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§ 1. Introduction. 

In wave geometry it has been shown that the equation of motion 
of a particle is given by<0 

[I] in space with matter only 

where 
and 

LII] in space with Born-type electromagnetism<2> . 

1 2 
uir\uj = 2(MF:/ + NF:/)ui + Quj 

1 2 

where Fij and Fij are antisymmetric tensors. 

(1.1) 

(1.2) 

Cosmology in terms of wave geometry has been developed on the 
assumption that the assemblage of nebulae is the universe and each 
nebula moves along the path determined by (1.1) But if, besides 
nebulae, we take radiation as constituent of the universe, the equation 
of motion of a particle might be (1.2) instead of (1.1). Hence, for the 
further development of wave geometry, it is worth while to investigate 
the space in which a free particle moves along the path (1.2). 

§ 2. The fundamental equation for y. <3> 

Wave geometry is based on the vector- and spin parallel displace-

(1) T. lwatsuki, Y. Mimura, and T. Sibata, this Journal, 8 (1938), 187, (W. G. 
No. 27). 

1 2 
(2) In this paper, since we take Fii=Acij] and Fw=Ac~t the factor 2 appears in 

(1.2). The term Qui disappears when ui is suitably normalized. 
(3) The method of finding the fundamental equation here adopted is closely analo

gous to T. Sibata's, this Journal 8 (1938), 199-204, (W. G. No. 29) ; thus the equations 
which are not important are omitted here. The notations used in this paper are the 
same as in Sibata's. 
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ments which make ds,jr = 0 invariant. When the vector parallel displace
ment is taken as Riemannian and the spin parallel displacement as most 
general, the fundamental equation for ,jr becomes 

av --~=(I'.-+~-)·'· ax• • ""-i, ,. , (i= 1, 2, 3, 4) (2.1) 

where I'; and ~i are both 4-4 matrices introduced by the vector- and 
spin parallel displacements respectively. :::8i is arbitrary, and r. is 
defined by 

(2.2) 

Expanding ~. in sedenion, we have 

~ -A•P(J +A +A"6 +A·l +A·l5 (A•pq_ A'"P) .L.Ji- i rprq • i r6 i ri i rzr5, i - - i (2.3) 

assuming that the coefficients of expansion At", Ai, A;;5, Ai and A;:16 are 
real, and r~ = -1. Then we have 

uit:\u3=(4Aiquq+2A.ui+2AiM+2A/5N)ui. (2.4) 

From (2.4) and (1.2) we have 
1 2 

{ 4Aiquq + 2(Aiui + Ai M + A?" N) }ui = 2(MF'/ + NF'/)u• + Quj. (2.5) 

If we restrict ourselves to the case in which the fundamental equation 
(2.1) is completely integrable, (2.5) must hold good identically for all 
values of u• under the restriction uiuigii > 0. Hence we have 

A<ii>=agii, 
1 

Acm=Fi;, 

From (2.3) and (2.6), we have 

Hence (2.1) becomes: 

A<ii~= /3Yii, 
2 

Aci.i~=F.i. 

(2.6) 

(2.7) 

(2.8) 

(2.9) 

(2.10) 

So we have the result: In order that the vector ui=,trtA riv shall 
satisfy the equation of the form (1.2), the fundamental equation for ,fr 
must be 
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1 2 

Vl'ir = { E,;kzD,;irirk + A,+ Ah6 + ari + f3ri r5 + Fi;rj + Fiirjr5}'f , (2.10) 

so far as we are dealing with the case of complete integrability for "1r. 
a 

Naturally, in all the results in this section, if we put F.3=0 (a=l, 2), 
we get Sibata's result. <u 

§ 3. The condition of integrability of the fundamental 
equation. 

To obtain the condition of integrability of (2.10), we operate 

Vh--;;-rh on (2.10) and subtract from it the equation obtained by ox 
interchanging the suffixes h and i ; and using the relation (2.2) i. e. 
v,ri=O, we have 

VchV,1v= [VchAi"J.ikT3Tk + VchAi]+ VchAi~T6+ (Vcha) Ti]+ (Vchfl)ri] r5 
1 2 

+ VchFiJiTi + VchFiJiTih+ {A[iiikl r1Tk+ Aci + Aclr151 + afo+ /3rc.T151 
1 2 

+ F[i)j!Tj+ F[i\iTjr5i} X {Ah]lmT1rm+ Ah]+ A,;3h+arh]+/3rh]r5 
1 2 

+FhJ1r1+FhJ1r1r5}Jv. 

