
I Wave Geometry No. 51 

Generalized Geodesic· Lines and Equation 
of Motion in Wave Geometry. 

By 

Kiyosi SAKUMA and Takasi SIBATA. 

(Received July 10, 1941.) 

§ 1. Introduction. 

In Wave Geometry,<n on reasonable grounds. a four-component vector 
ui ( = ,irt Ari,jr) has been taken as a particle momentum-density vector, and 
from ui · thus defined, the equation of motion of a particle is given by the 
following equation : 

dx1 dw dx3 dx4 

ui - u2 - us - u4 . 

On the other hand, in the general theory of relativity, the equation of 
motion of a particle is defined by the variational equation (geodesic lines) : 

aJds=O. 

Thus there can be two lines of consideration for the definition of equa­
tion of motion of a particle. Here the problem arises : Is there any way 
to unify these two lines of consideration into one ? In the present paper we 
shall inquire into the equation of motion of a particle from this point of view. 

· According to the principle of Wave Geometry, physical laws must be 
expressed by operators ri and the _state function y. · Therefore, when we 
take a variational equation as the equation of motion, it is natural to think 
that the geodesic line (the equation of motion of a free particle in a field) must 

be given by an expression depending on both ri and v inst~ad of aJds=O, 
which depends only on gii• 

By obtaining this generalized geodesic line, we shall show that the 
physical laws in the macroscopic world hitherto obtained in Wave-Geometry 
( Cosmolog, etc.) and the law unifying gravitation and electromagnetism 
(of the Born type) are unified in the same princj,ple. 

(1) T. Iwatsuki and T. Sibata: This Journal, 10 (1940), 247 (W. G. No. 41). 
T. Iwatsuki, Y. Mimura and T. Sibata: Ibid., 8 (1938), 187 (W. G. No. 27). 
K. Sakuma: Ibid., 11 (1941), 15 (W. G. No. 42), and other papers entitled" Cosmology 

in Terms of Wave Geometry." 
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§ 2. Outline of the theory. 

As is w~ll-known, in the general theory of relativity ds2( =g.3-d,x•dxi) 
was taken as the interval of events, and the motion of a particle in the 
space-time determined by g.3 was considered to satisfy 

(1) 

i. e., the track of a particle moving in the space-time determined by Yii 

was thought to be given by the equations of geodesic lines : 

d2x• + { ik} dxj d,xk = 0 
drf 3 dsds. 

(2) 

However, Wave Geometry stands upon the fundamental idea that all physi­
cal phenomena depend not only, on g.3, which gives the geometrical-in a 
narrow meaning of the word-properties of space-time but also on the state 
function ,jr attached to each point of space-time. And on this fundamental 
consideration, 

(3) 

is taken as the length in place of M. Therefore, in Wave Geometry, the 
motion of a particle is also to be determined by an equation depending on 
both ri and ,jr. Then what equation is to be taken instead of (I)? This 
problem has a full analogy in Fermat's principle in geometrical optics. 

According to Fermat's principle, the path curve of light is given in 
homogeneous medium by 

af dl=O, 

and in heterohomogeneous medium by 

µ being the index of refraction. 
Thus we get a schem~ : 

af dl=O 

= aJds=O 

(4) 

? 

We shall continue our consideration of this point in the following pages. 
Wave Geometry differs from general relativity in the point that besides 

Yii, ,jr too plays a role in physical laws ; and since ,jr is thought to relate 
to the existence of metric, it seems natural to expect that the equation of 
mo~ion in Wave Geometry will be given by some equation analogous to 
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( 4), v in some way playing the role of µ in ( 4). Therefore we may take 
some function of v in place of µ in (4). Moreover, sinceµ is not a vectorial 
quantity, but a scalar one, the quantity to be taken in our theory in place 
of µ may be some .scalar quantity given by y. 

In Wave Geometry, among sixteen spin-invariant quantities given by 
y, the folh:iwing are known as scalar<1): 

{ M=ytAy, and 

N = yt Ah-Ir . 
(5) 

It may be most natural, then, for us to take the following as the equation 
of motion: 

aJJ<M, N)d,s=O, (6) . 

f being an arbitrary function of the arguments. 
On the other hand, the 4-dimensional spin-invariant vector 

ui = yt Ariy , 

A being an hermitian matrix which makes ri also hermitian, is taken as a 
vector proportional to velocity (4-dimensional) for the following reasons<2): 

( i ) The equation of motion should be included as part of the theory 
under consideration .. 

