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§1. Introduction.

In Wave Geometry,” on reasonable grounds a four-component vector
u' (=ytAry) has been taken as a particle momentum-density vector, and
from u? thus defined, the equation of motion of a particle is given by the
following equation :

On the other hand, in the general theory of relativity, the equation of
motion of a particle is defined by the variational equation (geodesic lines):

6§ds=0.

Thus there can be two lines of consideration for the definition of equa-
tion of motion of a particle. Here the problem arises: Is there any way
to unify these two lines of consideration into one ? In the present paper we
shall inquire into the equation of motion of a particle from this point of view.

According to the principle of Wave Geometry, physical laws must be
expressed by operators y; and the state function 4. Therefore, when we
take a variational equation as the equation of motion, it is natural to think
that the geodesic line (the equation of motion of a free particle in a field) must

be given by an expression depending on both 7; and ¥ instead of des=0,
which depends only on g;;.

By obtaining this generalized geodesic line, we shall show that the
physical laws in the macroscopic world hitherto obtained in Wave-Geometry
(Cosmolog, etc.) and the law unifying gravitation and electromagnetism
(of the Born type) are unified in the same principle.

(1) T. Iwatsuki and 'T. Sibata: This Journal, 10 (1940), 247 (W.G. No. 41).
T. Iwatsuki, Y. Mimura and T. Sibata: Ibid., 8 (1988), 187 (W.G. No. 27).
K. Sakuma: Ibid., 11 (1941), 15 (W.G. No. 42), and other papers entitled “ Cosmology
in Terms of Wave Geometry.”
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§2. Outline of the theory.

As is well-known, in the general theory of relativity ds*(=g;da’da’)
was taken as the interval of events, and the motion of a particle in the
space-time determined by g;; was congidered to satisfy

ajds=0 , (1)

N

1. e.,. the track of a particle moving in the space-time determined by g¢;
was thought to be given by the equations of geodesic lines:

de’ da®
d82 +{.7k} ds dS =0. (2)
However, Wave Geometry stands upon the fundamental idea that all physi-
cal phenomena depend not only on g;;, which gives the geometrical—in a
narrow meaning of the word—properties of space-time but also on the state
function { attached to each point of space-time. And on this fundamental
consideration,

ds¥r=datr 3)

is faken as the length in place of ds®. Therefore, in Wave Geometry, the
motion of a particle is also to be determined by an equation depending on
‘both 7; and J. Then what equation is to be taken instead of (I)? This
problem has a full analogy in Fermat’s principle in geometrical optics.

According to Fermat’s principle, the path curve of light is glven in
homogeneous medium by

3jdz=0,
and in heterohomogeneous medium by

6y,uo_ll =0, 4)

J7 béing the index of refraction.
"~ Thus we get a schema:

ajdz=0 , 6S#dl=0

= 55ds=0 : ?

We shall continue our consideration of this point in the following pages.
Wave Geometry differs from general relativity in the point that besides
g ¥ too plays a role in physical laws; and since ¥ is thought to relate
to the existence of metrie, it seems natural to expect that the equation of
motion in Wave Geometry will be given by some equation analogous to
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(4), ¥ in some way playing the role of 4« in (4). Therefore we may take
some function of ¥ in place of #in (4). Moreover, since  is not a vectorial
quantity, but a scalar one, the quantity to be taken in our theory in place
of 1 may be some scalar quantity given by <.

In- Wave Geometry, among sixteen spin-invariant quantities given by
¥, the following are known as scalar® : ' :

{ M=4tA¥, and
N=vtArs¥ .

It may be most natural, then,' for us to take the following as the equation
of motion :

(5)

o ra, Myas=o, ©)

f being an arbitrary function of the arguments.
~ On the other hand, the 4-dimensional spin-invariant vector

w=ytAry,
A being an hermitian matrix which makes 7* also hermitian, is taken as a
vector proportional to velocity (4-dimensional) for the following reasons® :

(i) The equation of motion should be included as part of the theory.
under consideration..

