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§ 1. Introdudion and summary. Cosmology in terms· of wave geo~ 
metry is characterized by the equations : 

(1.1) 

(1.2) 

(1.3) 

a,ir -. =(I:-+~·).,. ax• • L..J, ,. 

(1.1) is the fundamental equation of wave geometry. (1.2) is the de­
finition of ui, where i" is the solution of (1.1) and A an hermitian matrix 
which makes Ari hermitian.<1> (1.3) is. the condition· that ui may generate 
a geodesic. From these equations it results that the universe is either. (i) 
of de Sitter type or (ii) of Einstein type. We have here, on plausible 
grounds, <2> adopted the de Sitter type as representing the universe. 

ui thus defined has been identified with the momentum-density vector 
of a constituent matter of the universe, and the phenomena of red-shifts of 
the spectral lines irr- nebulae, i.e. Hubble's velocity-distance relation, have . 
been successfully explained. 

The physical interpretations of ui, however, present some difficulties,· 
which are considered in detail in § 2. In § 3 we proceed to further properties 
of ui and other physical quantities in our cosmology, defining a material · 
energy tensor analogously to relativistic hydrodynamics. 

§ 2. The physical meanings of ui and M. In cosmology in terms of 
wave geometry, a nebula was considered as having two aspects, one being 
that of a particle to detect · the structure of the universe, the other being 
that of probability-existence, all the nebulae being regarded as almost 
smeared out all over the ·universe/3> Therefore it seems natural to study the 
physical properties of the universe in a manner analogous to the gas theory 
or fluid mechanics in the classical theory. 

(1) T. Sibata: this Journ., 8 (1938), 172, (W. G. No. 26). 
(2) K. Itimaru: this Journ., 8 (1938), 240, (W. G. No. 31). 
(3) Y. Mimura and T. Iwatsuki: this Journ., 8 (1938), 194 (W. G. No. 28). 
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Thus we shall suppose hereafter that the universe consists of minute 
particles uniformly distributed as the molecules in gaseous materials. · In 
this model of the universe, we take a volume element, its volume 3.nd num­
ber of particles being dVo and dNo respectively with respect to the proper 
coordinates ; then the number of particles in unit volume 110 is given by 

(2.1) 
_dNo 

110- dV~' 

and if dV, dN, and 11 are the volume, the number of particles, and the 
number of particles per unit volume, respectively, as regards the coordinates 
whose origin is moving relative to the volume element, we have ' 

(2.2) dN 11=-~ 
dV' 

Now, the number of particles in the volume element must not change 
with the coordinate-system taken, so dN = dNo- But the magnitude of volume 
changes with the coordinate-system as follows : 

(2.3) 

Therefore, 

(2.4) 

dV= dVo 
/3 ' 

where 

11= :~: [3=/3(To, 

We call (To and (T "proper particle-density" and "coordinate particle~ 
density," respectively. 

Next, if the mass of a minute particle in the proper coordinates and 
in the relative coordinates is expressed by m0 and m respecti;ely, then 
densities do and d for respective coordinate-systems are given by 

. (2.5) do= moao , and (2.6) . d=m(T= [l<h (·.· m=f3mo). 

Bearing this in mind, we shall now go into the meanings of ui. 
As was done in ltimaru's paper,m if we put 

(2.7). 

we have 

· (2.8) 

ui=p dxi 
ds' 

(p is an invariant quantity) 

(a=l, 2, 3), 

and if we identify x1=r, x2=0, i1=cp, x4=t, then v1, v2, and v3 represent 
the r-, {}-, and <p-component of velocity of nebular matters, the value being 
given by 

(1) K. Itimaru: this Journal, 8 (1938), 242 (W. G. No. 31). 
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-kt+ kt vr= -pe qe kr(l-k?-r) 
pe-kt+qekt 

v0=v'1'=0. 

With the help of these expressions, Hubble's velocity-distance relation 
was satisfactorily deduced.· As to the physical meanings of ui, however, we 
see that it cannot be identified with momentum-density vector. For, since 
u4 is given by 

(where p is a scaler) 

by transformation from the proper coordinate-system to the moving co­
ordinate-system, u4 behaves like a, as shown in (2.4), on the other hand 
by the same transformation d is transformed as (2.6). So that u4 must, 
be identified with particle~density a, but not with density din the ordinary 
sense. Thus we conclude that ui cannot be taken as momentum-density 
vector as has been done in papers hitherto published.<1> 

To remedy this unsatisfactory state of affairs, we proceed to the fol­
lowing considerations. 

Let us take a 4-vector 

(2.9) 

then Ai can be rewritten as follows : 

or 

Ai=(a dt dx1 a __1,!__ di" 
- 0 ds dt ' 0 ds dt ' 

(2.10) Ai=(ao dx1 
, 

ds 

( va= dxa) 
dt ' 

dt dx3 

ao&dt, 

(i=l, 2, 3, 4). 1 

The form of Ai in (2.10) is identical with that of ui in (2.7), and the 
transformation obeyed by Ai is the same as that of ui, so that we have 
ample reason to identify ui in (2.2) with Ai in (2.9). Here the first three 
components of (2.9) are the number of particles per· unit volume multiplied 
by velocity-components, and the fourth component is the coordinate particle­
density as defined above. Therefore, if we call the first three components 
of Ai "particle-momentum," Ai may be named "particle momentum­
density vector." Accordingly we .may call ui "particle momentum-density 
vector." 