(ii) When we choose such c'oordinates that 

~44> 0' (7) 

and identif~ x 4 with t, the fourth component of ui becomes ,ii-tit 

except for a real factor _ / 1 , expressing the meaning of density 
V Y44. 

· or existence-probability of matter represented by v. 
(iii) From the relation Yiiuiui_M2+N2>0 (where M=,jrtA,i,, 

N=ytAr5y), if we express by 'iii the component of the vector 
ui in a Minkowski local-coordinate system at any point of the 
space-time whose metric is given by (7), then we have the relation 
-('u1)2-('u2) 2-('u3)2+('u4) 2 > 0, proving that the above-given re­
lation satisfies the condition that ui can be taken to represent 
a· momentum-density vector. · 

(iv) The curve ( 4-:dimensional) generated by ui is regarded as most 
appropriate in representing geodesics or trajectories of a particle 
in both gravitational and non-gravitational fields defined from the 
angle of Wave Geometry. 

(1) T. Sibata: This Journal 8 (1938), 173 (W. G. No. 26). 
(2) T. Iwatsuki, Y. Mimura and T. Sibata: loc. cit.; also 

T. Iwatsuki and T, Sibata: This Journ., 10 (1940), 247 (W. G. No. 41). 
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Thus we have 

ui~ytAriy=D dxi 
ds 

(8) 

On the grounds previously mentioned, we take the following as a 
fundament to deduce the motion of a particle : 

( I ) The equation of motion of a particle must satisfy 

(A) af f(M, N)ds=O, 

(II) a 4-dimensional vector ui( = yt Ari"¥') must be a tangential vector 
of the curve given by (I), i. e., 

(B) · dxi u•=D---
ds 

Now the question arises: When does ui=ytAriv become a tangential 
vector of the curve given by (A) ? More exactly, in what form should the 
fundamental equation_ for v 

(9) 

be? and of what form should the function f(M, N) be? in order that ui 
shall become a tangential vector field to the path defined by (A). 

In the next section an answer to ·the question will be given. 

§ 3. The equation of motion based on af fds=O and ui=D!!,x~. 
. ds 

By the ordinary calculus of variation we have, from (A), 

j (af)ds+ JfJ(ds)=O, 

f_of dsJx"-f[g f(--<1:ar___+{e,jlxµ jlx" -g e dxe__ <1,l_)Jdsox"=O J ox" J ae ds2 /lV ( ds ds 11 ds ds • 

So we have 

of - of dx" dxe Yae-Yaei[d2xe +{;,} d~ dx"]-o, (10) 
ox" ox" ds ds · ds2 ds ds 

which gives the equations determining a path. 

Since (10) must be satisfied by ~:i defined by (B), we have 

(1) Cf., e.g., Eddington: Mathematical Theory of Relativity, p. 60. 



Generalized Geodesic Lines a.pd Equation of Motion in Wave Geometry. · 277 . 
\ 

.]i__ (av - _!_ UvU )-(_!_ Uµ/7 U - Ua UvUµ/7 U ) f= 0 (11) 
OXv a D a D µ a D µ v , 

because of 

d2x 6 +{e} dxµ dxv - 1 v17 ( 1 €)- 1 v17 e ue V w17 . -ds2 . /lV ds ds Du V Du 1iul u vU (uluz}2 u u wUv. 

Expanding ~i in (9) in sedenion, we have 

!}=<ri+ A1krjrk+ Ai+ A;;%+ Airj+ A/5rjr5)v. 

With the solution of these differential equations, M, N, and u• can be 
calculated; and putting them into (11), and considering the complete inte­
grability of the ,,differential equation (9), we obtain, after some tedious 
calculations,<1' 

1 2 • ( o log/) o log/ . 1 2 
(Fki cos0+ Fkl sm 0) 1 +p-- - -----(sm 0Fki--cos0Fkl)=O, 

ap 30 · , 

1 2 • ( a logf) 3 log/ . 1 2 
(Hki cos0+Hkzsm IJ) 1- p-·- - +-~~(sm 8Hki-cos8Hk1)=0, 

ap 30 _ 

·[ 3 logf ( 0F2 '* . OF1 '*) a logj ( . 0F2 '* + 0F1'*)] i p - - cos kl -sm kl --~~ sm kl cos kl 
op ao . 

