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Chapter III. Correspondence of the eigen values.

§.1. Preliminaries.

In Chap. II, we have noticed that, when (2.12) holds, (2.14) always
holds, however, when (2. 14) holds, (2.12) does not necessarily hold. In this
chapter, we study the condition that, for the given values of ), there exists
a set of values u, such that, for any sets of (p,, p,, ..., Pz) satisfying Chap.
I (2.14), there always hold Chap. II (2.12), namely Chap. II (2.12) and
(2.14) are in one-to-one correspondence.

We assume that either 0<_|X,|< 1 or |[A,|>1. Then, by the suitable
arrangement of ), as seen from Chap. I §1, the relations Chap. II (2.14)
which really hold are of the forms.as follows:

(1.1) co ==zt oy

where A is an eigen value ), such that i >N, We denote by &, arbitrary
value of ., determined by Chap. II (2.8) for given A:. Then, for one set
(f’l’ 732, cee s i’/v) satisfying (1.1), ' ' -

N " o
(1.2) ig:l/"iptzllr ’

where ., is a suitably determined value of x corresponding to A. For any
set of (p, s, ..., Px) satisfying (1.1),

N ) -
(1.3) > fom, = b n?ly

i=1 0
where n is an integer corresponding to the set of (p,?.,...,P~). Put
p,=A'+B'v —1 and p=A+By =1. Then, making use of the convention
of tensor calculus, it follows that '
(1.4 (P—PYA' =0, (p—H)B'=2"n

. 0
The sets of (p,, P, ..., Pxr) satisfying (1.1) are determined by (1.4). Then,
for all such sets of (p,p,,...,0x), we seek for #»' and m such that

ﬁ(p,+2—”nﬁ/—_1)p,=ﬁ+m2—”;/1—1, i.e.
i=1 t, t,
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(1.5) _ | pr =m—n .

Making use of the theorems on linear integral equations, we solve (1.4)
and we study the condition that there exist »' and m satisfying (1. 5).

§2. Lemmas on integral equations.
For any given numbers o, we consider the integral equation as follows:

2.1 - dx; =0,

7 summed over 1,2,...,N. We assume'that, for any integral solution #, of
(2.1), 72, 1="u, o= =7»=0, and there exists an integral solution 7,
such that r, =0. Among the solutions where 7y, =0, we choose a solu-
tion such that Ta, is positive and smallest. Next, we consider the integral
solutions such that o, =Toy g 1= =7ry=0, and assume that, for any of
them, 7y, =+ =17, = =7y =0 and there exists a solution such that
Tu, =+0. From these solutions, we choose a solution such that Tu, is
positive and smallest. Repeating this process, we have a set of linearly

independent integral solutions, which we write as follows :

7'51:(7’}.' ré’ ves 3 'r}v'ly 0 ’ se0ssPiessrsrenser ’ 0) ’
(2.2) 7:;?:(?.%’ 7-3, reesesvassenaer 9 'r;zvz, 0, csecsessesnas ’ 0) »
=055 e 5 5, 04, 0)

where N =M,, Np_,=M,, ..., consequently N,< N,< -+<N,. The number
K of these solutions is evidently at most N. Then, we can easily prove
that any integral solution of (2.1) is expressed as follows:

2.3 x, = k2,
where k, are integers. Namely the set of solutions (2. 2) constitutes a basis
of the integral solutions of (2.1).

Next, we consider the simultaneous equations as follows:
(2.4 ax, =0, (a=12..,m).

Then, by induction, we can prove that there exists a basis of the integral
solutions of (2. 4) of the forms (2. 2). For m=1, we have seen already. We
assume that, for m—1 equations, there ekists a basis. Then, for aix,=0
(¢=1,2,...,m—1), there exists a basis 7 of the forms (2. 2). consequently
‘any integral solution #, of them is expressed as z,=k,r; . Substituting
these into a,2,=0, we have a),7k,=0. For this equation, there exists a
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1952) EQUATIONS OF SCHRODER (CONTINUED)

basis s; of the forms (2.2), consequently k,=I,s}. Then, for any integral
solution of (2.4), we have: x,=Islr7. Therefore, {}=sir? constitutes a
basis for (2.4), and evidently. the set of ¢} has the sarhe forms and characters
as (2.2). Thus we see that there exists a basis of the forms (2. 2) for the
simultaneous equations of any number.

Next we study the properties of the basis of the 1ntegra1 equatlons

Lemma 1. We assume that the m-th determmant divisor of the matrix
A=l az| is unity, where a=(1,2, ..., m) indicates the row and i=(1,2, ..,,n)
the column and m<n Th‘e?n, fdr the givén d; and any prime number p==1,
in order that ng—_—:c,,a; (mod pj, it is ﬁecessm'y and sufficient that the (m+1)-th
determinant divisor o f the matriz Bz(g?”) is divisible by p.

Proof. Put -
L=/fo} ai-aP p 0. 0\, M= ol ¢i-al a p 0 0
a; af--ap 0 p : ' a; ai--ay a; 0 p
: 0 : il : 0
ay @Ee-ap Qe 0 » ' al @i al @, Oceoee 0 p

Then, by the theorem of aigebra, in order that arc,=a, (mod p), it is
necessary and sufficient that I and M have a common rank p and both p-th
determinant divisors are equal. Now, since p=+0, L and M have a common
rank n. Any determinant of n-th order of L is as follows:

(D ‘ a,jl cals 0 O O = +p"* ]ar,'1 a;i
ait  als :
N ' . is
H p a’ja aja
.il .is
Bpl oo Uy 0 0 O

Now, from m<n, n—s=n— m>0 consequently any determinant of n-th
order of L is divisible by p" ™. When s=m, the right-hand side of (1) is
a product ot p" ™ and the determinant of m-th order of A. However, by
the assumption, G.C.M. of all the determinants of m-th order of A is unity.
‘Thus, G.C.M. of all the determinants of #-th order of L is p"“ , namely
n-th determinant divisor of L is p" ™.

If azc,=a, (mod p), then n-th determinant divisor of M must be p*™
Then the determinants of #-th order of the following forms of -M must be
divisible by »* ™™
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- lal - g™ = p—m=1| gl 2 Lieees m R
(2) [ OL G OF Oy 0 01 T !ajx %5, o %,
e @} af a; G i : : D
e . . . p : } ‘ :
|} PioP B
S S S J K
(gl ... qn 1 2 ..qr .
‘e e g, 000 i i1 Ol Jm+1 a]m+1\

From this, we see that any determinant of (m+1)-th order of B must be
divisible by p, namely (m+1)-th determinant divisor of B is divisible by p.

Conversely, we assume that (m+1)-th determinant divisor of B is
divisible by p. Then, since all the determinants of n-th order of M which
do not contain (m+1)-th column of M, are the determinants of L, their
G.CM. is p* ™. The determinants of n-th order of M which contains
1,2, ..,m, (m+1)-th columns are of the form (2), consequently, by our
assumption, they are divisible by p" ™. The other determinants of n-th order
of M which contains (m+1)-th column of M are evidently divisible by p"™™.
Thus, ultimately, we see that G.C.M. of all the determinants of n-th order
of M is p" ™, namely n-th determinant divisor of M is equal to that of L.
Thus there exist integers ¢, such that ajc,=a, (mod p). Q.ED.

Lemma 2. The K-th determinant divicor of | 77| of (2.2) constituted
by a basis for the simultaneous equations (2.4) is unity.

