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Chapter III. Correspondence of the eigen values. 

§ 1. Preliminaries. 

In Chap. II, we have noticed that, when (2.12) holds, (2.14) always 
holds, however, when (2.14) holds, (2.12) does not necessarily hold. In this 
chapter, we study the condition that, for the given values of :\.1, there exists 
a set of values P,; such that, for any sets of (p1 , p2 , ••• , PR) satisfying Chap. 

H (2.14), there always hold Chap. JI (2.12), namely Chap. II (2.12) and 
(2.14) are in one-to~ne correspondence. 

We assume that either O< I X1 I <1 or I :\.1 I >1. Then, by the suitable 
arrangement of :\.;, as seen from Chap. I § 1, the relations Chap. II (2.14) 

which really hold are of the. forms. as follows : 

(1.1) .... _-.P1,Pi . -.PN 
I\, - /\tl /\,2 •••••• I\JN 

where Xis an eigenvalue X, such.tbat i>N. We denote by 'A arbitrary 

value of P,; determined by Chap. II (2. 8) for given :\.t. Then, for one set 

CP1 , P2, ..• , p N) satisfying ( 1. 1 ), 

(1. 2) 

where.µ, is a suitably determined value of µ, corresponding to :\.. For any 
set of (p10 p2, .•• , p N) satisfying ( 1. 1 ), 

(1. 3) 

where n is an integer corresponding to the set of ( p1 , p2 , ••• , p N ). Put 

µ,,=A'+B 1 v -1 and µ=A+Bv -1. Then, making use of the convention 
of tensor calculus, it follows that 

(1.4) (p1-p1)A'=O, (p1-p1)B1 =~:n. 

The sets of (pi, p2 , ... , PN) satisfying (1. 1) are determined by (1. 4). Then, 
for all such sets of (p1 , p2 , ••• , p N), we seek for n1 and m such that 

t (µ,1+ 2t;-rn'v-l)p,=µ,+m2t;-rv-1, i.e. 
l~l O 0 
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(1. 5) / 

Making use of the theorems on linear integral equations, we solve (1. 4) 

and we study the condition that there. exist n1 and m satisfying (1. 5). 

§ 2. Lemmas on integral equations. 

For any given numbers ai, we consider the integral equation as follows : 

(2.1) 

i summed over 1, 2, ... , N. We assume that, for any integral solution 1\ of 

(2.1), r.lf1+ 1 =rM1+z= •·· =rN=O, and there exists an integral solution ri 

such that rM1 =J=O. Among the solutions where r]lf 1 40, we choose a solu­

tion such that r.lf1 is positive and smallest.· Next, we consider the integral 

solutions such that rM 1 =r.lfi+l = •·· =rN=O, and assume that, for any of 

them, rM2 + 1...:._, .. =rM1 =··•=rN=O and there exists a solution such that 
r.lf2 =J=O. From these solutions, we choose a solution such that r,1£2 is 

positive and smallest. Repeating this process, we have a set of linearly 

independent integral solutions, which we write as follows: 

(2. 2) 1 
rl = (1·}, rL ..• , r}.,. 1 , 0 , . .• ... ...... ...... , 0) , 

r 2 - (r2 r 2 r~ 0 0) t - 1, 2, ••••••••••••••• , N 2 , ' •••••••••••• ' ' 

rf=(rf, rf, ........................ ; r~x' 0, ...... , 0), 

where N x=Mu N x-i=M2 , ... , consequently N1<N2< ... <N x• The number 
K of these solutions is . evidently at most N. Then, we can easily prove 

that any integral solution of (2.1) is expressed as follows: 

(2. 3) 

where ka are integers. Namely the set of solutions (2. 2) constitutes a basis 
of the integral solutions of (2.1). 

Next, we consider the simultaneous equations as follows : 

(2.4) a~x, = 0 , ( a = l, 2, .. .- , m) . 