1 2 

= cos (} F~z + sin (} F~z , 

i[p 3 logf (cos0i-sin0i)-1JQg/ (sin0i-c~sf,)]=i(sin8~-cos8(3), 
ap 30 

-p( 0~:f +l)rpr+i 3~:f rr=O, 

-p1JQil' +i O Iogf ,n =O 
op r 30 rr ' 

1 2 1 1 0 5 

where Fkl, Fkl, Hkl, Hkl, P, (}, /1, /1, 'r, and <f'r are given in Note I. 
Solving Ak, Aic5, Akz, A;.,i5, and Aic'i from the equations above, we get 

the following five cases<2> : 

( I ) f=F(M, N) (F being an arbitrary function), 

2A;r =Eicpqrxr-2t1,!Pq], 

(1) Note I. 
(2) Note II, IV. 
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(II) f=-v~+N2' 

(Ak and A% are arbitrary). 

(III) f=-VM2+N2, 

5 2 
A%i=agki+Hkl 

(Ak and A% are arbitrary). 

(IV) f= F[(-Nl+Mµ)] ()., µ being constants), 
-VM2+N2 

1 2 5 0 

Fkl: Fki.= -p: P=J.: µ' 

Ak is arbitrary. 

( V) f=-VM 2+N2 F[(Nl-Mµ)] ().,µbeing con~tants), 
1 2 

Hkl : Hkl =). : µ ' 

5 2 
A%i = agkl + H1cz , 

2A,r=e;rrx.,-2o~~], 

Ak is arbitrary. 

In these calculations, Ak, A;.,5, Akl, Ad, and A;r, the coefficients of ex­
pansion of ~i in sedenion, were taken to be real. 

Moreover, in the cosmology of Wave Geometry, -V M 2+ N 2 has the 
meaning of invariant density, so we shall restrict ourselves to the less 
general case when f is an arbitrary function of -V M2+ N 2, but not an 
arbitrary function of M and N. Thus cases (IV), and (V) may be left out 
of consideration, so that we have to treat only the following three cases<1): 

( I ) f is an arbitrary function of -.IM2+N2, and the fundamental 
equation- is reduced to<2) 

(1) Note IV. 
(2) Note V. 



. 
Generalized Geodesic Lines and Equation of Motion in Wave Geometry. 279 . \ 

f\y=( ! EikrXrfirk)V, 

For these three cases we have the equation of motion of a particle as 
follows. <i) 

1 2 

where F;,3 and F;,j are anti-symmetric tensors with respect to i and j. 

(III) ).ipi).i=-;,Fi,f~HiJ.•+;;i/l+Ji2-Fl/).i, 

1 2 
where H., and H., are symmetric tensors with respect to i and j. 

§ 4. Discussion of the results obtained. 

We shall here discuss in detail each case obtained in § 3. 
Case (I). This case gives space-time of the Einstein or de-Sitter type, 

and the result coincides completely with that of the cosmology of Wave 
Geometry.<2) Moreover, since the equation of motion of a particle in this 
case is identical with ordinary geodesic lines in Relativity, we see that the 
equation derived from (A) is an equation of generalized geodesic lines, in-

cluding the ordinary geodesic line i3 J ds = 0 as a special case. 

Case (II). The equation of motion in this case coincides with the equa­
tion of motion of a particle in the field unif:yfog gravitation and electro­
magnetism of the Born type. 

To find the equation of motion of a particle in the field unifying 

(1) Note V. 
(2) T. Sibata: This Journal, 8 (1938), 199 (W. G. No. 29). 
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--gravitation and electromagnetism has been attempted by several writers, 
e.g., Weyl, Kalza-Klein, Einstein-Mayer; but in Weyl's _ theory electro­
magnetism was not completely fused into the field, and in other theories 
a five-dimensional space-time (Kalza-Klein), a five-dimensional vector (Ein­
stein-Mayer), etc., were used. In our theory, space-time is four-dimensional; 
and to each point of this space-time, the state 'ljr is attached, which seems 
. natural from the point of view of quantum mechanics. Thus we obtained 
the equation of motion of a particle in a field unifying gravitation and 
electromagnetism (of the Born type) under the same principle of motion 
of a particle in the field of gravitation. 