(ii) When we choose such coordinates that
. 3 ! :
== 3 guda"ds’+gu(da’f,  gu>0, (M

and identify 2* with ¢, the fourth component of u* becomes Yty

except for a real factor 1/1___, expressing the meaning of density
Ju

" or existence-probability of matter represented by . ‘
(iii) From the relation g;u'w’'=M?+N?*>0 (where M=+tAy,
N=4tAr:}), if we express by ‘u’ the component of the vector
u* in a Minkowski local-coordinate system at any point of the
space-time whose metric is given by (7), then we have the relation
— (U~ (u?— (u*P+(u')* >0, proving that the above-given re-
lation satisfies the condition that #' can be taken to represent
a momentum-density vector. ‘
(iv) The curve (4-dimensional) generated by ' is regarded as most
’ appropriate in representing geodesics or trajectories of a particle
in both gravitational and non-gravitational fields defined from the
angle of Wave Geometry.

(1) T. Sibata: This Journal 8 (1938), 173 (W.G. No. 26).
() T. Iwatsuki, Y. Mimura and T. Sibata: loc. cit.; also
T. Iwatsuki and T, Sibata: This Journ., 10 (1340), 247 (W. G. No. 41).
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Thus we have

u? = ’\I/‘—FATN’ =D —(fisiz . (DEl/gijdx"dwf = 1‘/M2+ NE) . (8)

On the grounds previously mentioned, we take the following as a
fundament to deduce the motion of a particle: '
(I) The equation of motion of a particle must satisfy

(A) of £a, N ds=0,
(II) a 4-dimensjonal vector w(=vTAr"y) must be a tangential vector

of the curve given by (I), i.e.,
dat
‘ ds
Now the question arises: When does u*=+TA7*{r become a tangential

vector of the curve given by (A)? More exactly, in what form should the
fundamental equation for

Kk SRNGLNESE R | ©)
ox* .

\ (B) - w'=D

be ? and of what form should the function f(M, N) be? in order that u’
shall become a tangential vector field to the path defined by (A).
In the next section an answer to-the question will be given.

dx!

§3. The equation of motion based on 6&fds=0 and ui= .
. S

By\ the ordinary caleulus of variation we have, from (A),

j(a 1) ds+sfa (ds)=0,

or® ,
(2L dsau— | gue (L5 + (a1 92 A2 g, A% A7) |0
So we have '

of _of dw dx® - _ dw® ey dat de'|_g (10
e o ds ds 9se gaef[d2 +{5} s ds] , (10)

which gives the equations determining a path.

Since (10) must be satisfied by %?”Si defined by (B), we have

(1) Cf, e.g., Eddington: Mathematical Theory of Relativity, p. 60.
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. . \
o )-( o)
oL — u"u, — U, — =2 WU, ) =0, . 11)
o’ D 7/ \p"""" D “ ' (

because of

die do* do’ _ 1, (1 N_ 1 ., o u* .., .
—gs;+{m st**(if bqu,,<Du) u’ul@%u ' )2uut7wu,.

Expanding >3; in (9) in sedenion, we have

%2% =i+ AP et At Afrs+ Afri+ APrir) ¥ .

With the solution of these differential equations, M, N, and u’ can be
calculated ; and pgtting them into (11), and considering the complete inte-
grability of the differential equation (9), we obtain, after some tedious
calculations,®

1 2 1 2
(Fz cos 0+ Fy; sin 6) <1 +p 2 laopgf>__ ilaoogf (sin 6Fy, —cos 0F.)=0,

1 2 y 1 2
(Hiacos 0+ Hyusin ) (1 p E%f) + igﬁg_f (sin 0H, —cos 0H,) =0,
2 1
if? 159%’1 (cos OF% —sin OF) — 3_1931- (sin 0F7 +eos o) |
4
1 R
=cos 0F;+sin 6F7, ,
b5 0 b 0 0 5
} i[p Q%;vf: (cos 03 —sin 68)— @—1%!— (sin 68 —cos ,B)] =4(sin 68 —cos ) ,
p
_p<a_lao_pgi+1>spr+fi_a_lggi ’6'7-:0 ,

o0

=0,
2p o0

—-P

1 2 1 1 0 5
where Fy;, Fy, Hyy, Hy, 0, 6, B, B, =, and ¢, are given in Note I
Solving Ay, A% Aw, Ai and A;¥ from the equations above, we get
the following five cases® :

(1) f=F(M,N) (F being an arbitrary function),
2 Ak —ekpqu 25[:01)«1]

5 ,
A=4=0, Akz=(lgkt , Af=agy.