Then, by induction, we can prove that there exists a basis of the integral 

solutions of (2. 4) of the forms (2. 2). For m=l, we have seen already. We 

assume that, for m-1 equations, there exists a basis. Then, for aix,=0 
(a=l, 2, ... , m-1), there exists a basis r't of the forms (2. 2); consequently 

· any integral solution x, of them is expressed as x. = karf . Substituting 

these into a:,.x1=0, we have a!,.t·tka=O. For this equation, there exists a 
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basis s~ of the forms (2. 2), consequently ka = l,.,.s~ . Then, for any integral 

solution of (2. 4), we have: x,=l;.s~r:. Therefore, t~=s~1·f constitutes a 

basis for (2. 4), and evidently. the set oft} has the same forms and characters 

as (2. 2). Thus we see that there exists a basis of the forms (2. 2) for the 

simultaneous equations of any number. 

Next we study the properties of the basis of the integral equations. 

Lemma 1. We assume that the m-th determirw,nt divis01· of the matrix 

A= II ar II iff unity,. where a=(l, 2, ..• , m) indicates the row and i=(l, 2, ... , n) 

the column and m< n. Then, for the given a1 and any prime number p==H, 
in order that a.· c.,,ar (mod p), it is necessary and sufficient that the (m+l)-th 

-determirw,nt divisor of the matrix B=(~:) is divisible by p. 

Proof. Put 

L -[at a~ ... a'J' 
a1 a~··· a; . 
a.\ a~ ... a: 

p Q ...... ~-]' 
0 p : 

. . ... . 

· .. 0 ' 
0 ...... Q p 

M = [~: :: :::~~ o/ 
: : 
al, a~ ... a;:' a,. 

p Q ...... ?i· 
0 p : . 
: ·.. . 
: · .. 0 
0 ...... 0 p 

Then, by the theorem of algebra, in order that arc .. = al (mod p), it is 

necessary and sufficient that L and M · have a common rank p and both p-th 

determinant divisors are equal. Now, since p==!=-0, L an:d M have a common 

rank n. Any determinant of n-th order of L is as follows : 

( 1 ) a~l is 0 0 ... 0 ±pn-• i 1 ...... a~" ••• al - JI Jl 

a~l a~• . p 
p i 1 ...... i• . p Js Js . 

ail is n ••• a,. 0 0 0 

Now, from m<n, n-s~n-m>o, consequently any determinant of n-th 

order of L is divisible by p"-m. When s=m, the right-hand side of (1) is 

a product ot pn-m and the determinant of m-th order of A. However, by 

the assumption, G.C.M. of all the determinants of m-th order of A is unity. 

·Thus, G.C.M. of all the determinants of n-th order of L is p"-m, namely 

n-th determinant divisor of L is p"-m. 

If atc111 =Ut. (mod p), then n-th determinant divisor of M must be p"-m. 

Then the determinants of ii-th order of the following forms of ·M must be 
divisible by pn-m : 
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From this, we see that any determinant of (m+l)-th order of B must be 

divisible by p, namely (m+l)-th determinant divisor of B is divisible by p. 

Conversely, we assume that (m+l)-th determinant divisor of B is 
divisible by p. Then, since all the determinants of n-th order of M which 

do not contain (m+l)-th column of M, are the determinants of L, their 

G.C.M. is pn-m. The determinants of n-th order of M which contains 

1, 2, ... , m, (m+l)-th columns are of the form (2), consequently, by .our 

assumption, they are divisible by pn-m. The other determinants of n-th order 

of M which contains (m+l)-th column of M are evidently divisible by p"-m. 

Thus, ultimately, we see that G.C.M. of all the determinants of n-'th order 
of M is p"-'", namely n-th determinant divisor of M is equal to that of L. 

Thus there exist integers c .. such that a,c .. ==a, (mod p). Q.E.D. 

Lemma 2. The K-th dete'rminant divieor of II r, II of (2. 2) constituted 

by a basis for the simultaneous equations (2. 4) is unity. 

Proof. We prove this lemma by induction. From the definition, 1·}, rJ, 
.•• , rl,-1 are evidently relatively prime, namely, the first determinant divisor 

of R1 = II r} II is unity. We assume that the a--th determinant divisor of 

R(T = [r~ ri ··· 1·l,-1 0 •········ 0) is unity. If the (a-+ 1)-th deter-
1·12 ............ r2 O········· 0 