Case (III). In this case the equation of motion of a particle may be 
· regarded as that in a dissipative medium by comparing this equation with 
that of classical physics. So that we may say that the equation of motion 
in a dissipative medium is also unified under the same principle. 

In conclusion of what has been said above we have the result : The 
equation of motion of a particle in space of gravitation and electromagnetism 

or a dissipative medium is unified under the same principle: af fds=O. 

But in the present stage of our research, the physical meaning off in (A) 
is still unclarified, and no satisfactory explanation has been obtained, es­
pecially, for the fact that f takes different forms corresponding to the three 
cases above-obtained. These problem must be left for future research. 

Note I. 

In order to express (II) in more convenient form for treatment, we 
a 

shall introduce the following four vectors ).i defined by<D 

1_ ui 
).3 =-- - ' 

D 

2 -
).i= ut 
- D ' 

3 • i 
).i= is 

D' 
(N.1) 

where u?5=,jrtArir5,jr, and s3 and t3 are real and imaginary parts of the 

vector l=~Criv, i.e., 

C being the matrix which makes Cri (j = 1, ... ,, 4) symmetric. Then since 
a 

,: ).3 satisfy the relations<2> 

. (11) is expressed in the form : 

(1) T. Sibata: This Journal, 8 (1938), 
(2) T. Sibata: Joe. cit., 185. 

(a, b=l, .... , 4) 
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(~) "'f 1 (a) 1 
}.V~u____ · .. )."}.''17 U =0' 

ox" ✓M2+N2 µ " 
(a=2, 3, 4) · (N. 2) 

' 
_ which is the condition that u1 shall generate the path for which B)fds=O.m · 

· In general f may be a function of x and 'ljr, but, as a first step, we 
shall assume that f involves as a function of y, M='ljrtAy and N='ljrtAr5V 
only, so that f is a function of M, N, and x. Under this assumption (N. 2) 
is expressed as 

(~1( of oM + of oN +[ af ]):._ ✓ f -- <falµl7µu.--O (a=2, 3, 4) 
oM ox" . oN ox" ox" M2+N2 

(N. 3) 

where [1-LJ means partial differentiation with respect to x" regarding M 
ax" 

and N as constants. 
On the other hand, 'ljr is the solution of the fundamental equation of the 

form 

hence<2> 

r, .,. (A•Jk + A + A'5 + A·J + A·i5 )·'· vi 'I' = i TiTk i i T5 i Ti i TiT5 'I' 
I 

17kui=4a;.;quq+2akuJ+2(akiM +a"/N) } 
+2 '(b•pq +b·5 +b•l +b•l5 . ) '1, k Ujpq k Uj5 k Ujl k Uj/5 , 

171cM = 2(~b:,::Upq + a1cM + a~: N + ~~> + ib~::Uz5) , 
v"N=2(ib1c Upq5+a1cN-a"M-ibku15+a1c ui), 

(N. 4) 

(N. 5) 

where a;:,pq, b;.P<1 etc., are real and imaginary parts of A;.pq etc., i.e., 

(1) This result is also obtained by considering the geodesic line regarding G.;,=/'gid 
as the fundamental tensor. For, the condition that u1 shall give the path for which 

iJ ff ds=O is equivalent to that under which ul is tangential to the geodesic line determined 

by Gtm, i.e., 

[ Bui{.} J ui -. - lk . uk =Qui 
fix• i Gzm 

(0) 

where 

· 1 r Bf' · Bf' · Bf' . J 
={l1c}glm + 21' L axle bf+ axi b'Jo- fixP gJPgik • 

Therefore (0) is rewritten as 

. . 2 Bf k . 1 Bf . ( . ) Q . u•F"UJ+- -u uJ-- --g1P u•., 0 = w 
• Jfixk ffixP """·' 

a 
from which, multiplying by )..3, we have (4). 

(2) T. Sibata: This Journal, 9 (1939), 184. 
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Therefore, substituting (N. 5). into (N. 3), we have 

11 a~:/ (ib;rupq+akM+a;,5N+a;/ui+ib;,/5U15) 

+~l ologf(ib•pqu +a N-a· 5M-ib. 1u +a·u;u)+l<fk[ alogf] aN k pq5 k k k 15 k i 2 a'J/' 
(N. 7) 

(a=2, 3, 4) 

But since<D 
[1 2] [3 4] 

Ukj=2(-iN).k).j+iMh).j) [3 4] [1 2] .} 

Ukj6= --€kjpqUpq=2(iN).k).j+M).k).j)' 
2 . 