On the other hand, since 

VchVi]'\f= ~ K,;imrzTm'o/' 

(3.1) becomes 
1 T?••lm •'• p •'• 8~ Aki r l Tm 'I' = hi 'I' 

where 

Ph,= {VchAiJik r1rk +VchAiJ+ VchAi~T5+ (Vcha)ru+(Vch/3)TiJT5 
1 2 

+ (VchFi]j)Ti + (VchF,"J.i) Tirs} + {AcillPIA,;f.m T1rm-4aAcihJz71 

- 4f3AcihJl T1T5 -_2aAchhJ T5 +2/3A6:5rhJ + a2rci ThJ+ /32fo rhJ} 
1 2 1 1 2 2 

+ {2aF[illlgh]m + 2f3Frnz1gh]m + Fcm1Fh]m + F[illlFh]m}r[lrm] 
1 2 2 1 

(3.1) 

(3.2) 

(3.3) 

+ { 4Ach\p11Fi]qgpq + 2Fch111A;~}r1+ { 4Achtpz1F,1qgpq + 2Fcm1A,;Ur1r5 
2 1 1 2 

+ 2{aFh.+ [3Fih + Fcw1Fh:\igi1}T5. (3.4) 

From the condition that (2.10) is completely integrable, we have 
-- ~-·~- ------- _ _, --------

(1) T. Sibata, this Journal 8 (1938), 204, (W. G. No. 29) 



198 H. Takeno. 

1 K,"lm p g . hi 7z7m= hi• (3.5) 

Comparing the coefficients of each base of sedenion, we have the follow
ing relations, (3.6)-(3.10) 

1 K"lm r A•lm+4A •luA•vm + 2ai1r+o2aiam+2 F,·[lam] 8 hi = [h i] [i h] g,,,, a [i h] t' [i h] a [i h] 
2 1 1 2 2 

+2/lFc:Po;:jJ+Fc-..'Fi/J'+Fc'/F;.j, (3.6) 
( coefficients of 7cz 7 mJ) 

1 1 2 
al.rh]a+ l"chFj-4aAcii.~ +2f3Aclat]+4Aci:'1 Fi]v+ 2Fci.1 Ai3= 0 , (3.7) 

(coefficients of 7z) 
2 2 1 

atirh]{l+PchFi~-4/1Ac;tJ -2aActaiJ+4Aci:'iF,"Jv-2FctAi3=0, (3.8) 

1 2 1 2 

PckA;1+2[3Fih+2aFh.+2Fci"FkJa=O, 

(coefficients of 7175) · 

(3.9) 
(coefficients of 75) 

(3.10) 
(coefficients of I) 

These five equations give the conditions of complete integra'bility of 
(2.10). From (3.10) we know that the vector A, is a gradient vector. 
Hence, without loss of generality, we can take Ai=O. 

§ 4. The reduction of the condition (3.6). 

In this section we shall study the condition (3.6) more closely. Sub
stituting (2.9), namely Aiik=EiJkiD</i, into (3.6), we have 

Kijlm+SE[illmklDP,1siik+32ecillvul E;-inmvD2sii"sii"gpq -8(a2+ {P)g[ilmlg31l 
1 1 2 2 

-8{g[ilm1Fnz-g[iJ!IFDm}-8{Fcilm!Fj]1+Frnm1Fn1} =O (4.1) 

where (4.2) 

From (4.1) and Ki:i;iJm=O, we have 

~[2D{eilmkP;Sok-€jlmkPiSok}+S{€ilpuEjqmv-Ej1pu€iqmv}D2sii"sii"gW 
i.i,l 1 1 1 1 2 2 2 2 

- 2g.mFi1+ 2g;mFil - 2(FimF;z- ~mFil+ Fim~l - F;mFil)] = 0 
(4.3) 

where. ~ denotes the summation in cyclic order with respect to i, j, l. i,j,l 
Subtracting (4.3) from (4.1), we have 
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Kijlm = 4D Ejimk 17 z<l + 16D2 Ejipu Ezqmv'Pu <p" gpq + 8( a2 + fJ2)g[i Im I g,JZ 

1 1 2 2 

- 4gzmF,3- 4gilFim +4g3zFim - 4(FijFlm + F uFzm)_. (4.4) 

Multiplying (4.4) by gtm and contracting it by l and m, we have 

(4.5) 

Next, from (4.4) and the identity Kiilm=Kimii, we have 

Multiplying (4.6) by if1 and contracting it by j and l, we have (4.5). 

Also, multiplying (4.6) by 1 emipq and contracting it by m and j, we 

have * of fl z<pq - ol fl z'Pp + ofl7i!f!q - ;J/, fl.rpp + 2gilFpq 

where 

If we contract ( 4. 7) by q and i, we have 

where 

. * 

* fl1!f!p=gpza-F1p 

a=lfl.rp•. 
4 

(4.7) 

(4.8) 

(4.9) 

(4.10) 

From (4.9), we have F 1p= -l7[l<fJpJ, from which it follows that fl.Fi8=0. 
* This shows that : Fij is a rotation, that is the divergence of Fii vanishes. 

If we substitute (4.9) into (4.5), (4.6), and (4.7), we see that they are 
all satisfied identically. 

By (4.9), the first term of the right-hand side of (4.4) becomes 

=4DaEijlm+4gzmFi3-4gliFm3-4gz3Fim. 

And thus ( 4.4) becomes : 

1 1 2 2 

-4(FiiFlm + F,;Fzm) • 
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Putting together the above-obtained results, we have : The equation 
(3.6) is reducible to the two equations (4.9) and (4.11). 

§ 5. The actual form of the equation (4.11) when the metric 
is spherically symmetric. 