(1) Note L
(2) Note II, IV.
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() f= e
24,77 ="y, —203PP?,
Akl""'gfgkl’_l}'kl ) A}ci5=ggkz“1’g'kz
(A, and A are arbitrary).

(1) f=vM*+N?,
24,7 ="y, — 200 P?,
Ay=agy +I'llkz ’ AL =agu+ szkz
(4, and A% are arbitrary).

vy = FICNLMI)

(1, ¢ being constants),

1 2 5 0
Fu:Fu=—3:=21:p,
0 1 5 5
Au=agu—Fu, Anu=agu ,
24,7 =X, — 20 P73,
A5=0, A, is arbitrary. ,
(V) f=vVM*+NZF[(NA—Mu)] (&, # being constants),

1 2

Hy :AHkl:')\ M,
0 1

Au=agu+Hy,

2
Ay= g!gkl‘*' Hy,
2A} =€y, — 2P P,
A;’=0, A, is arbitrary.

In these calculations, Az A4;°, Au, Ai’, and A;*, the coefficients of ex-
pansion of SJ; in sedenion, were taken to be real.

Moreover, in the cosmology of Wave Geometry, V' M*+ N? has the
meaning of invariant density, so we shall restrict ourselves to the less
general case when f is an arbitrary function of v/ M2+ N?% but not an
arbitrary function of M and N. Thus cases (IV) and (V) may be left out
of consideration, so that we have to treat only the following three cases®:

equation. is reduced to®

(1) Note 1IV.
(2) Note V.
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1.’4’ (_ ezakTXTTJTk>“r ’

or Pibr=ar .

=1
(I f=—rr

ﬁf, and

- 2 .
Piyr= < e’ rire+ A; rs+an+anr5 Fi,-r”—Fijr’r:s)*lr.

(A1) F=v M?*+N?, and
‘ 0 1 . 2 .
vy = ( it APrstarast HijTJ+HijTJ7'5>'q’-

For these three cases we have the equation of motion of a particle as
follows.®

(/I) A7 =0 (**% %)

?, J-- M L i N 2 . i
(II) 2w i/M2+N2F” +V_M?;FF51’

1 2 -
where F; and F; are anti-symmetric tensors with respect to ¢ and j.
M N
III )"V’N— H v 7_H]Z‘L
(D V7w LR T

1 2
where H;; and H;; are symmetric tensors with respect to ¢ and j.

S4. Discussion of the results obtained.

We shall here discuss in detail each case obtained in § 3.

Case (I). This case gives space-time of the Einstein or de-Sitter type,
and the result coincides completely with that of the cosmology of Wave
Geometry.®? Moreover, since the equation of motion of a particle in this
case is identical with ordinary geodesic lines in Relativity, we see that the
equation derived from (A) is an equation of generalized. geodesic lines, in-
cluding the ordinary geodesic line Bjds=0 as a special case.

Case (II). The equation of motion in this case coincides with the equa-.
tion of motion of a particle in the field unifying gravitation and electro-

magnetism of the Born type.
To find the equation of motion of a particle in the field unlfymg

(1) Note V. _
(2) T. Sibata: This Journal, 8 (1938), 199 (W.G. No. 29).
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-gravitation and electromagnetism has been attempted by several writers,
e.g., Weyl, Kalza-Klein, Einstein-Mayer; but in Weyl’s theory electro-
- magnetism was not completely fused into the field, and in other theories
a five-dimensional space-time (Kalza-Klein), a five-dimensional vector (Ein-
~ stein-Mayer), etc., were used. In our theory, space-time is four-dimensional ;
and to each point of this space-time, the state 4 is attached, which seems
‘natural from the point of view of quantum mechanics. Thus we obtained

the equation of motion of a particle in a field unifying gravitation and
- electromagnetism (of the Born type) under the same principle of motion
of a particle in the field of gravitation.