Ujkl = iEjklmU~5 

(N. 8) 

from equation (N. 7), corresponding to a=2, 3, 4, we have the following 
three equati9ns: 

2k 12 1 2 
).(P,?q).p).q+ Pk+ pkl).l + P£i). 1) 

1 2 1 2 1 
- ). k(2akiq).i ).q + ).iQki+ ibi5 + Q~1). z = 0 , 

3 1 2 1 2 

).~(PipqApAq+ Pk+ Pkii+ P£1).1) 
1 31 3 41 4 (N. 9) 

-:-- ).k(2ak3qli).q + ).3Qki-2bipq).p).q - ). PQip) = 0 , 
4 1 2 , 1 2 
).k(AiPq).plq+ Pk+ Pkii+ P£z;_l) 
1 41 4 13 3 

-).k(2akJqli).q+ ).3Qk3-2bipq,1plq+ ).PQip) = 0, 

where Pipq, Pk, etc., are defined by 

pk _ a log/ (a M+a•5N)+ a logf (a N-a•5M)+l..[ a logf] 
aM k k aN k k 2 axk ' 

pk1 =✓Jli2+N2( a log/ a + a log/ a· .5) 
aN kl aN kl ' 

P£z =i✓M2+N2 ( a logf b .. 5_ a log/ b ) 
aM kl aN kl ' 

(1) Joe. cit., 186. 
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Qkl = -.IM;+;2 (akzM+aklm, 

Q1cz = ✓M:+N2 (bkzN-b",iM), 

Ql, = -.I M;+N2 (bkzM+bkz5N). 

Here we take the case in which the fundamental equation for y is 
completely integrable, i. e., y may be considered as taking any assigned 

a 
initial value. In this case, since M, N, and .ili · take any · assigned initial 

a b 

values within the limits of .ili.il•='11'6 (a, b=l, •••• , 4), (N. 9) must hold good 
a ab 

identically for all values of .i(• satisfying the relations .il,.ili=;ri,6. Hence it 
must be true that 

P;r =e,?'qrrr+2'1lrQ], 

2ail'q=ekpqrxr+2~wq], 

Pk1=ag~z+Fk1+Hk1 

Qkz=flgkz-Fki+Hkz, 

Q1cz=fl'gkz+~z, 

Qiz = fl' gkz + F£i 

2b;.P<I=e,?'qrrr+2ai:'uqJ, 

with the relations: 

Therefore, it follows that 

2b;.pq=e,;pqrrr+2t1if'rqJ, 

( Fkl is antisymmetric) 
Hkz is symmetric 

(F£1 is antisymmetric) 

(G1c1 is antisymmetric) 

0 0 5 5 0 5 
bk1=flgki+f£i, b·fci5=(Jgki+J£t, (fkz andf£z are antisymmetric) 

0 6 

(fkz, fkz are antisymmetric) 
5 6 

akl= agkz-fkl+ hkl 
0 5 

(hkz, hkz are symmetric) 

2a;fq = e,;11qrXr -2d'f pqJ 

(N. 10) 
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✓M2+N2 ( o logf q + o logf a 5)=ag 
. oM kl oN kl kl 

. ·1 0 0 5 5 

+,✓M2+N2 {M(fk1+hkl)+N(fk1+hd}, 

a"✓M2+N· 2 ( 0 logf b 5_ 0 logf b )- 1 " -- - kl ---- kl -agkl 
oM oN 

1 0 5 

+ ✓Mz+N2 {Mf£1+Nf£1} 

2 ° logf (-iNb•P<J-Mb•pq*)+2 ° logf (-Nb•pq*+ ·Mb•Pq) 
M k k N le 'l, k o . . o 

=Ei/qrcpr-2iU-,J'bqJ',, 

' pk- o logf (akM+a;.,5N)+ a 1ogL(akN-a;.6M) 
oM . oN 

+1-[ ologf] 
2 oxk 

is independent of M and N. 