• N2 • . . . . 
r~ •··········· r~ 0 •·· 0 (J' 

minant divisor of R0 + 1 = (R(T ) is not unity, then there exists a prime number 
rrl 

p=t--=l such that all the determinants of (a-+l).:.th order of R(J'+i ate divisible 

by p. Then, by Lemma 1, there exist integers cp such that rr+I ==cpr; (mod p), 

p summed over 1,2, .,.,<T. Put 11+ 1 -cpr;='r,, then 'rt==O (mod p). Now 

r~ =0, consequently 'rN =r:~/ 1 =!-=O .· From the definition, it is evident 
o-+l u+l o+l 

that a~'r,=0. Then, dividing 'r, by p, we have r, such that a~r,= 0 and 
O<rN <rN+i . This contradicts the properties of r;. Therefore (a-+1)-th 

o-+ 1 cr+l 

determinant divisor of Ro-+i is unity. Thus, by induction, we see that the 

K-th determinant divisor of RK = ll·rf II is unity. Q.E.D. 
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§ 3. Solution of ( 1. 5). 

Let the basis of the solutions of the forms given by § 2 of the following 
simultaneous equations be (t,, tA}°i (X=l, 2, .•• , L): 

(3.1) I A'x. = 0 , 

B 1x, -~'!'x = 0 • 
to 

Then, by § 2, for P; and n satisfying (1. 4), it follows that 

_(3. 2) 

(3. 3) 

Substituting these into (1. 5), we have: 

(3. 4) 

This must hold for any integers k,._ such that p, are non-negative. When 

k,._=0, it must hold that 

(3.5) 

Consequently, 

0 ( p,n =m. 

(3. 6) 

As seen from (1.1), the number of the sets of k,._ is finite. We denote them 

by k . Consider the equations k;cx"=O, and let the basis of the forms (2. 2) 
of these equations be T~ (a= 1, 2, .•. ,- M). Then, from (3. 6), tin'+ t" = ztt,n, 

namely 

(3. ·7) 

Put [ tl, ... , tl,l , 0, ...... 0 Tt Tl ... TJ,.] = ~. and om, t")=~- By Lemma 
ti • . . . . . . . . . • ti 2 , ••• 0 Tf Ti l . . . . . . . . . . . . . . 
tr, • .. •. •••. ... .•• ••• ••. tL O TL 

1 NL M 

2, the L-th determinant divisor of ~ is evidently unity. Consequently, the 
necessary and sufficient condition that (3. 7) have integral solutions n1 and 
ltt,, is that the L-th determinant divisor of Wl is unity. 

n" are determined by (3. 7), and for these n\ m is determined by (3. 5). 
As the special cases, we have the followings : 

When k,._=0, then we can take T! as T~=S!c2 i_ In this case, evidently 

1) t"-=0 for .A= 1, 2, ... , L - 1. 

2) ll} is Kronecker's delta, i.e. ll~=O or 1 according as .A=l=x or .A=x. 
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the L-th determinant divisor of fill is unity. Consequently there exist ni 

satisfying (3. 7). 

When t'=O, namely t11.=0, fill and ~ coincide, consequently it is evident 

that there exist n' satisfying (3. 7). 

When there exist L linearly independent kt, then n=O, and the equations 

(3. 7) become as follows: 

(3. 8) 

We consider the case where ti=1=0. If there exist ni, then all possible tt 
must be relatively prime. For, if not, there exists a prime number p =I= 1 

such that tf=O (mod p). Then, from (3. 8), tt also must be divisible by p. 

This contradicts the definition of the basis. Next, we consider the converse, 

namely we assume· that all possible tf are relatively prime. If the L--th 

determinant divisor of fill is not unity, then, by Lemma 1 and 2, for an 

appropriate prime number p=J=l, there exist integers c.., such .that tf = c..,t; 

(mod p), a summed over 1, 2, .:. , L-1. Put tf-c..,t:='tf, then 'tf==O (mod P) 
and ('tt, t,.) evidently satisfy (3. 1). This contradicts our assumption. Thus 

the L-th determinant divisor of fill is unity, consequently there exist ni 

satisfying (3. 8). Thus, in the present case, the necessary and sufficient 

condition for existence of n( is that, for any set of (tf, ti) satisfying (3.1), 

tf are relatively prime. 

Example 1. 
0 0 2v2 + 1 · - - 0 6v2 + 1 -
µ1=-l, µ2=-2+ 2 7tV-l, µ3=-3+ 2 nv-1 

0 sov2 + 9 ~- 0 0 0 
µ= -21+-~2~-nv--1 =6µ1+6µ2+3µ3. 