The most general sphericaUy symmetric line-element with the sig
nature - - - + is given by<1> 

ds2= -A(r, t)dr2-B(r, t) (d02+sin2 Od¢})+ C(r, t)dt2 (5.1) 

where A, B, and C, are any positive functions. The components of the 
curvature tensor made from this line-element are given by<2> 

2B''B-B'2 A'B' AB 
K1212= 4B -~ - 4C 

2.AC-AC 2C"C-C'2 A'C'-A2 

K1414 4C 4C +--~-

K2424 
2BC- BC __ B_' C_' _ _ W_ 

4C 4A 4B 

2.B'C-BC' BB' .AB' K1224=-· -- --+--+~~ 
4C 4B 4A 

Kia1s = sin2 OK1212, K3434 = sin2 OK2424, K 1334 = sin2 OK1224 

K1212, K2424, K1224, K1414 are functions of r and t 

K~=f(r, t) sin2 fJ, other Kmm=O 

(5.2) 

where accents and dots denote differentiations with respect to r and t 
respectively. For later convenience, we set down the values of Christof
fel's symbol got from the line-element (5.1). 

A' A B' A C' B' {1}- {4}- {2}- -{3} {1}- {4}- {l}--
11 - 2A ' 11 - 2C ' 12 - 2B - 13 ' 14 - 2A ' 14 - 2C ' 22 - 2A ' 

(1) H. Takeno, this Journal, 8 (1938), 272, (W. G. No. 33). 
(2) H. Takeno; ibid., 277. 
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. . 
{~}= :C, rn}=cotO, rn}= 2~' {M=-~ sin2 0, {iii}=-sinOcosO, 

{M = 2~ sin20, rn}= fs, {li}= ~~, {ti}= ;~, other rn}=O. 
(5.3) 

In the equation ( 4.11), if we substitute 1, 2, 3, 4, into i, }, l, and m, 
and use (5.2), we have the following equations: 

1 2 

K1212= 16.D2{!fl(r4)2+g44(r3)2}-4(a2+ fl2)g11g22-4{(F12)2+(F12)2} (5 . .4a) 
1 2 

K1s1s= l6D2{g22(sP4)2+ t4(r2)2}-4(a2+ f1)g11g33-4{(F1s)2 +(F13)2} (5.4b) 
1 2 

· K2424 = l6D2{g11(r8)2+ !fl(r1)2} -4(a2+ /1)g22g« -4{ (F21)2+ (F24)2} (5.4c) 
1 2 

K3434 = l6D2{gll(r2)2+ g22( r1)2} -4(a2+ ,e2)g33g44-4{(F 34)2+ (F34)2} (5.4d) 
1 2 

K1414= l6.D2{g22(r8) 2+!fl(r2) 2} -4(a2+ ,82)gug«-4{(F14)2+ (F14)2} (5.4e) 
1 2 

K'l.3'23= 16D2{gll(r4)2+ g44(rl)2}-4(,i+ ,e2)g22g33-4{(F2:1)2+ (F~s)2} (5.4f) 

1 1 2 2 

K1234 = 0 = 4Da - 4(F12F 34 + F12F 34} , 
I I 2 2 

K1324 = 0 = - 4Da -4(FrnF 24 + F1aF24) 
1 1 2 2 

K1423= 0 = 4Da- 4(F14F23+ F14F2:1) 
1 1 2 2 

K1213= - l6D2r 2rp3g44-4(F12Frn+ F12F1s) = 0 
1 1 2 2 

K2434 = - l 6.D2rp2r3g11 - 4(F2~ 34 + F24F 34) = 0 
1 1 2 2 

K1214 = -16.D2rp2r4!fl- 4(F12F14 + F12F14) = 0 
I I 2 2 

K2334 = + 16D2r2rp4g11 - 4(F zaF 34 + F ~ 34) = o 
1 1 2 2 

K1314 = -16.D21f>3rp4g22 - 4(F1aF14 + F1aF14) = 0 
1 I 2 2 

K2324 = -16D2sP3StJ4g11 - 4(F 23F 24 + F2sF 24) = 0 
1 1 2 2 

K 1223 = + 16D2rp1rp3g44-4(F12F23+ F12F2s) =0 
1 1 2 2 

K1434= - l6D2r 1r 3g22-4(F14F34+ F14F34)=0 
I 1 2 2 

K1323= -16D2rp1rp2g44-4(F13F2:1+ F1sF2:1)=0 
1 1 2 2 

K1424 = -16D2rp1rp2!fl- 4(F14F 24 + F14F 24) = 0 
1 1 2 2 

l (5.5) 

} (5.6a) 

} (5.6b) 

} (5.6c) 

} (5.6d) 

} (5.6e) 

K1224= + l6D2r1rp4g3S-4(F12F24+ F12F24) } 
1 1 2 2 

K1334 = + 16D2rp1rp4g22 -4(F1aF34+ F1aF34) =sin2 OK1224 
(5.6f) 
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§ 6. The case when B(r, t)=oonstant. 
a 

In this section we shall first find the tensors Uii, Fii (a= 1, 2), <f)j, 

a, /3, and A/, by solving the equations of conditions of integrability when 
the function B(r, t) in (5.1) is constant. Although such a line-element 
has never been treated in the theory of relativity, we must study it 
carefully, because it appears in the theory of the hydrogen atom in terms 
of wave geometry.<u 

When B=constant, from (5.2) we see that 

K1212 = K131s= K2424 = K34'!4 = K,_'OA = K1334 = 0 . (6.1) 

In this case, from (5.4), i.e.· (5.4a) x g44 -(5.4c) x g11, we have 
1 2 1 2 

l6D2g83{g44(<p4)2-gu(<p1)2}-4g«{CF12)2+(F12)2} +4g11{{F24)2+(F24)2} = 0 
(6.2) 

But since D<pi is real, g11 < 0, g33 < 0, and u« > 0, it must be true 
that 

a a 
<p1=<p4=F12=F24=0. 