(N. 12) 

Now from (N.12) we shall solve logf as a function of M, N, and x. 
Putting 

M=pcosO, N=Psin cp, (N. 13) 

since 
of of 1 . of --=cos(} --smO--, 
oM op p oO 

of . af 1 af -=smO-+-cosO- - , 
oN op p ofJ 

by taking antisymmetric and symmetric parts of the equations of (N.12), 
we have 

, o· 5 • ( o log f ) o log f o • 5 -Uk1 cos_O+ fk1 sm O) 1 + op ___ - -- 00-Uki sm 0-fki cos 0)-0, (N.14) 

i o s • ( o log f ) o log f ( o • 5 (hk1cosO+h1cismO) 1-p--- + -- -- h1cismO-h1c1cosO)=O, (N.15) 
op oO 

{P O 1::f <f£1 cos O-f1ci sin 0)- 0 1;;1 <i£i sin o+ f£i cos O) 
0 5 

=f£1cosO+f£1sinO, (N.16) 

i[p O logf (i cos O---=-J sin O) 
op 

0 logf (isinO+~cosO) 
oO 

0 5 
=i(/3sin0-/3cosO) (N.17) 

-(p-~_logf +l)m +i o log/, =O 
op rr of} r ' 

(N.18) 

-pa logf, +i o logf m = -ib•s 
op r oO rr r ' 

(N.19) 



Generali;ed Geodesic Lines and F.,quation of Motiori in Wave Geometry. . 285 

and A=P O logf ak- 0 logf ai.,6+1{ 0 lo~JJ is independent of p and 0. 
op oO .. 2 ox 

Note II. 

Solving the above-given equations (N.14)-(N.19) we have the following 
0 5 

results: Equation (N. 14) gives, unless fkz=fkl, 

logf = -log p+ F[log p(-J. sin ti+µ cos ti); x] 
0 5 

with 

otherwise 

fkz :fkz=A: /1 for all k, l; 

logf= -log p+X(x), 

where F and X are arbitrary functions of their arguments. 
0 5 

Equations (N. 15) provides, unless hkz = hkz = 0, 

logf=log p+F[log p(J. sin 0-µ cos ti); x], 
0 5 

with 

·otherwise 

hkz: hkz=A: µ for all k,l; 

logf=log p. 

0 5 ' 

,Equation (N.16) provides, unless Jf.z=ff.z=0, 

log/= ±log p+X(x) 
0 5 

with ff.z= ±if£( 

(the double signs ± correspond to each other). The proof of this result 
will be given later.<1> 

0 6 
(N.14) •gives, unless (3={3=0, 

5 0 
log/= -log p+ F[Iog p(/3 sin ti+ f3 cos O); x] 

(N. 18) and (N. 19) are treated similarfy. 
By combining the equations above, all the possible cases are obtained 

as follows : , 
( I ) f=ex<x)F(M, N) (X and F being arbitrary functions of ,their 

arguments) ; 

b;.m=o, bi.,5=0, ak=ai.,5=0 (bik is arbitrary), 
0 5 

akz=ag,.z, a;}=agkl, bkz=bii=0. 

(1) Note III. 
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( I )' J=ex< .. )F(✓M2+N2 (Fbeing an arbitrary function of ✓ M 2+N2); 

(a;.5 and bk are arbitrary), 

bki=b;i=O. 

( I )" Specially, when F does not contain ✓ M 2+ N 2 ,· ak becomes arbitray 
and 

0 0 5 0 

bkl = {Jgkl + f{i ' b",i=f1gkz+if1cz, 
0 0 

akz=.a.ghz-fkl' 
5 5 

a•,i = a.gkl - fkz 

(ak, a;}, bk and b;,5 are arbitrary). 

0 0 

1).,.z = fl! , b;} = -iRz , 
0 0 ' 6 6 

akz=agkz+hkz, a;;,,,5=a.gkz+hkz. 

0 6 6 0 

fkl :fkz= -{1: {J=).: µ 

b;/q=O, 
0 

bkz=fJgkz, 
5 

b. ·5 r:, kl =t-'gkl, 

(). and µ are constants), 

(ak and bk are arbitrary). 
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0 6 
hkz: hkz=A: µ (A and µ are constants), 

b;r=o' bi/=O' 
0 5 

bkl = fJYkl ' ' b',i = fJYkl ' 

(ak and bk are arbitrary). 

Beside these cases there exists also a function f which satisfies (N. 18) and 
(N.19) only. But it has no important meaning, so we neglect it here. 