Case (III). In this case the equation of motion of a particle may be
regarded as that in a dissipative medium by comparing this equation with
that of classical physics. So that we may say that the equation of motion
n a dissipative medium is also unified under the same principle.

In conclusion of what has been said above we have the result: The
equation of motion of a particle in space of gravitation and electromagnetism

_ or a dissipative medium is unified under the same principle: b‘§ fds=0.

But in the present stage of our research, the physical meaning of Jin (A)
is still unclarified, and no satisfactory explanation has been obtained, es-
pecially, for the fact that f takes different forms corresponding to the three
cases above-obtained. These problem must be left for future research.

Note 1. -

In order to express (II) in more convenient form for treatment, we
shall introduce the following four vectors ¥ defined by®

1 2

i W p‘:ﬂ’é ia':_?'?i, if:,w_ D=v M%*FN?) N.1
=D’ D’ D D ( A+ ), (N.1)

where w/s=vTArrs{, and s’ and ¢ are real and imaginary parts of the
vector pP=vCrY, ie.,
BN p=s+it7,

C being the matrix which makes Cr? (=1, ....,4) symmetric. Then since
\.‘(ij satisfy the relations®
ab
Aat=4% (a,b=1,....,4)

(11) is expressed in the form:

(1) T. Sibata: This Journal, 8 (1938),
@) T. Sibata: loc. cit., 185.
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\ ; :

@af_ 1
s’ VvV M*+N?

(@) 1
X0 u,=0"  (e=2,8,4) - (N.2)

N
“which is the condition that u’ shall generate the path for which BS fds=0.©

" In general f may be a function of £ and J, but, as a first step, we -
shall assume that f involves as a function of ¥, M=V1A{ and N=¥tArs}
only, so that f is a function of M, N, and x. Under this assumption (N. 2)
is expressed as '

@ (@ 1
1u< of 8M , of ON [ 3f ) o i ANt =0 (2=2,3,4)

oM ox* oN ax Lo Vv M2+
' (N. 3)

where [—;ﬁ;} means partial differentiation with respect to #* regarding M
x ,
and N as constants. -
On the other hand, ¥ is the solution of the fundamental equation of the
form _ . '
Pib=(A7 i+ At Afrst Afr+ AP (N. 4)

\

hence® ity = 403 Uq + 20505+ 2(a;M +- P N)
+ 2005 "Ujpg + biPthis+ bi1sy + biPusis)
VM = 2163 Upg + @M -+ ;> N+ iy + 103 us)
71N =2(2b;""U pgs + @ N — i M — ibifus+ ail’u,) ,

(N.5)

where ;%% b;™ ete., are real and imaginary parts of A;% ete., i. e,

AP =g b, AS=aiS+ibis, Ag=a,+iby } (N.6)

Af=ailtibyt,  AP=ai+ibB.

(1) This result is also obtained by considering the geodesic line regarding Gi=f7gi;
as the fundamental tensor. For, the condition that «! shall give the path for which

6§ fds=0 is equivalent to that under which %! is tangential to the geodesic line determined

by Gim, i.e., - - \

wf B {4}, w¥|=@ui )

Wwhere oxk oxt oxp

{7 }Gz 2 fz gi [a(fzgzp) L ) _ o)

. 1 v aft . ofr ., ofr ..
] — L LA ¥ S .
={i} gim”™ 217 L oa Pyl gmg”"’] :
Therefore (3%¢) is rewritten as

? aaj; ui— —Jlr :i; $P(uiug)=Qud ,

u"’V @W +

from which, multiplying by 1,-, we have (4).
(2) T. Sibata: This Journal, 9 (1939), 184.
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Therefore, substituting (N.5) into (N. 3), we have

@ .
lk—a“alc]);—f (?:b}g’,qugq + akM + a}fN + a}!uz + ?:b;,lsuls)

@ 3logf ;.. ) . . 19 alogf
+ A5 L8 (455, P s+ AN — ;S M — ihituss+ aiu +—l"[—
oN (th" U pgs + A 122 i ugs+ aiuy) 9 "