Similarly, from (5.4b) and (5.4d), we have 

(a=l, 2) 

(a=l,2) 

(6.3) 

(6.4) 

So, from (5.6a), we have rp2rp3=0. Also, from this relation together with 
(6.1) and (5.4a, b), we have 

a.={3=<p2=<p3=0' so (6.5) 

Substituting (6.3), (6.4), and (6.5), into (5.4), (5.5), and (5.6), we have 
1 2 

Kzm= -4{(F23)2+(Fzil2}, (6 .. 6) 
1 1 2 2 

a=0=FuF23+F1~zi, (6.7) 

the others being satisfied identically. Moreover we can see that (4.9) 
is also satisfied identically, the remaining conditions of integrability being 
left the same as (3.7)-(3.9). 

1 2 

As is easily seen, Fc?FkJs=0. Hence from (3.9) it follows that Al 
is a gradient vector. Therefore we can take A;;6= 0 without loss of 

(1) K. Morinaga, this Journal, 7 (1937), 282, (W. G. No. 22). 
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generality.<1> Further, from {6.5) the equations {3.7) and {3.8) become 

{a=l, 2) {6.8) 
a 

from which we have ~r,.Fiz=O, where ~ denotes the cyclic summation 
h,i,l h,i,l 

with respect to h, i, and l. .Hence, from {6.8), we have 

{a=l, 2) {6.9) 
a 

Further, in order to obtain the concrete forms of gi; and F.;, as in 
the theory of the hydrogen atom,<2> we shall take the coordinate system 
such that A(r, t) = C(r, t). In this case, from {5.3), we have 

A' 
{li}={~}={M= 2A ' {A}={1\}={M=-, · 

2A {6.10) A } 
{:&}=cotO, {i}=-sinOcosO, other {M=O. 

Substituting (6.3), {6.4), and {6.10), into {6.9), and after some cal
culations, we have the following solution : 

a a a a 

F14=cA, FZ!=b sinO, (a=l, 2) } 

· ; and b are i~tegration constants. 
{6.11) 

a 
On the other hand, from (6.9) we know that Fi; (a= l; 2) are both 

rotations, i. e. 
a a a 

aFii.+ aF~k + aF~i =O. 
ax/' ax• ax-1 

{a=l, 2) {6.12) 

Putting together all the results obtained above, we have : When B 
is constant, the spherical symmetry of g..; necessarily implies the spherical 

a. a 
symmetry of Fi;, and then Fi; become both rotations. 

a 

The remaining conditions to be satisfied by g..; and Fi; are merely 
{6.6) and (6.7). Substituting {5.2) and (6.11) into {6.6) and {6.7), we have 

2~ 3 {(.AA-.A2)-(A" A-A'2)} +4{{~)2+(~)~} =O,} 
1 2 (6.13) 

B=4{{b)2+(b)2}, 

11 22 
cb+cb=O. 

(1) T. Sibata, this Journal, 8 (1938), 209, (W. G. No. 29). 
(2) H. Takeno, this Journal, 8 (1938), 284, (W. G. No. 33). 

(6.14) 
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The first equation of (6.13) has already been solved by the present writer.m 
If we assume that the metric ds2= -Adr2-B(d82+sin2 0df)+Adt2 is 
static, i. e. A(r, t) does not contain t, the solution of this equation is 
as follows: 

1 2 
The first case. When (c)2+(c)2~ 0. 

c2 
ds2=----1(-dr+dt2)-B(d02+sin2 0df), 

4p sinh2-a. 
2 

a a a a a 

III F14=cA, Fzi=b sin 0, other Fii=O, (a= 1, 2) 
a a 

where a=cr+c1, and B, c, Ci, p, c, and b are real constants 
satisfying the equations 

1 2 11 22 
p=4{(c)2+(c)2}, cb+cb=O. 

In the special case in which k=O, k being an arbitrary integration con
stant,<2> the line-element becomes 

1 2 
The second case. When c = c = p = 0. _ 

IV l ds2=ecr+c1(-dr2+dt2)-B(d02+sin2 Odf), 
a ·a a 1 2 
F23=b sin 0, other Fii=O (a=l, 2), B=4{(b)2+(b)2}. 

Summarizing the above results, we have : If we assume that B = 
comtant, then necessarily 

a={i=<pi=O, 
a a 

Fii then become rotations and are spherically symmetric, and gii and F,i 
are given by III or IV. 

