when m=n,
=0 when m=Fn.

Hence {Q.; and {Q:} are normalized orthogonal systems. Since, by sec.
e

1
16, > — converges,
=1\,

1 1 1
Q= Qe A Qut ..
le‘ MQ MQ

1 1 s 1
and TR QL QF ..
lex MQ MQ

are strongly convergent. Hence, by (1) (2) (3) (4), we have the conclu-
sion :

The completely continuous transformations 1" and T* can always be
expanded with respect to the normalized orthogonal systems {Qn} and
{QNS respectively; . e.

o 1 1 1
1 —lel-l-—)\:Qg—{— e Ti~Q,,+ R

n
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s . 1 1
pe=Lore Yopr . yloxg
Q@ =9
and lre=l =Lty L sy
PO Az
where Qn¢ = (¢', Vn),“'n;

Q?fﬁb = (¢7 F‘n)yw-

Integral Forms of Completely Continuous Transformations.

18. Let A be a completely continuous Hermitian transformation.
Then, by sec. 14, H can be expanded with respect to the normalized
orthogonal system of projecting transformations, i. e.

HZ»I—PVI,H'l’szJ"‘~--+iP[nn]+----, 1)
A Az A
and H i2:%+—1—0+‘---+l¢+
AN A
where Py p=(b, 7). (2)

Since (2) may be written in the integral form

P, ap(E) =na(E) f Deczrp (@)D () d B(E')

:po(E,)R(”"(E, a') Dy d(a’)AB(E"),
pil

where K (E’ E,):"]ﬂ(E)nn(E7);
Pry, 1s a linear transformation with kernel 7,(¥)9(E’).

Now, {9.(E)n.(E"){ is a normalized orthogonal system in 2,88).?
For

(nmﬁm, nnﬁn):ffDﬂ(E}”?m(‘l)DB(E’)nm(a,)Dﬁ(E)ﬂn(E}Dﬁ(E’)nrt(a,)dB(E)dIB(E,)
aJ4

_ (1 when m=n,
(o 11 (s 710) = {0 when m=$n.
Since
10+—1;,+....+l,,+----
ATOA; An

(1) Cf. my previous papers, “On the Space of Real Set Functions,” (this journal, 3
(1933), 24-26) and “ Repeated Integrals in Metric Space,” (which recently appeared in
Tohokw Mathematical Journal.)
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converges, therefore
*71: 771<E)1)1(E,)+%7]2<E)EET) + ... +;1;7711(E>77n(]’ji)+ e
1 2

converges strongly to a function of two sets in @(88), say &(¥, E'), and

H a2 1
Iepp=Le e ety
AOAs 5

which is equal to || H ||°
Hence, (1) may be written as follows :

H$(E)= [ D SUE, 0) Docond(a')ABE).

Thus, we have the integral form of the completely continuous Hermitian
transformation H with kernel &(E, E'), and
K(E, EN=R(E", E),
LU=lHI.

19. 1In sec. 17, I have shown that a completely continuous trans-
formation 7" and its adjoint transformation 7'* can be expanded with
respect to the normalized orthogonal systems {Q,} and {Q7}} repectively,
i e.

1 1 1
r-Lo s tor +tour.
R s x,LQ

rr=Lorory o ilory
iy As N

and irp=prep=tete v ly
Al NS An
where
Qudp= (&, Vi)Hons
Qb =", 1. )v.,
that is,

Q)= f p(E) Do .o ) Dgen(a’)dB(E"),

Qip(E)= f v,(E) Docentol @) Do (a') A ().

Since {p(E){ and {v(E)} are normalized orthogonal systems in
2,(B), the sequence of functions of two sets {u.(EWwJ E')} is also a
normalized orthogonal system in 24(88). For
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(#m’jm: /~"n;u) :ff Dﬂ(f‘l)/“m((l)DB(E’)Vm(“/)DﬂJ:')/'LN(a/)DB(E')V'%(@,) /B(E)dﬁ(]'j,)
AY A

1 when  m=mn,

= (s )0 ) = {O when ma=n.

converges, the series

Since i 10
n=1 7\;1
e Qe U i
7\‘ f‘l(»]: )VI(E )+ _}\'#2(13/’}2(1’4 S +‘>‘\'*M77(E)Vn(b >+ cee e
1 2 ’

n

convsrges strongly to a function of two sets in &(583), say K, E’'), and

L e

[ &]7= : :
7\1 A3 Xn

which is equal to || T|*. Now we have the integral form of T awith
kernel K(E, K'), 1. e.

T$(1)= [ Do R(E, ) Dol ) B(E).
A
Similarly
T*‘f’(E) :f[)fs(f:/)ﬁes(E; ar’)Dﬁ’m‘fJ(a,)d.B(E,);

where
K*E, E)=8(E', E).

20. Now, I procecd to the converse problem: Are all the linear
transformations

T4(E) = [ D R, o\ DB

with kernel &(E, E') belonging to 2,(38), completely continuous ?
First, let 7" have a Hermitian kernel, 1. e.
KE,E)=RE", E).
Then, as in the previous paper,” we find a normalized orthogonal
system {5.(F)} of all characteristic functions of (%, E'), and a sequence
{X.} of corresponding characteristic constants; and 7’ transforms a set
function which is orthogonal to all #,(E) into null function. Let
771(E); 77'2(E>7 cete nn(E); BRI XI(E): X-’(E)’ ] Xn,(E), o
be a complete normalized orthogonal system in £,(8); then

(1) This journal, 3 (1933), 38.
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"oz < ly )12 > . > 1
TP Z 1 )+ Z ) Tl B) =5

i?, therefore all transformations with Her-

But, > ;— converges to || R
n=1 An

n

mitian kernel are completely continuous.

Next, consider the general transformation 7' with kernel &(E, E').
Then

S(E,EN=8E,EY+RE' E)
and SAE, E)=i{8(E,EN)-RE', E)}

are Hermitian kernels, and 7' may be expressed as
7=y (i),

where I, and H, are transformations with kernels $(E, £') and 9.(E,E')
respectively. Since H, and - H, are completely continuous, by sec. 4, T
is likewise so.

Combining this result with the theorems of the preceding sections,
we have the following conclusion :®

In order that a linear transformation T, defined for all set funmc-
tions tn L(B), may be expressed in an integral foim, 4. e.

To(E)= f DoeySU(E, a")D s (a’)dB(E")

with kernel K(E, E') belonging to L(BR), it is necessary and sufficient
o0

that T is completely continwous, that s, 2. || 1¥n]° converges to a
p=1

finite value, where {3} s a complete normalized orthogonal system in

2.(8).

(1) From this theorem, we have a similar theorem for a linear point functional
transformation

Tf(u)=f41c(,}, W V(" ABE")

defined for all point functions f{a) in metric space, |f(a)|? being integrable with respect
to B(E). J. Radon considered the ease where f (¢) are continuous functions in Euclidian
space. (Sitzgsber. Akad. Wiss. Wien Ila, 128 (1919), 1100).




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