The equations determining (tt, t>-) are as follows: 

f t1+2t2+3t3 =0, 

\ 2v2+1 t +6v2+1 t _ 2 t 2 n:2 2 7t3-n:. 

to= 1 . 

We have: L=l and ti=-6, t2=6, ts=--2, t=l. Therefore P1=6-6k, P2=6+6k, 

P3 =3-2k, n=k. Consequently k=O or ±1. In this case, (3. 7) becomes (3. 8). 

Thus, there do ·not exist n' , namely it is impossible to find µ1 so that the relations 

Chap. II (2. 12) and (2. 14) are in one-to-one correspondence. 

Example 2. ;1 are all real. 

B 1=0, consequently t>-=o. Evidently there exist n'=l"=O satisfying (3.7), 
0 

namely, if we take µ1 themselves as µi, the relations Chap II (2. 12) and (2. 14) are 

in one·to·one correspondence. 
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§ 4. Correspondence of the eigen values. 
From our agreement on the a,rrangement. of :>.., , there exist the sets of 

0 p, such that 

(4.1) s P"' A,,= II:>.., i • 
i=l 

0 

Now. as seen from (3.1), (t}, t>-) depend only on µ,, (i-1, 2, ... , S). If there 

exist µ,, (i=l, 2, ..• , R) such that the relations Chap. II (2.12) and (2.14) are 

in one-to-one correspondence, then, for all possible k>. in (3. 2) for all p,, 
there must exist integral solutions n' of (3. 6), namely the L-th determinant 

divisor of ~ must be unity. 

We consider conversely, namely we assume that the L-th determinant 
divisor of fill: is unity. Then, there exist ni satisfying (3. 6) for all possible le>-, 

0 

consequently, when we determine each m corresponding toµ,, by (3. 5), namely 
0 

by p~n'=m, there exist µ,1 (i=l, 2, ... , S) and µ,, (x=S + l, ... , R) such that, 
.~ Ji" s 

for any set of pf satisfying :>..,,= II :>.., t , µ,,= z]· µ,,p, • Then, for any set of 
i=l i=l 

Pt such that 

(4. 2) " _"Pi" P2 .. "P.s" Ps+1 . .,.p.,_1 
/\,:i, - "'1 "'.& ••• ••• l\,s "'s+I •••·•• /\.z-1 , 

- f( 0s+I '\l:-1 
from (4.1), we have: ;\.,,=II:x,/'+Ps+iP, +·· .. ··+P:.-iPt • Then, for our 

i.e. 

(4. 3) 

t-1 

8 0 0 

µ,,,=z]µ,t(P,+Ps+1PJ+ 1 + ··•··· +p,,_ip,- 1 ) 
i=l . 

8 S O S u 

= zJ P,;P,+Ps+I zJ µ,,pf-fl+ ...... +p,,_I zJ /l,;Pr- 1 
i=l i=l i=l 

s 
=~µ,,P,+Ps+1f1,s+1+ ······ +P,,-1µ,,,_1, 

i=l 

"-1 
µ,,, = zJ µ,,p, • 

i=l 

Thus, for our µ,t (i=l, 2, ... , R), ( 4. 3) always hold for any set of Pt satisfying 
(4. 2). 

Thus we have 

Theorem IV. For the given values of ;>..,, where either O<l:\,J<l or i;>..,tl>l. 
if we armnge ;>..,t as exp~ained in Chap. I § l, the11Jlf the necessary and sufficient 

condition that there may exist µ, satisfying 

(L) 

such that there always hold 

(µ,) 
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for any set of (Pi, P2 , ••• , P,-1) satisfying 

-,. _ -,. Ph Pa -,. Pt-1 
"'t - 1\,1 1\,2 • •• • •• l\,i-1 , 

is that the L-th determinant divisor of ~ is unity. 

By this theorem, when the L-th determinant divisor of We is unity, there 

existµ, such that the relations (µ,) and (A-) are in one-to-one correspondence. 

For such µ,, the, equations (S') and their solutions (f') in Theorem II coin­

cide with the equations (S) and their solutions Cf) in Theorem I respectively. 

Chapter IV. Existence of one parameter group. 

§ 1. Preliminaries. 