Observing carefully the calculations in this section, we see that the 
equations 

and 

(6.16) 

(6.17) 

(1), (2) H. Takeno, ibid., 285 ; (in that paper I carelessly omitted the second case 
IV). 
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neither of them supply as their solutions the spherically symmetric line 
element such that B = constant. Hence : Under the assumption that 
the solution gii should be spherically symmetric in the sense used by 
Eiesland,<D the equations (6.16) and (6.17) give as their unique solutions 
the line element of the de Sitter type and that of the Einstein type 
respectively. In previous papers we have solved (6.16) and (6.17), as
suming that B is not constant, but now we see that this assumption 
was not necessary. 

§ 7. The case where B(r, t)~constant. i. When F;j=9. 
a 

In sections 7 and 8 we shall solve g;,; and Fii when B(r, t) in (5.1) 
is not constant. In the following, as in the theory of relativity, we 
shall consider the problem in the coordinate system in which B(r, t)=r2, 
because such selection of coordinate system is always possible without 
disturbing the spherically symmetric character. 

First, we shall consider the case in which 
1 2 

Fii=aFii+/3Fii=0. (7.1) 

[Case a] The case when ,i+/12~0, i.e. a or {3~0. 
In this case we ·assume that {3 ~ 0, since the case in which· a~ 0 

and {3=0 can be treated in the same way. 
2 

Eliminating Fii from (7.1), (5.1), (5.5), and (5.6), we have 
1 1 1 1 1 1 

F1~ 34 = - F13F 'lA = Fuf! 23 (7.2) 
1 1 1 1 1 1 1 1 

CF12F13= -AF24F34 (7.3a), 

(7.3c), 

r2sin2 8FrnF14= -AFJ34 (7.3b) 
1 1 1 1 1 1 1 1 

r2 FuiFu = AF 23F24 CF12F23=r2F14F34 
1 1 1 1 1 1 1 I 

CFrJi'23= -r2sin28F1$24 (7.3e), sin2 8 F rnF24 = F1Ji' 34 

Using these equations we can prove that 
a a a a 

F12=Fia=F24=F34=0, (a=l,2) 
1 

(7.3d) 

(7.3£) 

(7.4) 

Proof. If we assume that F 12 ~ 0, from (7.2) and (7.3b), eliminat-
1 1 

ing F12 and F 23, we have 

(1) H. Takeno, ibid., 272. 
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1 1 1 1 1 
Since A>O, we have F:wF'14=0, so that from (7.3), F13=F211=F24=0. 
Therefore, from (7.1), (5.5), and (5.6), we have 

a=rp2rp3=rp2rp4=rp3rp4=rp1<p3=rp1rp2=0. (7.5) 

From this we can show that <p2=0; for if <p2~0, we must have ,p1=<p3 

=<p4=0; but on the other hand, from (4.9) and (7.1) we have 

(7.6) 

and if we put (i,j)=(3,3) in this equation, we obtain {i}=0, which 
contradicts (5.3); hence we must have f=0. 

Similarly, by putting (i,j)=(3, 2) in (7.6), we can show that r 3 =0. 
Therefore, if we substitute r 2=r3 =0 and (5.4) into (5.2), i.e. 

(7.7) 
a 

we can easily see that F 12 =0 (a=l, 2), which contradicts the assumption 
1 1 2 

F12~0. Hence we must have F12=0; so F12=0. In the same way we 
a a a 

can show that F1a=F24=F34=0 (a=l, 2). Q. E. D. 
From (7.4), we see at once that n=yi=r3=0; again, from (4.9) we 

have r2r2=0 and r4r1=0; therefore we get <p1=0 and f4C'=0, respec
tively. Hence, if <p4 ~ 0, from (5.2) we have K2424 = 0, which, from (5.4), 
is inconsistent with the assumption a or (3 ~ 0. So that we have 

(7.8) 
a 

Next we shall prove that Fu= 0. Proof. Let us assume that 
1 a 

Fu~0. From (7.2) and (7.1), we have F 23 =0 (a=l, 2); and from (5.2) 

and Kw.i=0, which is obtained from (5.6f), we have A=O, i.e. A=A(r). 

So, from (5.4f) and (5.2), we have A= ~ 1-.~• where we have put 
1-u·r 

u=u(r)=4(a2+(32). Substituting this into (5.4a), we have u=constant. 
On the other hand, from (5.4a, b) we have C=A(t)(l-ur2). Substitut
ing these results into (5.4e), w.e have 

1 
which is inconsistent with the assumption Fu~ 0. So that we have 
a 

Fu=0. Q. E. D. 
a 

Next, we shall show that F23 =0 (a=l, 2). Proof. If we substitute 
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(1~ 1, 2), (2, 1, 2), (1, 1, 3), and (1, 1, 4), into (l, i, h) in (3.7) in turns, 
and use (5.3), we can easily obtain 

l7ia=2{JA'l. Similarly, from (3.8), 17,.{3= -2aAt, (7.9) 

from which we have 17ChAi3=0. Therefore, substituting this equation and 
(7 .4) into (3.9), we have 

1 2 
[3F.;-aF.;=0, (7.10) 

a 
from which, and (7.1), we have F.;=O. Q. E. D. 

From the investigations given above we arrive at the result: If 
a 

a2+{32~0, it must be true that 'Pi=F.;=O. The equation (4.11) i,s then 
redueed to (6.16), which supplies de Sitter type space, as· seen in the 
'])receding section. 

