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§1. Introduction.

Vector analysis hitherto studied seems to have been limited to those
in the n-dimensional space or a functional space only, as far as I
know. Here, going beyond such limitation, we intend to investigate
the vector analysis in general topological spaces, including as special
case all the vector-analysis hitherto considered. Namely, the space is
composed of topological base space and vector space. As the first step,
in this paper we shall put the definition for the vectors in our space
by means of the transformations of the elements of the base space and
thus attempt to investigate the general vector analysis.

§2. Notations used.

M....... base space,
foGyeunnnn the elements of I,
& L..... a vector space,

&p, Ko ... vector spaces induced by operators P, Q, . ... respectively,
V, W,.... elements of &,

VW, ounn. elements of &p,
ab, ..... numbers, ,
operator: H,P,Q,.... the correspondence between the elements

of two different spaces,

Operator H belongs to a set 9,

transformation: Ty, Ts.... the correspondences between the elements
of the base space and belong to a group @,

transformation: T'p;.... Tp;.... the correspondences between the
elements in the same vector spaces,

P) (R the totality of functions f(¢),

b (R the totality of functions f(¢),

gE)..... the totality of images of g¢(¢f) in M.
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§3. Vector space.

In this section let M be an abstract set and & a linear space.

Generalizing from the definition of the vectors hitherto adopted, we
shall introduce vectors in general space. For this purpose the following
two methods may be considered.

1). Let D be a set of certain operators which forms a linear
manifold. Here we say that a set forms a linear manifold when
Hf forms a subspace £ of & when H runs over $ for fixed
f and for H], Hg ef H1+H2 — H3

where
(aH;+bH,)f = aHyf-+bH,f

If Hif = Hyf when HTi = H,Tf for all T and H’s, then there
exists a transformation 77 in &, for which the domain and range are
& and K7; respectively, satisfying the following relation

HT} = T|Hf

In this case we can easily see that T and T are isomorphic to one
another, the term “isomorphy ” means that if

T2T1 = T3 then T‘éTlfTii = ﬂf .

Especially when T} belongs to a definite transformation group of &, we
call Hf or H a vector at f in M.

2). In this case we put the following assumptions :
(1) M has neighbourhoods at each element containing the
element itself®
(2) In M there exists a function ¢g(¢)® having the properties :
(a) The domain of g(¢) [0, 1] contains 0 and is every-
where dense in the interval (0,1) and its range
belongs to IR,
(b) ¢(t) is a continuous representation of [0, 1].
We call such a range of g(t) a “ pseud curve” and we
shall proceed our theory by means of these curves.
(8) & is linear and has neighbourhoods at 0 containing itself

and having the following properties :®

(1) It can be put instead of the definition of neighbourhoods to define the definition
of limiting points.

(2) For simplicity’s sake, we will treat only the case when f(t) is one parameter.

(8) The assumption (a), (b) of (3) are necessary only to explain the condition of
linearity of 7T'p,f0). (See p. 32)
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(a) For small a, aU,0) <= UL0).

(b) Given U;0), thereis U, 0) such that U,0) = U;(0)
and the sum of any two elements of U;(0) belongs
to U(0). '

(4) & is a topological transformation group.
We introduce the following notations :

P.oo..ov..... an operator whose domain is 2 and range is £ in &,
~ Plg(t) | t;].... the image of a pseud-curve g(t) in a domain [0, #],

BB, 5@ v erenn the totality of ranges P[A(t)|f] of pseud-curves

: having a common element at £ =0,

RP, F@ esoeenn Rp, £(0) with .the transformation in‘(}uced by T,

10) N the pseud-curve in which ltmtl’—}Lf(:)‘—t‘] exists,

. 177 1
Kps@eeeeeen the totality of the ranges P[f(¢)|#] of the pseud-

curves f(t)’s having a common element at ¢t =0,

. P[f(®)
Vit)eoesaones Vrey = hm__M .
¢=0 t

From these assumptions we can conclude that: For any T, when
PITf() | 1] = PLTfA?) | ]©
Jollows from the relation
PLAE) [ 6] = PLfAt) | ]

providing that f1(0) = f0), there always exists the transformation
T;:r. f@o SO that

PITAt) | ] = Tp s0PL®) | 8,

and T'p o 18 1somorphic (generally multiply) to T, the domain and range
bei'ng Rp, £ and @p, TFO) 'respectively. )

Thus we can introduce the transformation T sq in Kproy from
the transformation T' in I isomorphically.