Note III. 
The equations 

·[ o Iogf ( ;,* 0 },* . O) o log/ ( },* . o+ J,* o)] 
i p op Jkl cos -Jkl Sm - . oO - Jkl sm Jkl cos 

0 6 

= f £1 cos O + f lz sin {J , 
are · expressed as follows : 

{p-01;:1 Atz- 01;:1 Ptz]=Pkl, (N. 21) 

with i[p o logf;. _ o logfµ ]=µ* op kl 00 kl kl , (N. 22) 

6 0 6 0 
where Aki - flz cos 0-f~z sin {J , Pk1 f ~l sin O + f £z cos {J 

From (N. 2) and (N. 22), we have 

.aJogf( *' 1*). , *>* 
-i-~- fl-klAkl- µklflkl = µklAkl - PklAkl, 

oO 
(k, l not summed) (N. 23) 

hence if PZzAkz- fl-kzAZz =¾= 0, logf must be of the form: 

1ogf=8(0)+R(p, x), (N. 24) 

where 8(0) is a function of {J alone and R does not contain 0. Therefore, 

subst1tuting (N. 24) into (N. 21) and (N. 22), and eliminating O log/, we ao 
have 

or 
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' from . which it must follow that 

( coefficient of cos2 O) 

( coefficient of sin O cos O) 

From the last equatio~, we have 

0 5 . 

0 0 5 5 
f, t2 +t*2 1,t2+-rt*2-0 

kl - J kl - kl J kl - , 

0 5 0 . 5 

f£diz - f£i !£7 = o . 

.rt .rt* 
J kl= WklJ kl , 

0 5 
.rt* .rt 
Jkl =wklJkl • 

(k, l not summed) l 
(k, l not summed) 

Substituting (N. 27) into (N. 25), we see that 

5 6 

(1 +wi1)(J£f-/£i2)=0, 
5 5 

(N. 25) 

(N. 26) 

(N. 27) 

from which, since /£1 is real and Ri is purely imaginary, it follows that 
6 0 

wkz= ±i, unless fkz=f£1=0. 
0 5 

So that we have .rt •-rt* 
Jkl= ±iJkl • 

Then log f is solved as follows : 

log/= ±log p+X(x). 

Note IV. 

We here consider the special case of Note II when f involves M and 
N as a function of 1/ M2+N2 (invariant density). So we exclude cases 
(IV) and (V) from consideration. Further, if we consider the conditions 
of complete integrability for v of the fundamental equation (N. 4), the 
relations above become simpler. For from the conditions of complete inte­
grability of (N. 14) it must be true that 

f'ciAiJ:::;:0, 

i.e., A1 must be a gradient vector: A1= 0~ ; hence by the transforma-
clx3 

tiOil' v=eAyt we have the fundamental equation for 'o/t for which A1=0 

and the vector u1J✓ u1u1 is unaltered. So from the beginning we assume 
that A1=0 in (N. 4). Under this assumption we consider the case in which 
f is a function of 1IM2+ N 2 only and does not contain x. Then we have 

(1) When µZ/•kz-'P.kz;,zz=O, from (3) it must follow that 

µkl).kl-µzl;,kl=O. 

0 5 
From these equations it follows that f~1=f~1=0. 
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the result:_ When f is a function of ✓ M 2+ N2, in order that uz = ytArz:l[r,' 
made from y, the solution of the fundamental equation for v (being com• 
pletely integrable) 

I? .,. - (A-Jk + A·5.... +·A-J + A-J6 )·'· .,,.T- • r,k ..t6 .r; • r;r6 T, (N. _28) 

shall ge~erate the path for which af fds=O, f must be o~e of the following 

four kinds: 

(I)' f=arbftrary funetioa of ✓M2..:J--N2, 

( I )" f = constant, 

1 
(II) f= vM2+N2, 

(III) J=v M 2+N2 , 

·with the corresponding fundamental equation (N. 28) determined by. the· 
following relation respectively : (Ai.2'" = a;r + ib;. P<i, A;.5 = a;.6+ ib;. 6, Akz = 
akz+ibkz. A;.i6=akz+ib;.,i6)-

( I )' b;.P<l=O, bkz=bi.i6=0, 
0 

akz=agkz, ••6 6 akl =agkl, 

bi,P=O, 

( I )" 2bi.P'l=e;.P<lr,r; the others being the same as in (I)', 

( II ) 2b;.P<l = -iei. pqrb~5 + 2<>'>!' ~(!J, 

2ai,P<l=e;.P<lrlr ,· 
' 