1 () : [ (N. 7)
PO s
- Wmau"m + ArU; + aij + akj N
+ (%P U jpq + b3 s+ b+ biPuz5)] («=2,3,4)
" But since®
o2 @34
Uk; = 2( - le).j‘i‘?/M)sklj)
i .34 0o
Ukejs = — Eekjm@m =2(tNA;+ MAs) (N.8)

Uikt = VEj1mU™'s

/

from equation (N.7), corresponding to «=2,3,4, we have the following
three equations:

2%k 12 1 2

).(P,;”qlplq-l-Pk-l-Pklll + Pj;2Y)

1 21 2. 1
=220 27+ 29 Qu + b+ QrAt =0,

3 12 1 2

(PP g+ Pyt Pygdl+ Pit)

1 31 3 41 4 s (N.9)

— H(0t5A A%+ 2 Quy — 26370, 19— 1P QYL,) =0,

4 12 . 1 2
(AP 24+ Pt Py 2t + Prgdb)

1 41 4, 13 3
— /1"(2a,qu/111" + l"ij - 2b;cpq%plq + po;c/p) =0 N

Where P;?, P, ete., are defined by

Ppo= 2-%%%& — iNb;* — Mbr*) + 2.2 108 ;‘;gf-( — Nb7* +iMb™)

‘ _Oologf .5 0 log f 5 1[ 2logf
Pk —-—‘—*—aM (akM+akN)+—~———aN (akN akM)+2I: ok ,

Py =V M4 N (218 Z‘;}gf au+ P_;gf @),

Piy =i/ I+ N° (2B yyp— 21Ty, ),

(1) loc. cit., 186.
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Qu = 1

vV M*+N®

u =7 M2+N2

/A— 1 -
“ = IR N

— (e M +a’N),
— (b N—bi"M) ,

(buM+b4°N) .

283

Here we take the case in which the fundamental equation for P is
completely integrable, i.e., 4 may be considered as taking any assigned

initial value.

In this case, since M, N, and 3,— take any assigned initial

ab '
values within the limits of A;4*=0" (a,b=1,....,4), (N.9) must hold good

a b,
identically for all values of bt satisfying the relations 1;4*=6%. Hence it

must be true that
PP =i o+ 20371
20 =Py, + 20 0?
Py =agy+ Fy+Hy,
Pu=dgu+Fu,
Qu=P9u—Fru+Hy,
Qu=F9u+Gu,
Q=R gut+Fi
2b;. 7 =
with the relations:
ré=—b",
Therefore, it follows that
2b;,7? =€;7" v, + 2099,
b= lggkl +f I:ik , b= ngz -H?' W

d 1/M2+N2 W),

0
Q= ad ‘f T hkl

5
b
a’=agu—futhu

20/;‘10«1 =g ’;pqrxr — 25ll:cp pPa

b

(Fk; is antisymmetric)
Hy; is symmetric

(F;; is antisymmetric)

(G} is antisymmetric)

e e+ 200

0 5 .
(fw and f; are antisymmetric)

0 5 .
(fr1, frz are antisymmetric)

0 b R
(P, Ry are symmetric)

| (N. 10)

\ (N. 11)
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z 3 alogf 2log f
1/M+N< oM 2 Qe+ N a/k) =afu

L {M(fkl+hkl)+N(fkl+hkl)}

TVirsNe
g [ O /
zVM2+N2 (iogibkzs—ﬁ%%ibm)=a (%

oM

————— {Msz + Nfu}

Yo M2 (N, 12)

ologf /  nrpe - 2 log f coa® 1 R

2—5J (—4Nb;,P?!— MbP*)+2-84 (— »a pq

oM ( 1N Oy & ) N (— Nb;P™ +1Mb;*?)
=P, — Ziﬁpbﬂs ,

P.= —a-ggg;f— (akM +ai’N)+ %%i (axN—a;°M)

9 logf is independent of M and N. J

Now from (N.12) we shall solve logf as a function of M, N, and z.
Putting

M=pcost, N=Psing, (N.13)
. of _ af of of _ of af
0 0=, 0= + e
sinee o % sy N SmO s O

by taking antisymmetric and symmetric parts of the equations of (N.12),
we have

. ] 5 0 5 -
(fu cos,0+fk;sin0)<1+ ala"ff} ag’ﬁgf (fursin O—Fo cos 6)=0, (N.14)