Now let T’I(Jt;(o)be a transformation in &5, for a fixed ¢ and,

in the domain of {f, it coincides with 7' 4o induced from T in the
same domain of ¢{. Further if there exists a transformation Tp so with

(1) Tf(t) express the pseud-curve composing of all element (in M) which cor-
regpond to any element of f(E) by T.
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the domain Rp 9 or its sub-domain including the &%, and the range
&%, rr such that for given Uy (0) we can find ¢; for which

Tp.;0PLA®) | ] — Tp. 10 PLAE) | E] e Uf0) for all tin[0,1]1<<t;
t K ’ 7 ?

then we call it the “vector” at f(0) the quantity of 8p o which
undergoes Tp s0, for a transformation T of the base space M,
Such a transformation T»; always exists, because we can take
.1 itself as Tp; and we may easily find many of such tranformation
Tpf other than this Tp ;. But it is desirable for Tpf to be a uni-
que transformation determined from T and to have a definite character
such as linear contineous or projective and so on.
Especially, when &5, ; is everywhere dense in &5 ;, we will find the
condition for which there exists the linear continuous transformation T’ ;.
The condition is easily obtained as follows:

(1) for any sequence of curves {fit)} the existence of lll_rg Vs
follows the existence of 1@1:2 Vrger »

@) f veo=avye them  vyem = vy

3 if Vro = ’Ufl(t)+vf2(t)
then for any given Uy (0) there exists t; such that

T, 70 (PLA®) | 1+ PLAAD) t]) — Tp. 70 PLA®) | 81— Th, 10y PLAA(t) | 2]
t
for all t<<t; in the domain.

e Ui(0)

In fact, in the case when T, is linear, the vetor space Rp, can
be said to be the “tangential space at 0” in &5 ; therefore the pseud-curve

g'(t) (if exists) corresponding to Plg'(t) | t:] = ¢, hm P[g(t) ) [ 6] (t, varies
in E) may be called the “tangent” to the curve Q(t)

An example of vectors.

In the base space MM when the difference (not necessarily belonging

(1) The definition of vectors above mentioned includes the case of ordidary p-—

. - dat
vectors and also that of the vectors depending not only of the quantities S but

dt
dmgi . . . .
dim (m=1,2,....) even when the base space is ordinary »-dimensional.

of
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to the base space) of any two elements is defined “im kleinen”, an
operator P and a vector transformation Tp; can be simply defined for
a given transformation T as follows

PIf) [ t] = ft)—f(0) = a(t)  (for # in [0,£] <ty),
Tp,f«» = 1,133 Tfp,f(m(tﬂ ’

where
PITf(#) | t] = Tft)—Tf0) = /(t)  (for ¢ in [0,8] <%y,

d () = Th poalt) ;

this definition of veetor includes that of the ordinary case when
(dx') =a, (dx)=do and @9 = T(>)
Remark. A). Relation between the definitions of vector 1) and 2).
If Tp;=Ts; in 2), then 2) is included in 1) when and only
when there exists fi(t) for all given fi(t) and fx(f) providing fi(0) = £x0),
such that

aPLAi(8) | t]+0PLfAE) | 1] = PLf(?) | 8]

for, it is enough to take P[f(t)|f] fixing f(¢) and ¢, as Hyg in 1).

If A=W and Tp; is linear and we take Tp; as the transfor-
mation of vectar space Rp s, then 2)is included in 1) when and only
when there exists fi(f), such that

avy,wm+burw = Vs

for, it is enough to take vy fixing fu, and Rps0 as Hpo and
Hro, in 1) respectively. ‘

B). Both in the cases 1) and 2), the vector transformation group
induced from a given group & may differ from each other according as
the different s in 1) and P and [0, 1] interval of ¢ in 2) differ but
such different groups can be proved to be multiply isomorphic to each
other.

§4. Derivatives.

Let by I and P express the same space and operator as defined
in §8, and 2 be a linear space satifying (a), (b) of (3) in §3. And
V(f) is a function whose domain is a sub-set My of M and whose
range belongs to & respectively.
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As f(t) Consider a pseud-curve f(f) in §3 having the following
properties :
1) f(Ole My, _
(2) if t is a parameter taking the values of ¢ which gives the
commmon elements of f(t) and My, then O becomes a condensation
point of .
If for a given Uf0) (in £ and ¢; which is taken for U(0) in a
definite way, there exists an operator Dy, ;0 independent of U; and

t; such that

V(F®) - V(f )
t

we call the operator Dy, ., ;o “the derivative of V(f)” at f(0) with
respect 10 V). v
We can easily see Dy, is also an element of a linear manifold
having the same character (a), (b) of (8) in §8 as in the case of V(f).®
If Up e is an aggregate of f(t)’s which have the common element
at t =0 and also the same vector wvpy, then for any two elements
fi®), fa(t) of UAp, £,® (4) can be replaced by the following condition :

(

=Dy, 4500 € Ui(o)a) for all t<<t;, (),

i VA0) Zf}{(ﬂw)

4 and (5)
VA®)-V(RO) _,
- :

The derivative depends of course not merely V(f) but on the operator
P, and we see that the derivatives of V(f) with respect to the vectors
induced by P, R have the same domain in 9% when and only when

- exists (in the same mean as above)

lim

Up.rr = AR s>+

(1) In the case f(t)& U’ it seems to me to be possible to define derivatives by

Plg(®) | t]
¢

putting instead of vg) in (4).