[Caes b] When -a2+(32=0, i.e. a=/3=0. 

First we shall prove the following : 
a 

Lemma 1. If 'Pi=O, then F.;=0 (a=l, 2), and the space becomes 
euelidean. 

Proof. From (5.2), (5.4), (5.6), and 'Pi=O, we have 
1 2 1 2 1 2 1 2 

{ (F 12)2 + (F 12)2} sin2 0 = (F m)2 + (F m>2, { (F zJ2+ (F :u)2} sin2 0 = (F 84) 2+ (F 84) 2 • 

(7.11) 
a 1 2 1 2 

Then F 12=0; for, if F12 or F 12 =¾=0, then F13 or F13:¾=0, so that, from 
1 2 2 1 

(5.6a, d), we have FmF23-FmF23=0, and, from this and (5.6e), we have 
a 

F23=0; hence, from (5.4f), we have A=l; hence again, in consequence 
of (5.2), we have K1212=0, which contradicts (5.4a); so it must be true 

a . 

that F12=0. 
a 

From this result we have also Fm=O. 
Next, lowering ·the suffix l in (3.7) and (3.8), taking the summation 

cyclically with respect to (l, i, h), and subtracting the original from the 
resulting equations, we have 

1 2 
17iFh,+2Fil,Ai5=0 and 

2 1 
l7iFh.-2FihAi5=0 (7.12) 

respectively. If we put (l, h, i) = (4, 1, 2) in (7.12), we have 

a a 
From this, (5.4c), (5.2), and (7.11), we have F 24=C'=F84 =0. On the 
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• ·a 

other hand, from (5.6f), A= 0 ; therefore K1414 = 0 and F 14 = 0. Lastly, 
a 

putting (l, h, i) = (3, 1, 2) in (7.12), we have at once F2'J= 0. Q. E. D. 

or 

Lemma 2. There is no solution gii such that A involves t. 
Proof. By the above lemma and (4.9), we have 

(7.13) 

From this and (5.2), we have 

Kii12cp1 = KialJl<p1 = Ki°l4<p1 = - 0-1, Kii12<p2 = Kia2'J<p2 = Ku.24<{)2 = - 1T2, } 

Kia13<p3 = Ki2'J<p3 = K:;t34<p3= - <73, K i°l4<p4 = Ku_24<p4 = Ka434<p4 = - 0"4, (7.14) 
K1224rp2 = K004cp3 = 0 . 

When A(r, t) is non-static, from (5.2), we have Ki:m ~ 0 ; so that 
<p2=cp3=0=a2 =1T3• Hence, if we assume that <p1 ~0, then, since K~12= 
Ki'l4. from (5.4) we have 

. 1 2 1 2 

g22[16D2g33(cp4)2- 4 {(F 12>2 + (F12)2}] = - 4g44{ (F14)2 + (F14)2} ; 
a a 

but as D,-ri is real, g22, g33 <0, and g44 >0, we have <p4=F12=Fu=0, 
which contradicts K1224 ~ 0. Hence it must be true that <p1 = 0. 

1 2 

Further, since Kim~ 0, from (5.6f), we have (Fid+ (F12)2 :\= 0 and 
1 2 

(F24) 2+(F24) 2 ~0, i.e. K2424 ~0; and as seen in lemma 1, from (5,6), we 
a 

have F14=0; so K1414 =0. Therefore, by (7.14), <p4=0; so that <pi=0. 
Hence, using lemma ·1, the present lemma is evident. Q. E. D. 

Using lemmas 1 and 2, we can prove the following 
a . 

Theorem. If a=/j=0, we must have Fii=0, and then the equation 
(4.11) is reduced to (6.17), which, as seen in the preceding section, 
supplies the Einstein type space in our cosmology. 

Proof. By the two lemmas above, we know that it is enough to 
stud~ only the case where <pi~0 and A=A(r). If we assume that 
<p2 ~0, then, from (7.14), we have Ki212=Kia13=K2i 4• Substituting (5.2) 
into this, we can easily find<0 

A=-1 }pr2 , C=).(t)(l+pr2), (p being integration constant). 

(1) In this calculation we have used the relation A*l. When A=l, as K 2323 =0 
=K2w, we have C'==l, so Krn 1=0; and then, from (5.4e), we have ~2=0. 
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So that, from (5.2), Kii'=Kii12=p; and, from (5.4), we have 
1 2 

16.D2gllg"{!fl(So3)2+g33(t)2}-4g11g"{(F14)2+(F14)2} . 
1 2 

= 16.D2gllg2'l{g33( \04)2 + g"( \08)2} -4g11!fl{(F 12)2+ (F12)2} ' 

a a 

from which we have t=F1,=So4=F12 =0; but this contradicts 1'12 ~0. 
Hence we must have \02=0, and similarly Sos=0. 