[ 5 . [ 5
~(hklcosﬁ+hklsin0)<l~p 9 laopgf)’l“ alaoﬂgf<hklsin0—-hklcosﬂ)=0, (N. 15)

il:pilgpg—f( fsléz cosd— 0;2;* sin #) — ilé—’ﬁg—f(;,éf sin 0—!—},&* cos )
0 5
=frco80+fusinf, (N.16)
i[p‘a—lgfif ({52 cos -.—{3 sin 6) — %&—(E sin 0+ (g cos §)
—i(Bsin0—fcosf) (N.17)

o o .

pologf . ;olgf g5 A (N. 19)
op of
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and szpalogf alogf‘ l[alogf
op od

] is independent of p and 4.

Note II

Solving the above-given equatlons (N 14)—(N 19) we have the followmg
results: Equation (N.14) glves, unless fkl—-fkl,

log f=—log p+ F[log p(— A sin 8+ ¢ cos 6) ; x]

0 .
with St :;'kl =1:p for all %,1;
otherwise | log f=—log p+X(x),

where F and X are arbitrary functions of their arguments.

Equations (N. 15) provides, unless i[;,d = isakl =0, -
log f=1log ¢+ F[log p(A sin 8 — p cos 6); x] ,
with haatha=2:0 for all k,l;
-otherwise log f=logp. ;
.Equation (N. 16) provides, unless },ﬁl =;,2,';- 0,
log f=+log p+ X (z)
With fu=if

(the double signs + correspond to each other). The proof of this result
will be given later.® o

0 5
(N. 14) 'gives, unless f=p=0,
5 0
log f= —log p+ F[log p(B sin 6+ 8 cos ) ; x]

(N.18) and (N.19) are treated similarly. :
By combining the equations above, all the possible cases are obtamed
as follows :
(1) f=eX@F(M,N) (X and F being arbitrary functions of <their
arguments) ;

203,77 = &y, — 205 P4 (2 P,= a}g ) ,
ow
bi?=0, b’=0, ar=a;’=0 (b, is arbitrary),

0 5
— - —Fe 5 —
Ou=agn, O =agu, bu=0.’=0.

(1) Note IIIL
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(1Y f=eX@F(/ M*+ N? (F being an arbitrary function of v/ M2+ N9 .
SDL — DA, Dq] Z.Q.X
2a;,77 = ;P y, — 205 P? (ZP,C_* P ) ,

b7 =0, bi’=a;=0 (a;’ and b, are arbitrary),
0 .55 ‘ .
Gu=adu, Gi=adu, bu=bi*=0.

(1) Specially, when F does not contain v/ M?+ N?, a; becomes arbitray
and ’

2b;,P1=¢€;P""z, .

(II) f=e}/ M*+N?; '
2b;7 = — i, Pb5 267 %,
20,7 =€y, — 20 P? (PkE — Q-+ 1 a—X> )
b= /g'gkz +ngi~2" , b= lggkl + ’5.12 % s
G =agu —fq Kl 0= agu -.;;cl
(an, ;% b, and by’ are arbitrary).

(IID f=eX2V M*+N%;
2b;7? =1, P77,

20;7 =€y, — 25 P7 (Pk———"—ak"l"l' EX‘;) ,
5 2 ox

0
bkl= 127 ’ bk25= _%fl:l ’

0 0 .55 5
au=agu+hu, ai’=agp+hy .

aw) f= 7—%——WF[(—NX x Mi)];

0 b 65 0
Suifu=—B:B=2:# (A and ¢ are constants),

bi?=0,

1] 5 »
br=89u , bi*= Bori »

0 0 55 5

9kz=agkz —fir s i’ =agu—fu,

20,77 =€;,7" Y — 203 PP (P,:= —at L __BX) ,
2 ok

a’=by’=0 (ar and b, are arbitrary).