Proof. We prove this lemma by induction. From the definition, 7! s T3
s r}vl are evidently relatively prime, namely, the first determinant divisor

of B, =| r}| is unity. We assume that the o-th determinant divisor of
RB,— (7} rhe 7k 0o 0\ is unity. If the (¢+1)-th deter-
BRI TPIPPIP 'r}rz 0 eeerenee 0
’r'; ............ /r}o_ » 0...0
minant divisor of R ,,= (R, ) is not unity, then there exists a prime number
,rg-+1

p==1 such that all the determinants of (¢+1)-th order of E_,, are divisible
by p. Then, by Lemma 1, there exist integers ¢, such that 7¢*!=¢c,r;(mod p),
p summed over 1,2,...,s. Put r7*'—c,="'r,, then 'r,=0 (mod p). Now
7"}6“"—‘0. consequently ’rNa”—_-r;;;{rl:hO .- From the definition, it is evident
that a.'r,=0. Then, dividing ', by p, we have r, such that air,=0 and
0<1-N“1<rg;;+1 . This contradicts the properties of 7;. Therefore (¢ +1)-th
determinant divisor of E_,, is unity. Thus, by induction, we see that the
K-th determinant divisor of R, = ||'r?|| is unity. QED.
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1952) EQUATIONS OF SCHRODER (CONTINUED)

§ 3. Solution of (1.5).

Let the basis of the solutions of the forms given by § 2 of the following
simultaneous equations be (¢, ) (A=1,2, ..., L): ‘

: Az, =0,
@1 B’xi—%’x =0.
Then, by §2, for p, and n satisfying (L.4), it follows that
3.2) P, =D +kt),
(3.3) ne= .

Substituting vthese into (1.5), we have:
(3. 4) (Pn —m)+Fr (n* +8) =0 .

This must hold for any integers k, such that p, are non-hegative. When
k,=0, it must hold that

(3.5) ' o =m .
Consequently,
3.6) : L(tn'+t)=0 .

As seen from (1.1), the number of the sets of k, is finite. We denote them
by &k . Consider the equations k;2*=0, and let the basis of the forms (2. 2)
of these equations be T (¢ =1,2, ..., M). Then, from (3. 6), t}n'+t* =I°T%,
namely

(3.7 Lt =T = —¢* .

Put (], =, th , 0, 0 T} Ty Tin=M, and (M, t*)=N. By Lemma
B, eereennn y 00 T{ T ‘
IR ITSUI I S T%,

2, the L-th determinant divisor of N is evidently unity. Consequently, the
necessary and sufficient condition that (3.7) have integral solutions »' and
I*, is that the L-th determinant divisor of IN is unity.

n' are determined by (3.7), and for these ', m is determined by (3. 5).

As the special cases, we have the followings:

When k,=0, then we can take 7T as T2=25.®. In this case, evidently

1) =0 for i=1,2, ..., L-1.
2) & is Kronecker’s delta, i.e. 8)=0 or 1 according as A<=z or A==
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the L-th determinant divisor of M is unity. Consequently there exist #'
satisfying (3. 7).

When =0, namely t*=0, 9@ and M coincide, consequently it is evident
that there exist »' satisfying (3. 7).

When there exist L linearly independent kp, then 7,—0, and the equations

(3.7) become as follows:

(3.8) Bl = —t .

We consider the case where t==0. If there exist x', then all possible tf'
must be relatively prime. For, if not, there exists a prime number p==1
such that =0 (mod p). Then, from (3.8), t" also must be divisible by p.
This contradicts the definition of the basis. Next, we consider the converse,
namely we assume that all possible & are relatively prime. If the L-th
determinant divisor of 9% is not unity, then, by Lemma 1 and 2, for an
appropriate prime number p==1, there exist integers ¢, such.that & = ¢t
(mod p), & summed over 1,2, ..., L—1. Put ti—c.t;='t¢, then 't/=0 (mod p)
and ('t¥, t") evidently satisfy (3.1). This contradicts our assumption. Thu.s
the L-th determinant divisor of I is unity, consequently there exist #»’
satisfying (3.8). Thus, in the present case, the mnecessary and sufficient
condition for existence of n' is that, for any set of (t¢,t") satisfying (3.1),
t; are relatively prime. : '
Example 1. 1= —1, = ~2+2‘/2~7—Jr—1ni7:“i . = “3+6—~*-‘/§+1an1 ,
= SO T G b3, f= 1.

The equations determining (#}, #*) are as follows:

I h+2i+3t3=0,
{ 2‘/3 +1ntz+6‘/§+1nt3 =2nt .

We have: L=1and t=-6, {2=6, {3=-2, t=1. Therefore p,=6—-6k, p2=6+6k,
p3=3—2k, n=Fk. Consequently #=0 or 1. In this case, (3.7) becomes (3.8).
Thus, there do mot exist #nf, nafnely it is impossible to find p: so that the relations
Chap. 11 (2.12) and (2. 14) are in one-to-one correspondence.

Example 2. ‘Z, are all real. ’ )

Bi=0, conseqﬁently $*=0. Evidently there exist n'=[*=0 satisfying (3.7),
namely, if we take Zu themselves as p:, the relations Chap 11 (2.12) and (2. 14) are

in one-to-one correspondence.
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§ 4. Correspondence of the eigen values.
From our agreement on the arrangement of X, there exist the sets of
pt such that

(4.1) A, =

[+]
2
i

Y

ESH

Now, as seen from (3.1), (£}, t*) depend only on ;Z (i=1,2, ...,8). If there
exist p, (i=1, 2, ..., R) such that the relations Chap. II (2.12) and (2. 14) are
in one-to-one correspondence, then, for all possible k, in (3.2) for all 27,
there must exist integral solutions #»' of (3.6), namely the L-th determinant
divisor of M must be unity. )

‘We consider conversely, namely we assume that the L-th determinant
divisor of I is unity. Then, there exist #' satisfying (3. 6) for all possible k&, ,
consequently, when we determine each m corresponding to :l:z by (3.5), namely
by 52’ '=m, there exist g, (i=1,2, ...,S) and /wa, (x=S+1, ..., R) such that,
for any set of p? satisfying \,= ]] i % y My= 2 »:0% . Then, for any set of
p, such that

(4.2) A, = APP2 | oaPsyPsrr xf’“

. o
M‘___ﬁximﬂmptsmr ...... R o

from (4.1), we have: Then, for our

Hy and My 4’
. ,. o
A_V.} m(p¢+ps+mf”+ ------ D, D77T)
S S (3]
gmpr"psuﬁmp AR TR +pm—1§ JT% o
. S’ v

Z] P+ Dgrrfbgryt ooeeee + Pz_1Mz s

i.e.
21

(4' 3) Moy = tZ]l »D, -

Thus, for our g, (i=1,2, ..., R), (4.3) always hold for any set of p, satisfying
(4. 2).

Thus we have
Theorem IV. For the given values of \, where either 0<_|\,|<’1 or |A,|>1,
if we arrange )\, as explained in Chap. I § 1, theny the necessary and sufficient
condition that there may exist p, satisfying
(L) A, = eloks

such that there always hold

() » My = Dyt Poplyt e + D a1
— 209 —
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for any set of (py, Psy ..., D) satisfying

) ; A=APngz | afin

b4

is that the L-th determinant divisor of W is unity.

By this theorem, when the L-th determinant divisor of 9 is unity, there
exist p, such that the relations (x) and (A) are in one-to-one correspondence.
For such g, the equations (S') and their solutions (f’) in Theorem II coin-
cide with the equations (S) and their solutions (f) in Theorem I respectively.

Chapter 1V. Existence of one parameter group.

§ 1. Preliminaries.

In Chap. II, for the given functions ¢*(2)=aix*+ - - , we have
assumed that there exists a one parameter group of transformations which
contains the transformation B

1.1) T Izt = &) = aLaV+ +eee , det.|at|=0,

and we have deduced the functional equations (S’). In this chapter, from
the equations of Schréder (S), we deduce the existence of group.

In Theorem I, we have seen that, when either 0<| A |<1or |2 |>1,
the equations of Schréder (S) have the regular solutions. Analogously to
the process of obtaining the solutions of the linear homogeneous partial
differential equation from its characteristic equations, we deduce the functions
Ui, P from the equations of Schrider. Making use of these functions, we
prove the existence of group containing the given transformation. Next, by
means of Theorem IV, we prove that, under certain conditions, there exists
a group possessing the regular operator functions.