Next, if we assume that \01 ~ 0, then, as in lemma 2, we have 
a a 

\04=F12=F14=0; so that, from (5.5) and (4.9),_ we have 

a=0, 

which is absurd qn account of V2\02= 2~ 1'11 ~ 0. Hence it follows that 

So1=0 and So,~0. 
a 1 2 

And then F 12 must vanish ; for, if F 12 or F 12 ~ 0, as in lemma 1 
a a a a a 

and 2 we have F14=F23=0=Kii4=K2424 ; so, from (5.4), F14=F24=F34=0 
a 

(a=l,2); hence, putting (l,h,i)=(2,2,3) in (7.12), we have F13=0; so 
a 1 

that, from (7.11),<1> F 12=0; but this contradicts the assumption F 12 or 
2 .a 

F12 ~0. Hence, necessarily, F12=0. In the same way we can easily 
a a a 

obtain F13=F24=F34=0. Hence, from this result, together with (5.4), 
a 

and K2424=~=0, as in lemma 1, we have F.;=0. Q. E. D. 

§ 8. The ease in which B(r, t) ~ constant. ii. When Fii ~ O. 

In the previous sections we saw that the spherical symmetry of g.; 
. a 

implies that of F.;, but in the present case it is not easy to get the 
same result, though I think that it may be possible. Therefore at 
present we. make the assumption: 

a 
Assumption. F.; are spherically symmetric,<2> that is, 

a a a a 
F14 = F14(r, t) , F23=f(r, t) sin(} 

a 
other F,;;=0 

(a=l, 2) } 
(8.1) 

(1) (7.10) holds good when ,p1 ::\= 0 too. 
(2) H. Takeno, this Journal, 8 (1938), 276, (W. G. No. 33). 
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Under this assumption as in section 7 we consider the problem in the 
coordinate system in which B=r. 

Then, from (5.5) and (5.6), we have 
1 1 2 2 

a=O=F1Ji''l8+ FMF'l8, 

<p1<p2 = r.p1<p3 = rp2<p3·= <p2<p4 = <p3<p4 = 0 , 

KIZ!A = 16V<p1<p4{!1. 

On the other hand, from (8.1) and (4.8), we have 

* * * * 

} 
(8.2) 

(8.3) 

F12=F1a=F24=F34=F12=F1a=F24=F34=0. (8.4) 

If we assume that <p2¾:0, from (8.3) we have <p1=<p3=<p4=0, and 
by (4.9) we have ' 

f72<p1 = - 1_ 'P2 = 0 ' 
r 

which is contradictory. Hence it must be true that <p2=0; and moreover 
we can prove that <p3=0 in a similar way. 

Therefore, from (4.9), 

* so we have <p1 =F'l8=0. Hence, from (8.3) and (4.8), we have 
• 1 2 

A=O i.e. A=A(r), and F14=aF14+{3F14=0 (8.5) 

respectively. The remaining conditions of (4.9) become 

a a a c * o<p C' C' _<f'J__=~=_<!IJ__ __ <p =O -F14=-4 --<p4=-<p4 (8.6) 
ail ax8 ax4 2c 4 ' ax1 2c 2c ' 

from which we have 
1 

<p4 = <pir, t) = C z l1(r) = Cl2(t) , so C=l(t)µ(r). (8.7) 

And by a suitable transformation of t we can take C= C(r). In such 
a coordinate system we have 

~=~ l 
A=O 

<p4= C<p4 , (<p4=const.) l 
other <pi=O 

* C' 
Fu= ---<p4 ) 

2 (8.8) 
other Fii = 0 

and all the other equations except (8.7) hold good as thev are. 
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In this case, further, we investigate precisely conditions (3.7), (3.8), 
and (3.9). Lowering the suffix l, and substituting 1, .... , 4 into i, h 
and l, and using (5.3), we have, after some calculations, the systems 
of equations : 

(a) 

/72f1-2/3A25 = 0 I /Jsa- 2{3Ai/ = 0 

2 

P2a-2f3A25+2F23A 35=0 I 2 

r sa - 2/3Ai5 -2F 23A 26 = O 
2 

F14At=O l 2 

FuAii5=0 
1 

Pia-2{3Ai5 -4D<p4F 23 =0 I 
1 2 

-g4if?1a-2{3Ai5)+04Fu-2F14Al=O 

1 

1 -ii 0F2a 8 D 4+zA•sil o --;;:--" 23 -~ - a <p 1 -" 23 = . 
1 

aF 23. + 4D<p4Fi- 2F 23A'l = o 
ox4 

(b) 

f72/l+ 2aA25 = O I (8.9) 
f7s/3+2aAii5=0 

1 

r ,ft+ 2aA;'-2F ,,,p = o } 
1 (8.10) 

f7 sf3 + 2aAii5 + 2F 23A26 = 0 
1 

FuA25=0 
1(8.11) 1 

FuAa5=0 
2 

f71{3+2aAi5-4D<p4F 23 =0} 

- g44(P1/3; 2aAi5) + a)1u (8.12) 

+2F14At=O 

1 

+2Ai5Fu=O 

g~(P 4f3 + iaAt) + ~ F'14 

=0 

2 

0F23 +4Dm4F•l 
ax4 r ' 

1 

+2F23A45 =0 

(8.13) 

(8.14) 

From (8.9), (8.10), and (8.11), we have 

Al=As5=0, a=a(r, t), fl= {l(r, t) ; (8.15) 
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a a 
otherwise we have F 14 =Fzi=O (a=l, 2); thus we arrive at a trivial 
case Fi;=O. 