In Chap. II, for the given functions q.l' (x) = a~·xv + ...... , we have 

assumed that there exists a one parameter group of transformations which 

contains the transformation 

(1.1) '.t : 'x" = ql'(x) = a~x .. + . .. . .. , det. I a~ I + o , 

and we have deduced the functional equations (S'). In this chapter, from 

the equations of Schroder (S), we deduce the existence of group. 

In Theorem I, we have seen that, when either O< I A-, I <1 or I A., I > 1 , 
the equations of Schroder (S) have the regular solutions. Analogously to 

the process of obtaining the solutions of the linear homogeneous partial 

differential equation from its characteristic equations, we deduce the functions 

uip m from the equations of Schroder. Making use of these functions, we 

prove the existence of group containing the given transformation. Next, by 

means of Theorem IV, we prove that, under certain conditions, there exists 

a group possessing the regular operator functions. 

§ 2. Simpler form of the equations of Schroder. 

As explained in Chap. I § 1, we arrange A., and, as in the previous 

paperm, we attach the non-negative integers Wip to the eigen values >i.!.,, as 

follows: 

(2.1) 

Wfp = W'i\ +p-1 , 

1) M. Urabe, This Journal, Vol. 15, No. 1 (1951), p. 25. 
2) do. 
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where " max." denotes the maximum of the values corresponding to all sets 
., 

of p:,.,, such that 

(2. 2) 

R Lt p!,, 
We call the number wf,, the weight of :\.\, and w = ~ ~ ~ w:,.,,p:,.,, the 

!=l ffl=l P-1 

weight of the eet of pt,,.,,. 

We make use of notations as follows: ipf=f[<p(x)] and (rp-a)f=<pf-af 

=f[rp(x)]-af(x). 

For any solution ftp of the equations (S), put 

(2. 3) 

Then we have 

(2. 4) <p,fr = 7·lJL ,,~ 1:\.J!,,,,(x)+ f!.. 1 -iCx)+'1!',,.q(x)p:..q = X.,,Jr(x)+,Jr'(x) 

As in Chap. I § 5, we associate the numbe1'. X, to f!,,,,{:c), then ).,J!,," + f'...q- 1 + 'l'l,.q 

is a polynominal of the order ).,, . Therefore, by the lemma in Chap. I § 5, 

the right-hand side of (2. 4) becomes a polynomial .of the order :\..,, namely 
a linear combination of the monomials of the form t. Any one monomial 
of ,Jr'(x) is a monomial obtained by substituting f'...q- 1(x) or 'i'',,.,,Cx) for at 

least. one fl,.q(x) in the product of ,Jr(x). Now the weight w' of the indices 
of the monomials of 'l':,.q is as follows : 

Thus we see that ,Jr'(x) becomes a linear combination of the monomials, of 
which the weight of the fodices is at most w -1, where w is the weight 
of the indices of ,Jr. Then, if we operate <p-X,, w-times on t, we have a 
linear combination of the monomials of the weight zero. When the weight 

of p!,.q is zero, from the definition, p;,.q are zero except for p;:,1 • For t such 
S La •a 

that -t= ll fl f':r. 1 Pmi, it is evident that (rp-Xx)t=O. Thus, for 't of the 
a=1 m=l 0 

form (2.3), (<p-).,z)w+r,;=O. Now W=~W',,.qpt,,.q::;:;wri-1. consequently 
t,m,q 

(<p-).,.,,tT1t=O. From this, it is evident that, for a linear combination '1!;.,, 

of the functions of the form t, 

(2. 5) 

Then, if we operate rp-).,, successively on the solution t;pf of the 
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equations (S), then, from (2. 5), 

(2. 6) 

Q·! ! 
By ('f'.J-:X.i) 1 f,pf, we denote the first which identically vanish. Then 

Qf < w~pf +1. Put 

(2. 7) 

Then, from the equations (S), we have: 

(2.8) 

for i=a, 

Ffof-1 = f1pf-l + \Jl'jpf • 

for i=x, Ffor-n+1 = fr1+'l"f2+C<j'.J-:x.,,)Wf3 + ... +('f'.)-x,,tf-zwin. 