1
(2) Such properties will be treated in latter papers precisely.
(3) It is natural that we got the second condition of (5) because each in Up, 4(¢)
is in the relation something like in contact with each other, and in fact this is true
in the case when contact of curves g(t)’s is defined. )
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Some properties of derivatives.

From the definition of derivatives, we know easily the following
properties of derivatives.
For the derivatives Dy, Dy, , of two vector fields V, W, we
have the relation

Dy.w,,= Dy ,+Dy,,.
But it must not be in general that
Dy, v = -DV,vl'U1+DVyvav2 (6)

where
V= V1+0,.

The mnecessary and sufficient condition that (6) may hold is that for
a gwen Ui0) (in R), t; exists such that if

Vo = Vrot Ve

then

V(H®) - V(AHO) - V(H0)+V (£0)
t

€ U;(0)

for all  t<t;.

§5. Parallel displacements of vectors.

In this section, we consider an operator P having the same pro-
perties as @ in §3, and take R¢ as € in §4; for the other quantities
we adopt the same notations as in § 4.

Let CLf(t)|f, ] be a given correspondence between the elements
of the tangential space Ko, iy o, i, induced by an operator @ at any
elements f,, f; of M depending on a pseud-curve f{(t) joining f; to f,. And
for C[f(t) | fe f1]Y we put the following assumption :

(1) Since such a one-parameter grop differs as the pseud-curve (the path), to
consider the parallelism in the space is to consider a set of different one-parameter
groups corresponding to all paths in space.
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CLAY) If 1] = Clo@) | o, IC(R() | 1, 11

where
fef(B) and AE)=gE)+hE), fehE), hHegE).

Two elements corresponding by such C[f(t) | f;, fi] are said to be
parallel to each other along the pseud-curve f(t), or in this case we say
that one element displaces parallelly to the other along the pseud-curve.

In this case C[f(¢)|fz fi] can be expressed as an operational pro-
duct-integral of c[f'(t)|f; fil along the pseud-curve

C= jc‘df(E)

A

where c[f'(t) | fz fi] is an operator expressing the parallelism of vectors
at two elements in a neighbourhood of an element in M and f/(¢) is a
part of f(t) between the two elements fi, f2 on f(t). For this reason we
consider for a while the infinitesimal parallel displacement of vectors by
clo(®) | g2 gal. _

Let be a vector V at g and be parallel to V a vector V at ¢ in
the neighbourhood of g, then

V=cV.

Since all the elements of &¢,, and &, 4 are originally those of &
(but differ only by their own transformations), ¢ is regarded as a trans-
formation in K. '

If ¢ is continuous and f(lémoc =1, then we have for a vector field
)=

V(g) having the derivatives the following relation :

or

V(g) = V(g)+Dy.o . vt+Flgt) | g, g1V + -

9(t)
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Further, if c[g(t)|g, o] is differentiable with respect to v,q, ~ at
9(0) ie.
1im 19 | 8, ¢1—c[g(0) | g, g]

t=0 t

=T, T

then we have

V(g)— V(@) = (Dy,,+T,V, )t +....
= (V,V.0)t+....
In order that the parallelism may be invariant by the transformation
T in the base space, it must be that
ViVov = Ty, V. v
and :
[':; = TQ, g(O)rv+ TIQ,v

where T, , is the derivative of Tq. This shows that <7, is a vectorial
operator in & and Kp.

§$6. The curvature operator in linear parallelism.

Let V' be a constant vector field® in I and v, ), vy the two
vectors in K5, o, and [ g, corresponding to 0:(t), g«t) respectively
and I, T, and Ty s are differentiable with respect to every g(t) of con-
sidering g(f)’s. We consider an operator

va, ’UHV = Vvl(vvz V) - vvs(vvl V)
= r'va’ ,,XV—’F,,,I, v2V+Fva(rle)—Fvl(r112V) .

The operator R, , is expressed it terms of I', only and has a vectorial

property, so that we call this va, o, the “ curvature operator”.
Further, from the equation of transformation of I, and from the

fact that R, ., is a vectorial operator, we have the following relations :

(1) The operators in differentiation of V and ¢ may be different, accordingly, the
vector vy in the both cases may be different, but we shall not treat these cases because
the way of treatment is essentially the same,

(2) The term of constant vector field means that V{(f) = V(g) for all element
in My.



38 K. Morinaga.

mir _

TP.f, v, , = dp,y vy V) }
m m/ *
TQ,f, ,,2'01. Vg = TQ,f_ vl’vz. (Y

This may be regarded as the expression for symmetricity of our gene-
ralized derivalives corresponding to the expressions

Pt ot ot _ %’

e e and = —
oxtonionk ox'dxtoxk ox*ox’ ox7ox*

’

and the last equation seems to express that Ty, ; behaves itself just like
ox't '
oxt

In conclusion, the writer’s best thanks are offered to Mr. Ogasa-
wara, who was kind enough to discuss the paper with me.

n ordinary transformation.

Mathematical Institute of the Hiroshima University.
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