(V) f=eX®VM*+N?*F[(NA—Mp)] ;
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I(;,kl:likﬁl 7 (2 and ¢ are constants),

bkm— bs=0,

bkt'—‘ﬁgkz y b;.cf:lggkl ,

Q= agkl+hlcl ’ a}cf:.g!gkl‘l";bkz )

i mrry 2P (Prmaye L 2X),
2 ox’

a;’=0 . (a; and b, are arbitrary).
Beside these cases there exists also a function f which satisfies (N. 18) and
(N.»19) only. But it has no important meaning, so we neglect it here.
Note III

The equations

b 0
i[p%()%i(f €os 0— ¥ sin 6) — C lggf (fr: sin 0+fi cos 0)]

¢ &5
=flcos0+fusind,

are -expressed as follows: '

’L[:P 9 Ingl 9 logf,u :l Fri s (N. 21)

op

with z[pf—l;%i = 1B g [, (N. 22)
o 5 .0 5 . 0.
where Au=fucos0—fising,  pg=fusinf+ficosd

From (N.2) and (N. 22), we have

alggf (PrAa— Padl) = Pk — side, -~ (k1 not suramed) (N. 23)

hence if padn— uAiy 0, log f must be of the form:

' log f=6(0)+ R(p, x) , (N. 24)
where 6(f) is a function of 6 alone and B does not contain 4. Therefore,
substituting (N. 24) into (N.21) and (N.22), and eliminating ilgﬁg—ﬁ we

have

,Lp,aﬁ( Xt — Aati) = ()l — (32

0 5 5
or "F—*(flﬁksz sz) cos? ( kz—fﬁz)‘f'sinz 0(fi—fu®

0 b ] 5
=25sin 0 cos O fufiu—fizt i) »
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from .which it must follow that '
(cbefﬁcien’c_ of cos?f) ~ ’*2 f +f,ﬁl*2— (N. 25)
(coefficient of sinfcos6) Sl fi— 14 fir =0. (N. 26)

From the last equation, We have

sz—wklfkl , | (k, ! not summed)
s {(N. 27)
sz = wy, sz (k, 1 not summed)

Substituting (N. 27) into (N. 25), we see-that
e (fa-fi=o,
frqth which, since JS‘,QZ is real and JEIQZK is purely imaginary, it follows that
wy;= 11, unless }kl =ng21=0-
So that we have Jg;f,l= ii},ﬁ?‘ .
Then logf is solved as follows :
, log f=*xlog p+X(x).

Note 1IV.

We here consider the special case of Note II when f involves M and
N as a function of v/ M2+ N? (invariant density). So we exclude cases
(IV) and (V) from consideration. Further, if we consider the conditions
of complete integrability for 4 of the fundamental equation (N.4), the
relations above become simpler. For from the conditions of complete inte-
-grability of (N.14) it must be true that

VuAn=0,
i.e, A; must be a gradient vector: A;= aA hence by the transforma-
2’

tion' ¥»=e4y’ we have the fundamental equation for ¥’ for which A4;=0
and the vector w'/v'w'u; is unaltered. So from the beginning we assume
that 4;=0 in (N.4). Under this assumption we consider the case in which
f is a function of ¥ M2+ N? only and does not contain #. Then we have

(1) When y;c‘l/ikl—’pkll;c‘l=0, from (3) it must follow that

2 =0.

Pl Mgy,

5
From these equations it follows that f;d ;cl—O
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the result: When fis a function of v/ M?+N? in order that w'=ytArp,
made from 4, the solution of the fundamental equation for \lr (being com-
pletely 1nbegrab1e)

P =(Af*ract Aot Afri+ AFrr ,‘ (N. 28)
shall generate the path for which 85fds 0, f must be one of the following
four kinds: :

(1Y f=arbitrary function of v/ M?+ NZ,
(I)” f=constant,
1
II =,
D I= e
(II1) f=v M?*+NZ,

‘with the corresponding fundamental equation (N. 28) determined by the
following relation respectively : (A4;**=a;P?+b;, A;’=a;’+ib;5, A=
O t+ibi, Ai’=ag+1bid)

( I )/ b;cpq=09 bkl=b;ci5=0 ’

_ 0 v b
Qrr=agk » Qg =aggr »