§2. Simpler form of the equations of Schroder.
As explained in Chap. I §1, we arrange ), and, as in the previous

paper'®, we attach the non-negative integers wi, to the eigen values A{, as
follows :

]w:1=0. wp=p-1 ®=23,..,P,

(2. 1) -1 Li Pj’l r

l w*{l—_—max.(i Z_]l Ep';n,,wi,,,,)+1 y Wh=wi +p-—1,

i=1m =1

1) M. Urabe, This Journal, Vol. 15, No. 1 (1951), p. 25.
2) do. .
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where * max.” denotes the maximum of the values oori'esponding to all sets
of p.,, such that '

8

-1

(2.2) A p;;rm .

tx;u&

L,
/|

m=1 p=

th

i=

=

Ly P4
2 Wiy Py the

=

R
We call the number w!, the weight of A, and w =73

i=1 m=

-
L]
-

weight of the cet of pt.,.
We make use of notations as follows : of=f[e(x)] and (p—a)f=¢f—af
=7 [p@)]—af(a). |
For any solution f{, of the equations (S), put

2.3) ﬂﬂﬂwm-

i=1m=114=

Then we have
Zael Ll P’:n
@) gy =T JI [T Pln(@)+ Frams(@)+ Vo @) P = 2 g2) 4 (0)

As in Chaib. I § 5, we associate the number A, to fi (), then X, fi + fa—1+ Ve
is a polynominal of the order A,. Therefore, by the lemma in Chap. I §5,
the right-hand side of (2.4) becomes a polynomial of the order \,, namely
a linear combination of the monomials of the form y». Any one monomial
of y'(z) is a monomial obtained by substituting fi,-,(x) or Wi.(z) for at
least one fi.(#) in the product of y(x). Now the weight w’ of the indices
of the monomials of ¥, is as follows: '

11 Ly P{ I

w' E LZ gw{ppejp Swihy,—-1< Whe—1 .
Thus we see that /() becomes a linear combination of the monomials, of
which the weight of the indices is at most w—1, where w is the weight
of the indices of y. Then, if we operate o —\, w-times on +, we have a
linear combination of the monomials of the weight zero. When the weight
of i, is zero from the definition, p;,, are zero except for p7,. For « such

that = [] ]] fm pml, it is evident that (¢ — Xx)«]r—O Thus, for +r of the
G=| m=1

form (2.3), (p—A)""'4»=0. Now w= 2 w,,.qp,,.,, < wy—1, consequently

(p—n )"’“\/r 0. From this, it is evident that for a linear combination ¥z,

of the functions of the form +,

(2.5) (p—2r)"0¥s, =0 .

Then, if we operate @—\, successively on the solution f;P; of the
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equations (S), then, from (2. 5),
]
(2.6) | (p—A) P fpt=0 .

By (p—2)%f'pt, we denote the first which identically vanish. Then
Qggijﬁl. Put

Q- | |
2.7) Fip=(p=2)" " fipt, (0=1,2..Q)) .
Then, from the equations (S), we have:
(2.8)
fOI"i:G,, F?p=f(lzp;

Figz=Tipy »

Fige 1=Tfipr1+¥jp2 »

fori=u, ’ o _
F?Q?_Pf_*.] = ff1+‘1’?2+(¢_hz)v?s + . +(¢_7\'z e 2\1’7]22’ ,

Figr_pr = ¥Ya+(p—A 0L+ = +(o—2)" " 1wip,

P = (p—2)@ P 4 (=2 ) ¥ TP e (00 T A,
Here we can prove that,
¢—1 Lj
for p=1,2,..., @i—Pi, FhL,=L[ ] I 11 Fi/ ],

. i—1 L’lom
for p=Qi=Pi+L ... @, Fiu=fi,_ o:_pi +L[ T I 1T Fh pmq]

J=1m=1¢=

a

(2.9)

Here L[...] denotes a _linear combination of the arguments. For i=a,
Q? =P? and F?,=f%,, consequently it is evident that (2.9) hold. For i=S+1,

S+l g+1

\IfS*l——L[ [] I 1’"‘“] L[ [] Fs, p"‘"] and (p—2Ag,,)¥5, ! are of the same

forms as \Ifs”. Therefore, for i=S+1, (2.9) hold. We assume that
(2.9) hold for i=1,2,...,S,8S+1,...,2—1. From the latter of (2.9), for
i=12,..,z2-1,

et Ly O ¢

(2.10) fio="Flp, (@i-pp—L [j

=) m=1¢=1

J
2 l m

Substitute (2.10) into \If“,—L[ [] I 1T fa Pma] . When we associate the

i=1 m=]1 Q=1

i il
1) j:jm . are such non-negative integers that A;, = JJ IT IT A J
J._
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number A, to FY%,, then, from the lemma in Chap.I §5, fi, is a polynomial
of the order Ace Therefore, after substitution, ¥?, becomes a polynomial of
the order )\,. As (p—2),)¥?, is of the same form as ¥7,, we see that (2.9)
hold also for i=«. Thus, for any i, (2.9) hold.
For the soluti_o.ns fi» given by (f) in Theorem I, after suitable linear trans-
formation of the variables 2%, from (2.9), it follows that, for p—=Q!—Pi+1,
» @l Flo=a},_ g1 pty+ e . From (2.7), it is evident that

(2.11) Fi(@) = \NFi@)+ Fip- (), (=12, ..,Q) .

Thus we have
Theorem V. For the given functions ¢*(x)=aix’+ - , det.lay | =0,
we assume that the absolute values of all the eigen values ), of ||at|| are either
greater or less than unity. We consider the functional equations as follows :
(Sl) _Fip(¢) = kiF%p(x)"'_F%p-l(x) .
When we transform the variables x* and the funct,ionsv @ by aF=t'a" and
;z:“*——- tieY so that
(?’) . ; ———7\.%“, +xw—1+ """ s

then there exist the solutions Fi, of the equations (S,) such that

fO'f p':‘Qg_Pf""l’ ;-.szl F%p:—%?p_(gz_l)w"l- ------ N
) -
i-1 L3 Qm t;
fo')' p:l, 2, “es )QZ—P;, ;:p:_: L[” l]’ 1] anq,qu] .

=1l m=14¢=1
The equations (S,) are of the same forms as (S,’) in Theorem IIL
§ 3. U-functions. . '

In this paragraph, we make U-functions analogous to U}, in the previous
paper’”. By means of K'=||'k}|| defined in Chap. II §4, we transform F*
as follows: F*='k:G*. Then, from (S,), we have:

B Ghlp@]=x[ B3 ou+ g, o) o Gy () + Gl )]
Put (p—1)! G, =Hi,—,. Then (3.1) are written as follows:
(3.2) i) = 2 (V)6 Hida) -
Put
1) Urabe, ibid. - ’ -
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(3-3) Hfl/H%:Ufo ’

then, H!{,=U{H!,. Applying the formulae of Leibnitz of differentiation to
these, we define successively Uf, as follows:

(3.4) Hiyo=23(2) V-

From (3. 3), H!\(p)=Ui(p)Hi(p). Substituting (3.2), we have:
N[t Hio(2)+ Hi(2) =AUt o(@)Hio(x) , namely

(3.5) ‘ Ul(p) = Uto(@)+1,
For p=1, we can prove that ]
(3. 6) Uﬁp(?) == U%p(x) .

-From (3. 4), H(p)=U}(p)H(p)+ Ui @)H} (®). Substituting (3. 2) and (3. 5),
we have:

t%Hzo(x) +2t, fl(x) + Hiy(2)= %1(¢)Hgo(x) + [Ugo(x) + to][to %o(x) + H%l(a’)] .