0 0 

bkz = f3Ykz - fft , 
0 0 

akl = agkl -fkz ' 
0 

(fkz and·f~z are· antisymmetric tensors), 

(III) 2b;. pq = ie;rrb~6 , 

0 
b. •6 :I!' kl = -'l'Jkl, 

0 0 · .. 56 6 
akt = agkz + hkz , akz = aYkt + hkz , 

0 6 
(h",.z and hkz are symmetric tensors), 

a;.6 being arbitrary. in all cases. 
Specially, when A1k, At, Ai.i, Ai are aU real, the relations above become 
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sirnpler. And· the corresponding fundamental equations for v pecome as· 
follows: 

. 
(I)',. (J}'' •. 17 •'• ( 1 •ikr +A•5 + 0 + 6 · )•'• V iT = 2€i Xrr;rk i rs ar. ar.r5 T , (N. 29) 

( 1 . "kr •5 0 6 0 • 5 j ) 
(II) V/t= 2 el Xrrih+Ai r5+ari+arir5-f.{f'-f.;r rs ,jr, 

},; and Ii; being antisymmetric, (N. 30) 

, , ( 1 "k 5 0 5 0 . 5 . )' 
(III) Vft= 2 e? rxrr;h+Ai rs+ari+arir5+h.;r1+hi;r'r5 'o/, (N. 31) 

0 5 
h.; and h,; being symmetric. (e?krXr is real in all cases; accordingly Xr is 
a purely imaginary vector because g < 0 ). 

Note V. 

Equation (N. 29) is already obtained in cosmology.<D There it is seen 
that (N. 29) is reduced to either 

17 .1. 1 ·ikr .1. 
"iT =-fEi XrrjrkT 

or r.v=ar.v, 
1 / 

and the vector ).i=ui/✓uzuz satisfies the equation of geodesic line: 
1 1 
).lpl).k=O. 

·on the contrary, equations (N. 30) and (N. 31) give the following relations: 

(N. 32) 
and 

1 1 

•lzr lk=2lz(h:kM+h"kN)/✓M2+N2 -2lk(Mh +Nh ) ;.z;.m (N. 33) l l l lm lm ✓M2+N2 

,For, using the relations (N. 5) and (N. 8), we have, in general, 

r,(,/M~~N2)= ,/M!+N2 Viu;- ✓M~~N2(Ml7iM+NrzN) 
1 

= 4ai/ Aq + 2( az3-m + ai;6n) 
*2 2 [12] [34] [34] [12] 

+2i[2ibzihlh+bi51i+2b?(-nl;lh+im}.z.~h+2bih5(inlilh+ml;lh)] 
1 3 4 1 2 

-2).j[ -2brlplq+(alhm+ai,;5n)lh+i(bi,;5m-b1hn)lh]' 

- M N 
where m= ✓ 2 . 2 and n= ✓ 2 • Hence 

M+N , M+N2 

(1) T. Sibata: This Journal, 8 (1938), 206. 



; I 

Generalized Geodesic Lines and ~quation of Motion in Wave Geometry., 291 

1 1 11 12 

A. 1/7iA.j= 4auqAlA.q +2il(ai3m+ai"/n)-4buhA1A.h 
2 1 1 1 

+2i.:l1{bi5i+(nbih-mbih5)A.1.:lh} 
143 134 

- 2(mb1h + nbih5) (Ai Ah A;- A I Ah AJ) 
·1. 134 11 

+ 2.:li2bimA1A.PJQ -(maih+naih5))1Ah}; 

so that for equation (N. 30) and (N. 31) we have (N. 32) and (N. 33) 
respectively. 

· 1 d k 
By putting Jk= ~ , (N. 32) and (N. 33) are expressed. in _the form: 

d2xf +{k} d,xl dxm =F•k (1,xl 
as lm ds ds l ds ' (N. 32)' 

where 
0 5 · 

Fzk= -2(fzkM+fzkN)/-V M 2+N2 , 

and d2xk ~ {. k} dx1 dxm _ H•k dx1 _#H dx1 dxm (N. 33)' 
dr? lm ds ds l ds ds · lm ds ds ' 

where 

This problem was discussed at a special seminar of Geometry and 
Theoretical Physics in the Hirosima University. Research has been carried 
on under the Scientific-Research Expenditure of the Department of Edu­
cation. 

( 

Physics Institute and Mathematics Institute, 
Hirosima University. 
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