: 20«}3"’ =€" "%y, bi’=0,
(1) 2b;P"=e;P"r,; the others being the same as in (I),
(II) 26379 = —ie;?b,5+ 209",
20, = €™y »-
0 0,* .5 5 . 0/
b =B9u—1% » b’ =B +1f11 »
0 0 : 5 5
Cu=agu—fiu, i’ =agu—fu, »
0 .
(fu and f7; are antisymmetric tensors),
(II)  2b;=1e;™ b,
20,7 =€"" Yy s
0/* .5 ~0/
bu=rfu , b.i’= —ifu
0 0 55 5
akz?agkz+hkz , i’ =agu+hy,
0 5
(hy; and h,d are symmetric tensors),

a;° being arbitrary in all cases.
Specially, when A, k AP, Ay, A; are all real the relations above become
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simpler. And the corresponding fundamental equations for - become as
follows : )

(I)/,‘ (I)// . 1.'4’ <——€ *”"ZrTﬂ’k‘l‘ Az T5+!l7’z+a7’17‘5)‘1" ’ ) (N- 29)
(Im rip= (—e ”"xmrk+A r5+an+anrs fu —ﬁ,r’n)\lf ,
9 . (N. 30)

fi; and ﬁ, bemg antisymmetric,
11D o= ( Ay Tt Aj rs+ar,+ar,rs+h,,7”+hwr r5>~lr, (N.31)

0 . . . . .
h:; and h,-,- being symmetric. (€7*"y, is real in all cases; accordingly y, is
a purely imaginary vector because g <<0).

Note V.

Equation (N.29) is already obtained in cosmology.? There it is seen-
that (N. 29) is reduced to either

1 .;
o= —z“eijerrTka“l"

or , v =arl,

and the vector ¥ =i}/ wlu; satisfies the equation of geodesic line:
Bp=0.

“On the contrary, equations (N. 30) and (N. 31) give the following relations :

1.1 1 0 5 —
zlmk= — 214 fi’°M+f,"‘N)/1/ M?*+N?, (N. 32)
and 1
A’Vllk—z/ll(hl"M—khl"N)/l/ M?+N? —2/1"(Mh,m+Nh,,,.) 1/ _ (N.33)
For, using the relations (N. 5) and (N. 8), we have, in general,
U\ 1 , U;
V’<1/M2+N2> IPENT T e MM NEN)

1
=4a;72,+2(a;;m+ ai’n)
T 2 nan | B4 B4 oA
+21 [2’bbljhlh + bislj + 2blh( - ’n/l,-/lh + %mhlh + Zbi"s(?,nljlh + m/l,/l,,)]
1 3 4 1 - 2
—245;[ =267 22, + (apm+ aip*n)A* +ibii*m — bym)a*]

M _ N
where m= T g and n= VIRINE

(1) T. Sibata: This Journal, 8 (1938), 206

Hence
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l Vﬂ. —4a,,qll/1"+2@’(a;,m+a;, n) — 4bl‘,hlllh
+ 27;1 {bzﬁlz + ('nb,h - mbu,s)l llh}
— 2(mby,+ nby’) (aiz"x,-—whz,-)
1 13 4 11
+ 22,;{2b,o A1 APA7 — (may, + nay?) A"} ; )

so that for equation (N.30) and (N.31) we have (N.32) and (N. 33)
respectively.

By puttmg A"-—ids—, (N 32) and (N. 33) are expressed in the form :

AP dx da™ ik ﬂ N. 32)
d82 +{l’m} dS dS ’ ( . )
- 5 - _
where Fu= —2(3”,kM+f,kN)/1/ T2,
& | ey dat da™ _ ppnddt | da® de® da™ o

Py = =H, H,,, , (N.33
and g Tl g =H G g By s (N-38)
where Hkl = 2(}glkM+h5zlkN)/'l/M2+ N? o

This problem was discussed at a special seminar of Geometry and
Theoretical Physics in the Hirosima University. Research has been carried
on under the Scientific-Research Expendlture of the Department of Edu-
cation,

. ./ o
Physics Institute and Mathematics Institute,
Hirosima University.
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