Making use of (3.4), we have: Ul(p)="U4(z), namely, for p=1, (3.6) is
valid. We assume (3.6) for p=1,2, ...,p—1. From (3.4), Hi,..(p)

=Zp}(£) Ui-(p)Hi(p). Substitute (3.2), (3.5) and (3.6) for p=1, 2, ...,
#=0
p—1, we have:
P+l p~1 L
3.7 BT HuU) = Ut + 53(2) V- sy 2 (§) - i)
""[U%o(x)"'to]:? p)to"' ta(a’)

The coefficient of #;(r=1) in the rlght -hand side of the above relation is
calculated as follows :

p
(3-8) Z}(t (t—r U{l’-tHZtt-r"" p r+1)H“, —-r+l
p’ ] y) p'
'r'(p ,,-)r t_r( )Ulp tht—r+( —1)’(1) r+1)’ Y { P—
p! .

= ool s

—_( p+1l

= (010 Hirr

In the right-hand side of (3.7), the term which does not contain ¢, is
calculated as follows : ‘

(3.9 Up)Rlua)+ 33(2)Utpm Bl = Uty(p)HE(®) + Hipor—Uip Bl -
Substituting (3.8) and (3.9) into (3.7), we have (3.6) for p. Then, by
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induction, we see that, for any p>1, (3.6) is valid.

Now, if we take K’ defined in Chap. II § 4, then, from (F,), it is easily
seen that the set of functions Hi, for p=@Q:—P}, @ —Pi+1, ..., Q' —1 is a
set of # independent functions and, for p=0, 1, ..., Qi —

’ i1 Li@n-1 & D
(3.10) Hi, = L[ /i H, ?3,”]
By the definition, U!, is a rational function of H},, H}, ..., His., and
depends really upon Hi{,,,.

Thus we see that following functions constitute a set of n independent
functions :

for Qi = Pi, Hi,, U4, Ui, (p=1,2,..,Q-2),
(3.11) {for Q= P! +1, Ui, Ui, (p=1, 2, s Qi—2),
for Qi = P; +2, Ui, (p=Qi—Pi—1,Qi—Pi, ..., Q—2).

From (3.2), H{(9p)=xHi(x), consequently, taking suitable branches of
logarithms, we have:

(3.12) log Hio(p) = log Hio(x)+ ity ,
where u, are determined so that '
(3.13) A, = e*ifo |
Comparing (3. 5) with (3.12), we have: '
Ufo((ﬁ’)"; log H;} o(?’)"‘Ufo(af)—m log Hio(2) .
Comparmg the formulae of (3.12) with that for i=I1=1, we have :
_1" log Hzo(?’)_* log H1o(¢)=* log H;c(a')— = log Hi(x) .
M 1 .z #y

Thus, from these and (3.6), for the given transformation £ : 'a*=q¢"(2),
we have the invariants as follows:
1 1
3.149) Hi,vi/H} ™ (except for i=1[1=1),
Uty— 1 Llog Hey UL,  =12...Q-2).

From consideration of mdependence of the functions of (3.11), we see that,
among the invariants of (3. 14), the following n—1 functions are indepe_ndent
of one another :

i —
1 7 pfn , are such non-negative integers that A,-—-—tII I Im i ™.
J=1m=149=0
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(3.15) L Lt ,
(for Qi=P¢, Hgou—z/Hioﬁ s Ugo—%log Hi,, U,(p=1,2,...,Q:—2),
£
for Q= Pi+1, Ufo—}%« log H,, Ut, (p=1,2, ..., Q—2),
(1
for Q= Pi+2, U, (p=Qi—Pi—1, ..., @{—2).

These functions correspond to the n—1 independent solutions of a linear
homogeneous differential equation. Any invariant for the given transforma-
tion is expressible as a function of the above invariants. Summarizing the
results, we have:

Theorem VI. We assume the same condition as in Theorem V. Then, there
exist n—1 independent invariants for the given transformation T :'at=g¢ ).
They are found by algebraic operation from the solutions of the equations of
Schrider (S) for the given functions ¢*(@). They are listed as in (3.15).

"§ 4. Existence of group.
In the table (3.11) we put

(4.1) Hiy=h*, Uly=h", Ul=h,

and transform the variables 2* as follows:

4.2y F=hr(z), z==hr@), 7°=h").

If we detérmine ., so that

(4.3) S A

then, from (3. 2), (3.5) and (3. 6), we have:
"% = h('w) = Hio(p) = €' Hiy () = €' h*(w) = " 3%,

(4.4) {'z° =h(2) =Ul(p)=Ul(2)+t, = h°(@)+t, = " +1, ,
=) =Ublp) =Uh@)=h@)=5".

Thus, the given transformation ¥ is represented by (4.4) with regard to

z*-system. Then it is evident that there exists a one parameter group &
containing £ such that

(4.5) G: ZP=eMzY, ' =F+t, 'ZT°=23x".

Thus we have seen that, for the given transformation T : gt = gt ()
=qaix’+ ---, when either 0< |\, |<1 or |),[>>1, there exists a one parameter
group of transformations containing the given transformation ¥.

1) Except for i=/=1.
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Next we seek for the operator functions £* of &. With regard to z*-
system, the operator functions £* are determined easily from (4. 5) as follows :
(4. 6) Er=pz®, =1, E=0.

From the contravariant property of the operator functions for coordinate

transformations, & and £* are related as follows:

4.7)  xe=p®_p

In the following we study (4. 7). .
For Q{=P}, from Xz*=pz*, XHi,=pH!,. From Xz°=1 and Xz*=0,
XUi=1 and XUi,=0. From these, we prove that

(4' 8) XH%P /l’tHlI’+lezl 1 (p=0; 19 cen Qf—l) .

For p=0, (4.8) is valid. We assume that (4.8) is valid for »=0,1,2, ...,»
From (3. 4) XHW+1 2( )Ufp_ XH! +H!, . From our assumption,

(P
Hiyr= 33 (2) Uty Gl +rHiper)+ HE
p—1\ 71 ¢ 1 .
= /’/tHzp+1+pZ< )Uzp— Hi. .+ Hi,
= w,H}p  +@+1)H, .

Namely, .(4. 8) is valid also for p+1. Thus, by induction, (4.8) is valid for
any p. :
Here we assume that, for the given \,, g, determined by (4. '3) are such
that the relations (#) and (\) in Theorem IV are in one-to-one correspondence.
We consider the case where Q/=P;+1. In this case, from (3.10),

i—1 Ly QL-1 wi
(4.9) Hio=L{ [T I J[ Hu'?m],

J=1m=1 ¢=0
where

o1 Ly Q-1 ”;J
(4.10) A, =ngl=]1 q[]o Ay Pme
Put

i1 L7 ijn-—l " i
(4.11) : =] H, Pha |

We assume that, for j<i—1, (4.8) is valid. Then
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i-1

L Q-
X\P= g g /pm'z (I“JH '1+qu'1—-1)

j=1

= %} I/pfnqlﬁj'\[/“*‘\i" ’

J,mq
where v is a_linear combination of the functions of the same form as .
By our assumption, 2 ”p,,.q =, . Then, for H{, which are linear combi-
J,m

nations of the functxons of the same forms as «1» we have:
(4.12) XH}, = wHig+4i

where | are linear combinations of the functions of the same forms as .
Now, from (3. 10), it follows that v» is a linear combination of the functions
as follows: '

-1 L1 Q-1 !y
(4 13) ] 1] [] [] Hznqpmq .
: J=1 m=1g=Q}~ P}

In the same way as in §2, we define the weight of the eigen values for the

matrix 4’'= 2 ZEB ¢, where 'A! is a matrix of the Q;-th order such that

t-1 Ls Qm—l' ¢
1Al = 7{, 0 ..o 0\ . Then wi,=> El 5_,‘1 26 wih."phe + 1, consequently
P ‘ m=1 ¢
0 .

i 0

0.0 1 2,
when we write 4 as a linear combination of the functions of the forms +,
the weights of the indices of v are less by at least one than the weight
of the indices of y». We arrange the functions of the forms ' according
to the weights of the indices, and write them as . Now, by §3, for
=Qn—P, ...... , @.—1, Hi, are independent, therefore it is evident that
" are linearly independent with respect.to constant coefficients. Thus we
can write ¢ as follows : :

4.149) Yt = clwyr”

then ¢! are uniquely determined. 7 _
From our assumption, for j<i—1, (4.8) is valid, namely

& )8%";Ex)—ﬂ/H o)+ qHpy () .