From (8.5), (8.12), (8.13) and (8.14), we have 

Pia2+{12)=0 } (816) 
f71(a.2+{12) = 8D<p4(aFzi+ ~.F'23)=32(a.2+ [:32)ACr(rp4)2 • • 

But, from (5.4) 

and, substituting this into (5.2), we have 

(¥14)2= - 32~C;:-( ! +-~). 
From (5.2) and (5.4c), it follows that 

C' 
SACr 

(C' <O) 

(8.17) 

(8.18) 

Substituting (8.17) and (8.18) into the second· equation of (8.16), we can 
easily find that 

C(r)=a-k2r2. (a and k are both real constants) (8.19) 

But if we substitute (5.2), (8.14), (8.17), and (8.18), into (5.4f), we have 

l-1-= ;~ - :1~ ( ~ + ~~) . 

Here if we put A= fl1'_) and use (8.19), we have 
C 

f2-af= a; f', 
which is a Riccati's equation whose special solution is given by f=a; 
hence the general solution is easily obtained as follows : 

a A a J= r ; so =-- r2 , 
1- R2 (a-k2r2)(1- w) 

(8.20) 

where K'- is a positive integration constant. So we have 
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When k ➔ 0 and 1 ➔ 0 in the above, the space tends to an euclidean, 

hence it is natural to choose constant a so that the line-element may 
~nd to the ordinary euclidean form: dt= -dr2-r2dff!--r2sin2 Od¢2+dt2-. 
For this, we have a= 1. 

Substituting A and C into (8.17) and (8.18), we get 

<p4= ir;2 a.2+{P=lt_(1- r2). 
4R' 4 R2 

a 

Next, in order to obtain F 14, if we substitute (5.2), (8.19), (8.20), 
and (8.21), into (5.4e), and use (8.5), we have<u 

(8.22) 

And substituting (8.21) into the first equation of (8.14), we obtain 

(8.23) 

i 
here taking the sign of the determinant of hi as negative, i. e. 

D - _. r2sin 0 
- i I r . 

~1-w 
(8.24) 

Substituting the above results into (8.12) and (8.13), we have 

(8.25) 

(1) Since Fw~' 0, a or {:J is not zero. 
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And by direct calculation we can easily show that (8.22), (8.23), and 
(8.25), · satisfy (3.10), i.e. 

1 2 

PchAi3 + 2[3F.h + 2aFhi = 0 . (8.26) 

Now, if we assume that a and [3 are any functions of r and t 
a 

satisfying (8.21), then g.;, Fii, and Ai6, are completely determined by 
(8.19), (8.20), (8.21), (8.22), (8.23), and (8.25), and by direct calculation 
it is easily shown that these tensors satisfy all the remaining equations 
(8.2), (8.9), .... , (8.14). 

So we have the result:, In {he case where B~constant and F.i~O, 
a 

if we assume the spherical S'!Jmmetry of g.; and F ii we have 

V 
a 

other F.i=O (a=l, 2) (8.27) 

94=!~ other 9•=0, a2+{12=~(1-;) 1(8_28) 

Ai5, A;i6 given by (8.25), other Ai6=0 

where k and R are any constants, a and [3 are any functions of r and 
t satisfying (8.28), and 1i=7J~=l. 

§ 9. Summary. 

Summarizing the results obtained above we have : In order that 
the vector u•=-ttAr•v may satisfy the equation of the form (1.2), the 
fundamental equation for ,fr must be (2.10), whose conditions of in
tegrability supply the following five kinds of metric: 

{ 
. ·. dr2 

ds2 = - --··· -r2dfP-r2 sin2 fJdf + (l -k2r2)dt2 
I l-k2r2 

a 

Fi;=O 



II 

III 

IV 

Cosmology in Terms of Wave Geometry (V). 

{ 
ds2= c2 (-dr2+dt2-)-B(dfP+sin2 8df) 

4p sinh2 .!!_ · 
2 

a 
where a=cr+c1 and Fi.i~O 

{ 
ds2=ea(-dr2+dt2)-B(d02~sin2 Od<Jl) 

where a=cr+c1 and Fi.i~O 

In the case V, if ! -> 0, we have 

ds2 ➔ de Sitter type ds2 (Case I) l 
a2 +f32-➔ !1_, cpi ➔ O, Fij ➔ o, 

4 

215 

from which we see that if _l_ ➔ 0, then V becomes I, and also if 
R 

k ➔ 0, we have ,l+ f32 ➔ 0, and accordingly 

d::f ➔ Einstein type ds2 ( Case II) l 
which shows that if k ➔ 0, then V becomes II. From this consideration 
we see that the space whose line-element is given by Vis intermediate . 
between that of the de Sitter and the Einstein type. Further, because 

a 
of Fii ~ 0 in case V, we can say that the universe in which matter and 
radiation coexist might be the one characterized by V. 
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This problem was discussed at a special Seminar of Geometry and 
Theoretical Physics of the Hirosima University. 

In conclusion, I wish to express my thanks to the Hattori-H6ko
K wai for financial support. 

Hirosima Rikugun Yemen Gakk6, Hirosimil. 
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