Next, by comparing (2.7) with (2.10), p can be identified with a0• On 
the other hand, since 

(1) T. Iwatsuki, Y. Mimura, and T. Sibata: this Joum., 8 (1938), 188, and subsequent 
papers entitled "Cosmology in Terms of Wave Geometry" by Messrs. Y. Mimura and T. 
Iwatsuki; T. Sibata; H. Takeno; and K .. Itimaru. 
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we have 

(2.11) 

where M and N are given by 

(2.12) M=,jrtA,ir 

K. Sakuma. 

and 

f=M2+N2, 

Moreover, N in (2.11) is a constant depending on the integration con­
stants of the fundamental equation (1.1), so without grave specialization we 
may put N=O; then (2.11) becomes p2=M2, and therefore we have 

(2.14) p=IMJ. -
Thus we can identify o-o with I Ml. 

Summarizing the considerations in this section, we have the schema : 

ui - ;.i=particle momentum_-density vector 

I Ml+-➔ ao=proper particle-density 

· It should be added, however, that in spite of the alternation of physical 
meanings -of ui, nothing needs amending in the eSsential conclusions hitherto 
obtained,<2) especially in the interpretation of Hubble's ~elocity-distance re-
~~ . 

And further it must be added that in some physical systems, where 
constituent materials are regarded not to be smeared out, the physical 
meaning of ui may be taken as 'probability flow-density vector' as in cur­
rent quantum mechanics instead of 'particle momentum-density vector.' 

§ 3. Equation of continuity and law of conservation. In the expres­
sion of the 4-vector ui 

(3.1) 

the., factor A is an hermitian matrix which makes Ari's also hermitian, as 
stated in § 1. And this A can be taken as f 4 except for the real factor.<3> 

Now, we put A=af4 and define uf, M, ui, and Mas follows: 

(3.2) ui=ytf,riv, 

(3.4) ui = ,irt af 4ri,jr , 

Then we have 

(3.6) 

(3.3) M=,jrtflo/, 

(3.5) M=,jrtAf4,jr. 

and (3.7) M=aM. 

(1) T. Sibata: this Journ., 8 (1938), 175, (W. G. No. 26). 
(2) K. Itimaru: loc. cit. 
(3) T. Sibata: this Journ., 8 (1938), 172, (W. G. No. 26). 
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To study further properties of these quantities, we shall now define 
the energy tensor after the manner of current relativistic mechanics. 

fo relativistic mechanics, the material energy tensor is defined by 

(3.8) Tii =(Po+ 4p) dxi dx' - pgii . 
· d,s ds 

In this expression, Po is the summation of density referring to the proper 
coordinate-system, so Po can be identified with do=mof1o=mo I Ml. There­
fore, taking (2.7) and (2.14) into account, we define our material energy 
tensor by 

(3.9) M .. ( \Ml ) ui ui .. •J= mo +4p -- --··-pg'J 
. IMI IMI . 

Now, restricting ourselves to the case when arbitrary motions of individual 
particles referred to the centre of mass do not exist, we can put p=O,m . , 
and by using (3.4), (3.5), (3.6), and (3. 7) we have 

(3.10) 

Next, taking the divergence of Mii, we 'have 

(3.11) /7iMif=mo{- J2 (Pi J Ml)a{iiu/+ 111 (Jia)u,iit/ 

+ -~ <r-u})u/ + ~ iti(v-u/)} 
IMI ' IMI ' , 

and by using the following relations<2) : 

J.i1}=4k IMI, 

(3.11) can be rewritten as follows : 

PiMii = ,iT (Piui)u/. (3.12) • 

Therefore, if we normalize the arbitrary constant a such that 

(3.13) l7iui=O, 

then PiMii=O, and conversely; also, if Piui~O, then PiMii~O, and vice, 
versa. In fact, a which satisfies (3.13) is given by 

(1) Since, in our cosmological theory, all the nebulae were smeared over and accord­
ingly the internal construction of a nebula was put aside out of consideration, it may be 
natural to proceed with this assumption. cf. Eddington: The Mathematical. Theory of 
Relativity p. 121. · 

(2) H. Takeno: this Journ., 8 (1938), 223, (W. G. No. 30). 
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a= if-4(/) (pi:_kt~-qekt J~ ~ :; kr) , 

where </J is an arbitrary function of the argument. 
Next, (3.13) can be rewritten as follows: 

- 0-(V -g av1)+-0-(✓ -g aV2)+i--(✓ -g aV3)= --0-(✓ -g a), 
ox1 ax2 ox3 ox4 

particularly for proper coordinates, 

- 0-(aov1)+_1____(aov2)+-0-(aov3)= - ouo_. 
ax1 aw- ox3 ax4 

Performing integration over the surface S of which the volume is V, 

(3.14) ff lToVndS= - oNo ' 
) at 

where N0 is the number of particles in V, and Vn is the component of the 
velocity of particle outward normal to S. 

In (3.14), the left-hand side shows the number of particles which flow 
out through the surface, and the right-hand side shows the number of 
particles which diminish in unit time in V. Therefore (3.14) shows that 
there occurs no annihilation or creation of particles in V. Moreover, we 

have fJ u0vndS+ oNo ~O, according as r,-ui~O. In the upper case, there 
JS _ ot 

occurs the creation of particles in V, and in the lower case, the annihilation 
of particles. 

Thus we have following conclusions : 

(I) According to the value of a which makes Piui ~ 0, there occurs the 
creation, conservation, or annihilation of material particles. 
(II) In our. model of the universe, the conservation of material energy is 
equivalent with that of the number of particles. · 

This problem was discussed at a special Seminar of Geometry and 
Theoretical Physics in the Hirosima University, and its research has l;>een 
carried on under the Scientific Research Fund of the Monbusyo, the Depart­
ment of Education. 

Physical Institute, Hirosima University. 
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