Substitute ’z* for a*, then, making use of such property of the operator
functions that %x——f"(’x) , we have
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(4.15) | dH(’inz( ") s H, q('a,)+qH,,.q_ ('z) .

Integrating these differential equations, we have:

(4.16) Hi(m)= e SOt Hia) .

This is easily proved by induction. Substitute 'a* for a* in (4.12), then
(4.17) d_H;l*f_“’? = pH('0) + 7 () - '

Now, (') are of the form (4.13), and, for. H;.('z), (4.16) is valid.
Then, we have:

(4.18) (') = eutl :]]:mll']fq Q;] _lpJ [E ( ) tq—ernr(x)] o

= ewt Ic‘;y(t) ’\ll‘v(w) ’

and, by the above mentioned, in the right-hand side there appear only +»
in which the weights of V are less by at least one than the weights of W
except for V=W. When the weight of V is not less than that of W, we
write as follows: V>W. Then

(4.19 for V>W, ;K(t)zo except for V=W, and ;ci}‘é(t)= 1..
Intezrating (4.17) after substitution of (4.18), we have:
ust v v
Hiy('w) = " | Hio(2)+ ety (a;)g RE(t) dt] .
0
Put t=t,, then
- fo t '

(4.20) Hio(p)= [ Hio(@)+etwy" @) | w7 (8) at] .
Now, from (3.2), Hi(p)=\H!(x). Comparing this with (4.20), we have:

chwy’ () Y",:;"(t) dt=0. From linearly independence of +"(x), it follows

that ¢!, S ¥(t) dt=0. From (4.19), ' det. ' ° v (t) dt l=}:0 Therefore
cty=0, namely, from (4.14), ¥/=0. Thus, from (4.12), we have:
(4.21) XH}, = mHi, .

For the case where Qi=Pi+1, XUi,=1, and XU!,=0. Then, analogously to
the former case, we can prove (4.8). Thus, from the case where Q/=P;,
consequently (4.8) is valid, by induction, we see that (4.8) is also valid for
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the case where Q!=Pi+1. :

Last, we consider the case where Q{>=P{+2. We assume that, for
j<i—1, (4.8) is valid. Then, as we have seen already, (4.16) is valid for
i<i—1. Then, in this case also, H{, is of the same form as in the former
case, therefore (4.8) is valid for p=0. Consequently, (4.16) is valid for
j=i, m=I, q=0. We assume that (4. 8) and (4. 16) are valid for =0, 1, 2, ...,
p—1, where p<Q{—P;—1. Then, since H{, and H!,_, are of the same forms
as Hi,, we have: ' ‘ ’

(4.22) XHip = pHiy+pHlp + s

where ,=c/,w+". By our assumption, for H},.,, (4.16) is valid. Thus,
substituting ‘a* for 2* in (4.22), by means of (4. 18) we have:

dH! (%)

T T i He ('0) + pett ‘;‘, (p;'l)t”"l“‘lﬂr (@) + €Ll ! () v(@) .

Integrating this differential equation, we have:

. t
By ()= e [ 53 (DB @)+ etpni @) | aF (8) at].
=9 o
Put ¢=t,, then

H{,,((p)—?x,i[ (”)t" "HY, (@) + clpwy (@) j:",ﬁr,’(t) at].

Comparing this with (3.2), we have; ¢l () j“’,iy(t) dt=0. By the same
0

reason as in the former case, it follows that c¢!,,==0, namely (4.8) is valid
also for p. Consequently (4.16) is valid also for p. Thus, by induction, we
see that (4.8) is valid for p=0, 1 .., @ —P:—1. Then, as in the previous
paper®, we have : ‘ ' ' : '
(4.23) XUy =1 and XU;, =0 for p=1,2, ...,Q—P{-2 .
The proof is as follows: ‘
First, XH}, =X (U} H{)=XU}, - Hl,+ U}, - XH}, . By (4. 8), this is written
as follows : u H!, + Hiy=XUy - Ht,+ Uiy - p,Hiy , from which follows : XUt,=1.
Next, XH!,=X(U! H{,+ Ut H})), from which, by (4. 8), follows :

pHiy+ 2Hy, = XU, - Hyy+ Us,y - wHio+ Hj 1+U0(M1H§1+H 0) -

Therefore we have: XU},=0. We assume that XU;=XUj,= .., =XU},~;=0
for p<Q!—P:!—2. Then, from (4.8), since p+1<Q!—Pi--1, )

1) Urabe, ibid.
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XH}py= mHp+(p+1) HE, .

The left-hand side is calculated as follows:

x[ 2 (2)ut--At, ]

r=0

= XUl, - Hiy + Uty - o + 3 (’;)U:p_r(mm, +rHi )+ Hey
»

= XUty - By + 23 (0) Ut Bt +2 33 (B 1)U:p_ Hipr+ Hy

= XU}, - H}y + mHip o +(p+ DH},

Then we see that XU!,=0. Thus, by induction, we know that (4.23) is
valid.

Now, in the present case, from (4.7), XU{,=0 for p=Q;—Pi—1,-..,
Q!—2. Thus, in the present case also, we have:

XH}, = pHi,, XUj,=1, XU:,,=0 (p:"—l.z,...,Qz )

Then, analogously to the first case, we see that (4.8) is valid. Now, we
have known that, in the first and second cases, (4.8) is valid. Therefore,
by induction, in the present case, (4.8) is also valid for any q.

Collecting these cases, if u, are sﬁch that the relations (x) and (\) in
Theorem IV are in one-to-one correspondence, then (4.8) is always valid.
Now H!, (p=Q—P!,...,Qi—1) are independent of one another and more-
over, for H}, made from the solutions (¥,) in Theorem V, the Jacobian of H{,
with respect to a* is not zero for #*=0. Then, for these H:,, the operator
functions £ are determined by (4.8), and moreover & are regular in the
vicinity of 2*=0 and vanish there.

Summarizing the results we have

Theorem VII. For the given transformation ¥ . 'at=g¢*(@)=asa*+ ..., where
either 0<_ |\, |< 1 or |\, | >1, there exists a one parameter group & of ‘
transformations containing the given transformation ¥. Besides, when the

L-th determinant divisor of IR in Theorem IV is unity, there exists a group,
of which the operator functions vf“ are ea:pdnded as follows: E*=ctx’+ ....

When the relations () and (\) are not in one-to-one correspondence,
(4.8) is not necessarily valid, consequently the operator functions of the
group obtained above are not.necessarily regular.
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For eXample, let the given transformation be
‘xt =o' (x) = hx',
T | a2 = p?(x) = Aaa?,
%3 = p3(x) = Asx3+ (1342 + (x2)3

-

where A;=¢"}, Az‘—"—‘e“z ls—e 2 =232,=23. We assume that f,=1. The transform-

)\327
=iyt (aEys Lhen the
given transformation ¥ is represented with regard to x*-system as follows: ‘xl=71x%,

ation of the variables is as follows: xl=x1, x%=x2

Tx2=lox?, 'x3=2x3+1. Consequently, the group containing ¥ is as follows: / xl=et1ix1
142 =gh2lx2 x3—1331¢ The operator functions £* of the group become as follows:

()YFor ;m= -1, po= —-%+2ni, py = ~%+2m' = 3m+ pe3p2,
1 1 g2 2 &3 s, 1 1)3,2 213 : (a2)3x3
§h=ual, 88 =nx®, & = pext+ [+ (B 1 dnd aysia s
.. ‘ 9
(i) For pmp=—1, pp= —% #y = g =3m+p2 =3p2,

§l = mxt, &%= pox?, &3 = /zsx3+%;[(x1)3x2+(x2)3] .

§ 5. Reduction of (4. 8).

In this paragraph, we express (4 8) in terms of the solutions of the
equations of Schrider.

Substituting H{,=p! G},,, into (4.8), we have:

(5. 1) XGj, = ll'L'G%II_*' G;ﬁ—l

Let C'=1{ 'es || =!§l§‘; @ 'Ct, where 'C} is a matrix of Q/-th order such that
ICt= ,uii go . Then we write (5.1) briefly as follows:

i -0
U 7%
(5.2) XG*="'e8G" .
Substitute F*='k:G>, then we have;

(5.3) XF* = 'QtF",

. L
where || 'd¢ || =D'=K'C'K'-'=3"3\ 'D! and 'Di='KVCi('K})"'. When i=aq,
i=11=1

F%,=f2,, consequently (5.3) are written as follows :
. _ : ) ‘

5.4 Xfe, =3'drfe,

=1

a ) s ’
where || 'd? | =D;.*> We consider a function of the form =[] J] [] fi»

1) For i=a, we write D insead of /Df.
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Then, from (5.4), Xy is a linear combination of the functions of the form
4, consequently, for ¥5;! a linear combination of the functions of the form
Y, X¥5;! also becomes a linear combination of the functions of the form .
Thus, substituting (2. 8) into (5.3), we have:

» S+ Ile‘+1 PS+1 +p
(5.5) S+l_2 fS+1 +¢)S+I

S+1_P25'+1

3R

. P S+1

S R
where &3, =L[ 1 1o, anq]. Namely the following formulae are

=] m=] ¢=1
valid for a=S+1:
—_ 37+

(.5‘6) ’ Xf?PZE,sz flr +(I)op’

’l
where <I>§,,_-L[ [] ]]m fi P"‘"] We assume that (5.6) is valid for

i=1 m= 1 g=
z=S+1, S+2,...,#—1. When we associate the number A\, to f%,, then, by
our assumption, for i=1,2,...,x—1, Xfi, is a polynomia] of the order A,.
Then, by the same reasoning as on (5.5), we see that (5.6) is valid also
for . Thus, by induction, we see that (5.6) is valid for any . As in
Chap. II §4, we write as follows: ' '

1 1
Ki=|kt 0|, ci=[Ci 0|, Di=|Dt 0],
2 2
K! K ¢ C D; D;
where K!, C! and D; are of P!-th order. Then it is evident that

Di=K!C{(K})'. Put 2 E @ D/=D= | d¢ ||, then (5. 4) and (5. 6) are written
) =11=1
briefly as follows; '
(5.7 : Xt =dif*+dXf) .
R L; o ) o R L,
If we put 22 @ Ki=K=| ki |, then KCK-'=D, where C=3>1p C!
= i=11=1

Put f"—lc“g then (5.7) become as follows :

(5. 8) v Xg“=c"g +®*(g) ,

where || ot || =C and ®*(g) are of the same forms as ®*(f) with regard to
the arguments. In non-abbreviate form, (5.8) are written down as follows:
(5. 9) Xgi, = F’tggp"'gfp—l'f‘ P, .

These are the characteristic equations of the linear homogeneous partial
differential equation.
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If we take solutions f* of ‘the equations of Schrader - given by (f) in
Theorem I, then f*=a*+ ......, where *=t¢z* and ||ti||=T is such that
TAT-1=A. Then g'—=Kif*=K%"+ - , where || K4 || =K. Put K-'T=S=
llst||, and z*=sta*=K%x", then g"=:7:“+ ------ , namely gi,=%!,+ «eovee , and

_\ Ly P} ;
all the coeflicients of the terms [[ [[ %), '™ vanish. Then, with regard
j=1m=14d=1

_ 9gt
to Zz*-system, (5.9) are written as follows: & agff =

consequently,
(5.10) ég!’ = mZir+ ‘Efp-l‘_" """ ’

and, from the contravariance of g%, #*—sit*. Therefore, if we put
o .
=AY 4 eveee , then C=|| ¢4 || =S-'CS, namely the Jordan’s form of C is C.
Summarizing the results we have

Theorem VIIL. For the given transformation T : ’x“=¢“(x)¥-¥a%x“+ ----- ¢, we
assume that the absolute values of all the eigen values of |la% || are either greater
or less than unity. When the L-th determinant divisor of M in Theorem IV
.ts unity, there exists a group containing the given transformation X, of which

the operator functions & satisfy the equations as follows :

(C) Xgi» = 1,95+ 9to-1+Plp ,
-1 Ly Pm b

where <I>§,,=L[ I 17 [] Ta '”"], and g* are related to the solutions f* of
J=1m=1 q¢=

the equations of Schroder
(S) fis(p) = Mfia(@)+ flo-a(2)+ ¥ip(2) ,
in such o way os fr=kig*. Here ‘I’l,, are of the same forms as CD“, and

k% || =K is & matriz such that K_ZZ &b K:, where K: are of the forms

{=1l=

X O ceseee 0 and K% ) WETTITPRPR 0 ceoee eese 0 (Kt) 1— [N, Q coovences
X X Ao A, 1, :
R : o 0 .
: -~ 0 : £, Pi- Ay 0 : 2 0
x......f..x | A (P‘ 1)‘ ety Ny | 001,

o]
If we write the Jordan’s form of A=|a%| as A=TAT ! and put K 'T=
S=||s ||, then, for the solutions of (S) given by (f) in Theorem I, the
operator functions & satisfying (C) are expanded as follows :

(E) EF ==y LVt ceeree ,
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~

o R L ' .
where S| ¢4||S '=C=331p Ci. Here C! is a matriz: of Pith order such

t=11=1

that Ci= /it 0-eenvnvee 01, where u, are such that the relations (i) and (\)
oy ) :
: . 6
0 ceoces O 1 /b‘

in Theorem IV are in one-to-one correspondeﬂce.
Writing Chap. III (1.1) as follows:
S La M
)'z — ” X? p? »

1=1
where )} denotes the common value of \;,, we see that, when and only
when the L-th determinant divisor of S constructed for \{ considered

seperately is unity, it is possible to determine g for \! (common value of

i
\¢») by means of (4.3), namely by M—e™™ | so that the relations () and (1)

in Theorem IV are in one-to-one correspondance. In this case, for i=z, all
w (I=1, 2, ... L,) are equal to one another, however, for i=a, xf (I=1, 2, ... L,)
are not necessarily equal to one another. Now, from (4. 4),
| Hiy(p) = MH!(®) .
Consequently, with regard to #*-system, the transformation ¥ is represented
as follows: .
T: g0 = o ize, 1z — B +t,, 'BC=Zz" .
Therefore, there exists a group &' containing £ such that
® : 5o =o'zt 13T =F4t, 'B0=E" .
In this case, the relations (#) and (A) in Theorem IV are in one-to-one
correspondence for \!, and i, such that
Np =N =\ ;
Wiy == [, iy = ] = (b, ,
and the reasonings in §4 and §5 are also valid. Thus we see that Theorem
VIII is valid by substitution as follows: ‘

for M constructed for \,, WM constructed for \?;
for (C), (C") as follows :

(" Xgly = pigty+glpr+ Pl ;
for Ci={(p, 0-e+0), C! as follows: Ct= (sl 0 -ee-ee 0
ot il s
; '.‘- KR 0 i v, ()
00 1pm 0.0 14
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We call the theorem obtained in such a way Theorem VIII'.

When the L-th determinant divisor of IR constructed for X\, is unity,
there exist u, such that u/=—p,, consequently the L-th determinant divisor of
M constructed for A¢ is unity. Thus the condition in Theorem VIII' is
weaker than that in Theorem VIIL h

§ 6. Remarks.

When the L-th determinant divisor of I in Theorem IV is unity, by
Theorem VIII', we see that, when either 0<7|X\,|< 1, or !\, | >1, there
exists a group containing the given transformation £, of which the operator
functions &* are expanded as £*==c¢ta*+--..--». In this case, the eigen values
ui of || ¢t are so related to A, that xt——:etw; , consequently real parts of all
m are negative or positive, therefore all 4! lie in a convex domain which
does not contain the origin. Thus, in this case, the conditions in Theorem
II are all satisfied. However, it is evident that, even when the conditions
in Theorem II are all satisfied, the absolute values of all the eigen values
A, are not necessarily either greater or less than unity. In this sense, when
the L-th determinant divisor of I is unity, the conditions in Theorem II,
although they are apparently complicated, are weaker than the conditions in
Theorem I. However, when the L-th determinant divisor of 9t is not unity,
by Theorem IV, there does not exist u{ so that the relations (x) and (\)
are in one-to-one correspondence, consequently the equations of Schréder (S)
and the equations (§') in Theorem II do not coindide with each other. In
this case, in Theorem I and II, the conditions themselves slip out each
other, and the results also do, although they are resembled closely.

Chapter V. Totalily of groups.

§ 1. Preliminaries.

By Theorem VIII', when the L-th determinant. divisor of 9t is unity, we
have seen that, when either 0<|),|< 1 or |\,|>1, for any wf such that
the relations () and (\) in Theorem IV are in one-to-one correspondence,

there exists a group, of which the operator functions are expanded as follows :

1D E=cta® +...... ,

. R L
where the Jordan’s form C of C=|cs| is of the form -C?=Z iEBC,‘

i=11=1

—
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Ci={pt 0 -«-.. 0 ). In this chapter, we shall investigate the totality of the
1 i B
0. :
:o 0
0.0 1 pf

groups containing the given transformation 2.
For subsequent discussions, we make some preparations.

Let the operator functions £ of any group containing ¥ be (1.1). Then,
by Chap. II (2 5), ’

(1.2) A=¢"C |

Q R Ll
Let the Jordan’s form of 4 be A=TAT‘1—Z‘2 P Ai. Put 2 GB A=A, ,
then A,=MI,+N,, where 1, are umt matrlces and N,= E@N

. t=1
Ni=(0 0 0. Put L(A)=Log, 1+2( —1y-r N

10 (M)

0

0--010

where Log ), denotes the principal value of log )\, and m,= EP‘ Put

(1.3) L LA)=T1 [ o [?(A,)] T
. i=1 . .
then, evidently eX4=A. By K. Morinaga and T. Nono,”’ the general solu-
tions of the matrix equation e*==A are as follows :
(1.4) X = I(A)+P-FP ,
R L ‘ "
where F=T'[ XD F]T, F¢=27z;/:“i\j @ nili (ni: arbitrary integers)
i=1 =1
and P is an arbitrary matrix commuting with A. Then P is of the from
R .
P=T-'[3X® P, ] T, where P, are of the m,th order, and it is easily seen
i=1
that L(A) commutes with P. Then, from (1.2), it is seen that

(1.5) C=—tf)—[L(A')—;—P'1FP] p- 1[ 1 {L(A)+FH

Consequently the Jordan’s form Cn.,of C must be of the form as follows:

=,‘§‘4@C , where Cl=|" 3 """ 2 | and wt=-(Logx+2nim 1)
ap T
0. . ;
s 0

00 1 uf

1) This Journal, Vol. 14, No. 2 (1950), p. 111
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Then, from the last part of Chap. IV §5, the necessary and sufficient con-
dition that, for such )\, and pt, the relations (p) and (L) in Theorem IV may
be in one-to-one correspondence, is that, for i=x, all it are equdl to one another
and the L-th determinant divisor of I constructed for \§ is unity, namely
that this ¢ coincides with the Jordaw's form of C in Theorem VIII'.

§ 2. Non-existence of group.

Let the operator functions £ of any group containing ¥ be (1.1). Then
we have (1.2). Therefore, by our assumption that either 0<"|X,|< 1 or
|A;|>>1, the real parts of all u; are either negative or positive. Then, by
Theorem II, there exist regular solutions of the equations (S'). However,
when the Jordan’s form 5 of C of & does not coincide with the Jordan’s
form of C in Theorem VIII, from the result of §1I1, the relations () and
(\) in Theorem IV are not in one-to-one correspondence, consequently from
the remarks in Chap. II § 3, the equations (S') have not in general regular
solutions. Thus it is seen that, in general, there does not exist any group,
of which the Jordan’s form C of C does not coincide with that of C in
Theorem VIII'.

Even when 6’ does not coincide with the Jordan’s form in Theorem VIII,
if the equations (S') have regular solutions of the form (f') for 69 then, by
the analogous discussions as those in Chap. IV, we see that there exists a
group. From this result and Theorem II, we have
Theorem IX. When the Jordan’s form C of C such that A=e’°c does not
coincide with that of C in Theorem VIII', the mnecessary and sufficient con-
dition that, for that ((3' there may exist the group wpossessing the regular
operator functions, is that the equations (S') in Theorem IT have regular solu-
tions of the form (f') for the eigen values u, of C

§ 3. Uniqueness of group.

Let the operator functxons of the group & obtained in Theorem VIII be
as follows:

3.1 EF == QLY+ reeres .

Let the operator functions of any other group &' be as follows:

3.2) TER = 10U e vaeras .

We assume that the Jordan’s forms of C=|/ct| and C'=| 'e%| coincide
with each other, and let common Jordan’s form be 6: ééi @ Ci, where

t=1l=1
— 228
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t—# 00| In this case, ui=—y, , therefore, in (1.4), F.=2nm =11,

1, :
0~
o0
001 g .
where n, are integers, consequently P-'FP=F for any P. Thus
(3.3) C=C= %— [L(A)+F] .
0

For £ of (3.1), by Theorem VIIL it is valid that
(3.4 , - Xgly = wis+ Jir-r+ Dy .
for g* such that f*=k:g>, where f* are the solutions of the equations as follows :
(3.5) fis( @) = Mfin(@) + flon(2) + V() .
Moreover, by the same theorem, if T=|| t4|| and K= |} k" || are the matrices
such that TAT '=A, Ke"’COKC“:X, and S= || st || =K'T, then ft=a*+ e,

GH==FH A veae , and SCS-!=C. Now, because of (3.3), if we consider the
characteristic equations for ‘¢ as follows: '

(3.4 X9ty = p,' 9l +'9lp- 1 +' Pl
then these equations have regular solutions as follows :
,g“' — i”’-‘. cesses

Put 'f*=Fk:'g", then, by Chap. II (3.9), we have:

3.5 "fio(@) = N/ Fin(@)+'fip-(2) +'PE(2) .
and 'f*=ga"*+..... . Here both f* and 'f* are of the form (f) in Theorem I.
Therefore, by Theorem I, 'f*=f* and '¥},==V¥!,, consequently '¢g*==g*. Thus
we have: .
Xgtp = iy +Gip-1+ Dy
3. 6) { , Ji» Flig“,v ip 1 ) :p
'Xgl» = miQts +Gip-1+' Py ,
and the results obtained by integrating both equations are the same equations
(3. 5) 21 Lv‘ Pl x{
We consider the functions o"=1] II II 9%,?'» and arrange them accord-

t=1 l=1p=]
ing to the weights of the indices. Since gi, are independent, @" are linearly

independent with regard to constant coefficients. Then <I>fp=é?,W;>W and
¢fpw are uniquely determined. Integrating Xg7,=u.g7, +9f»-,, by Chap. II
(3. 4), we have:

(3.7 gih(x) =e [(p "*if)',gu(m)+(pt 2),glz(a,)+ +tg,,,~1(a,)+g,,,(a,)]
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Then we have:
S+1,

S+1
(3.8) @ (x)= J] g('x)?

e, i, p

S+1,

m t . ﬁ 124
= e"*! l[ [(p —n! i gu(x)"""+tg?p—1(x)+g?p(x)]

+1 8+1 .
= e"s+ 1t S,c %"(t) @ V(m) ,
here
8+1 S+1
(3.9) for VWP, «F(t)=0 except for V=W, and « J(t)=1.
Then, after the substitution of ‘a* for 2*, the equations Xg§''=pu, g5 + ®5'
become as follows:
S+l(la,)
Cdt
Integrating these equatiOns, we have:

sa1
= pgan 850 + e 5 V(t) so (x)

S+1 Tt S+1
gi () = ers! | grri@)+ oxd'p (@) | ) at]
0
By induction on », we can easily prove that, for x=S+1, the following

formulae are valid :

Y tP—l 2 2
(3- 10) g?p(’x) =€ =t [(Fl‘)i! g:’l (x)+ tee +tg?m— 1(x)+gzp(x)+\1'w(x» t)] ’

where

x ! ¢ » t- 11 t
(3.11) e (a, t)=goV(x)[ci’1WS dt---g dt+c:’2W§ dt...j dt
. 0 0 [¢] B 0
P times ;'Ttimes

- )
+--.+c;’,,ws dt] k¥ (t) .
0

“We assume that (3.10) are valid for 2=S+1, ..., £—1. Then,
1 L P}

W('w)—l] M gt (’w)p“’

e L, P! -1 P’ip
=e I [] 1 [ gh(@)+ +tgw-1(m)+gw(w)+‘1'p(x, t)]
. <1 im0 L(p— 1)' o

e x (t) @ (&) .

Now, from the definition of the weights, the weights of indices of ¢"(x)
are less by at least one than wi,. Consequently

1) For the meaning of the symbol >, cf. Chap. IV §4.
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(3.12) for V>W, «¥(£)=0 except for V=W, and «%(t)=1 .

Then, in the same way as in thé case #=S+1, we can prove that (3.10)
are valid also for . Thus, for any =z, (3.10) are valid, and (3.12) also do.
Then, putting t=t, in (3.7) and (3. 10), we have: ’

-1

(3. 13) g%p(¢) = A, [(%)Aﬁ! gh (w)“"' e +tog%p—1(x)+g%p(x)+\I’§p(w)] ’

where

3 14 ¢ et ‘.V > i to t 4 to t

( . ) \I’lp(m) q) (al) C“W dt see dt+c$2W dt vee dt
0 0 0 o
2 times »—1 times

to [
+.--+c;w5 dt] E(E) .
0

From (3.9) and (3.12), it is readily seen that det.

[fore dt} +0. Then,
from (3. 14), if ¥}, are given, because of independence ‘;f q;"(x), Chiws Claw s .en
¢lyw are upiquely determined successively, namely ®:, are uniquely determined.

Now, g%, of (3.13) are related to the solutions fi, of the equations of
Schroder in such a way as f“=Fkig®. Therefore, when the equations of
Schroder are given, ¥, in (3.13) are uniquely kdetermined, consequently @i,
are uniquely determined.

Then, since the same equations of Schréder are obtained from both of
(3.6), ®i, and '®!, must coincide. Then 'Xg{,=Xgi,, consequenﬂy, 'e* and
£ must coincide. Namely the group &' must coincide with the group .

Thus we have '

Theorem X. The group, of which the operator functions & are expanded
as EP=—cix’+-eeeer, and where the Jordan’s form of | ¢t || =C coincides with
that of C of the group obtained in Theorem VIII, is uniquely determined
when the Jordaw’s form is fixed, and there does not exist such group other
than that obtained in Theorem VIII.

§ 4. Total groups. (i). ‘
Let the operator functions £ of any group be

4.1) ' ) EM == CEEY Fveoves

We as_éume that the Jordan’s form C of C= Il ¢l coincides with that of C
O -

in Theorem VIII. Given the Jordan’s form C, we seek for general solutxor%,s

C of the matrix equation e"C—=A. Let C be any solution, and SCS'=C.
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Then, making use of any fixed K such that Ke’°CK l—A we have:
SK- 1AKS A

Namely KS=T is a matrix which transforms A to its Jordan’s form in such
(o]
a way as TAT '=A. Thus we have:

(4.2) C=351CS ,

where S=K-IT. Conversely, if T is any matrix transforming A to its
Jordan’s form, then, for C defined by (4.2), we have:

C . §-161CS — S 1IK-1AKS = T'AT = A .

Thus, for arbitrary 7, (4.2) gives the general solutxons

Now, by Theorem VIII’, for given C C of the group obtained there is
as follows: C=S- 1C’S; Thus, if we vary T, then we get all possible C @,
However,by the same reasonings as in § 3, we see that all operator functions
having common C coincide with one another. Thus it is seen that all possi-
ble groups are obtained by varying 7 from the groups obtained in Theorem
VIII'. Thus we have

Theorem XI. When the Jordan’s form of C of the operator functions of the
group & coincides with that of the group obtained in Theorem VIII', & is a
group obtained for a suitable T in Theorem VIII', namely there exists no
other such group than that obtained in Theorem VIII'. ‘

§ 5. Total groups. (ii).

In Theorem IX, if the equations (S’) have formal solutions f“ of the
form (f"), then, (S') being the equations of Schrader, f* converge, namely f*
become regular functions. .Thus the condition in Theorem IX can be replaced
by the weaker cond1txon that (S’) have formal solutions of the form (f" for
the eigen values u, of C. In the case where this condition is satisfied, the
. solutions of the form (f’) of (S) are not unique, but the coefficients of

iy . o
I ®h # for ph, such that M= [T Mo Pt and w2 fimng, 3T arbi-

J,m,q

trary. Then, when the SOlUthIlS f* and 'f* of the form (f') have different
coefficients in the terms stated above, the corresponding £* and ’£* which
are determined by the equations of the forms as follows:

(C) A Xgiv = m,9in+9ir-1+ P,

1) In the case of Theorem VIill, C is unique, namely C is unaltered even when T is varied. On
the contrary, in the case of Theorem VIII/, C may be altered when 7 is varied.
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for g* related as f*=Fkig®, have the same coefficients in the terms of the first
order, but they do not coincide with each other. For, g* and ’g* are of the
form (f’) in terms of Zz*, therefore, by the previous paper®, if £ and '&*
coincide with each other, then it must be g*='g*, consequently f*='f*. This
is a contradiction. Now, let £*—=c%a:V+.....« be the operator functions of any
group containing ¥ and assume that the Jordan’s form of C= les |l is Co’
Then, by Theorem II, the equations of the form (C) have regular solutions
g* of the form (f’) in terms of z*, consequently f*=~Fktg" satisfy the equations
(S) and f* are of the form (f’) in terms of " Namely & of any group
are determined by the equations of (C). Thus, by the same reasonings as
in § 4, we have

Theorem XII. When the equations (S') have formal solulions of the form
(f) for the eigen values p, of C which does not coincide with that of the
group obtained in Theorem VIII', the operator functions of all the groups are
obtained from all the solutions f* of the form (f') of the equations (S') by
varying T such that TAT '=A.

Summarizing the results, we see that all the groups having regular
operator functions are obtained in the following way :

Jordan’s form Co' | S&ll‘étiglrfnf(“f,gf T
Th. VIII. . any one fixed any one fixed
Th. VIIT. any. one fixed all varied
not Th. VIII'. B all varied all varied

MATHEMATICAL INSTITUTE,
HirosHIMA UNIVERSITY.

1) M. Urabe, ibid.
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