Ffor-Pr - 'Pf1 +(<j?-X,,)Wf2 + ... +('f'.)-x,,tr-i')_f"in • 

., p"' '"p" " 
Ff1 = (<j?-A..,)Ql - l - l'Yf1 + (<j?-:X.,,)Ql - 1'Pf2 + ... +(<j?-X,,f1 - 2\Jl'iP'l· 

Here we can prove that, 

l for p = 1, 2, ..... , Q! -Pf , 
(2. 9) 

for p = Qi-Pl+l, ... , Qf, 

Here L [ ... ] denotes a linear combination of the arguments. For i=a, 

Qf =Pf and Ffv=ffv, consequently it is evident that (2. 9) hold. For i=S+l, 
S+l S+I 

wr:1=L[ n f~q p~q] = L[ n F;!,q P~q] and ('f'.J-A.s+1)'l"fv+l are of the same 
_ a,m,q a,m,q 

forms as Wf; 1 • Therefore, for i = S + 1 , (2. 9) hold. We assume that 
(2. 9) hold for i = 1, 2, ... , S, S + 1, ... , x-1. From the latter of (2. 9), for 

i = 1, 2, ..• , X -1 , 

_ [ 1-1 LJ o!,. tpl ] 
(2.10) flv=F}p+-(QLPl)-L ll ll ll F;,,q mq 

l l J=l m=_l Q=l 

[ 
z-I L1 P;,. _ p· ] 

Substitute (2. 10) into 'li'fv = L /l J£ /{ f/.,.1 :..q . When we associate the 

i i-1 LJ Q~ I 11 
I) 'P;,.q are such non-negative integers that At= II JI II A 1 P,,.q. 

J=l m=l Q=l 
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number >.,1 to Ff p, then, from the lemma in Chap. I § 5, ff;,,,q is a polynomial 

of the order ~,. Therefore, after substitution, 'l"fp becomes a polynomial of 

the order X.,. As (<p-11.,)'F'fp is of the same form as 'l"fp, we see that (2. 9) 

hold also for i = x. Thus, for any i, (2. 9) hold. 

For the solutions ffp given by Cf) in Theorem I, after suitable linear trans­

.formation of the variables x,,., from (2. 9), it follows that, for p=Qi-Pf + 1 , 

... , Qf, F!p= x}p- < Ql- Pt)+ • • • • • • • From (2. 7), it is evident that 

(2.11) FU<p) = >.,tFiix)+Fip-iCx), (p = 1, 2, ... , Q!) . 

Thus we have 

Theorem V. For the given functions qf(x) = a~x" + ...... , det, 1 a~ I =l= 0, 

we a<:5sume that the abwlute values of all the eigenvalues 11.; of II a~ II are either 

9-reater or less than unity. We consider the functional equations as follows: 

When we t'!an._"'form the variables x,,. and the functjons rp,,. by x,,.=t~x" and 

q,,,.= t~<p" so that 

(<p) 

then there exist the solutions F{p of the equations (S1 ) such that 

Jfor p=Qi-Pi+l,~ .. ,Ql, 

\ f 01· p = 1, 2, .•• , Qf-Pi , 

The equations (S1) are of the same forms as (Si') in Theorem III. 

§ 3. V-functions. 

In this paragraph, we make U-functions analogous to U! p in the previous 

paper0 \ By means of K'= 11 'k~II defined in Chap. II § 4, we transform F,,. 

as follows: F,,.='k~'G". Then, from (S1), we have: 

[ tP-1 . tP-2 ] 
(3.1) Glp[,p(x)] = >.,1 (p~l)! Gh(x)+ (p-~2)! Gilx)+ ... +toGfp-.Cx)+G1v(x) • 

Put (p-1)! Gip= Hfp- 1 • Then (3. 1) are written as follows: 

(3. 2) 

Put 

1) Urabe, ibid. 
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(3. 3) Rh/ Hto = Ulo , 

then, Hf1=UioH!o. Applying the formulae of Leibnitz of differentiation to 

these, we define successively U:11 as follows : 

(3. 4) 

From (3. 3), Hh(cp)=Ui 0(p)Hl0(<fJ). Substituting (3. 2), we have: 

:\.,[t0Hfo(x)+H!i(x)]=-:X.PioC<fJ)H!o(X), namely 

(3. 5) 

For p~l. we can prove that 

(3. 6) 

From (3. 4), HMp)=Ufi(rp)HfoC<fJ)+UfoC<fJ)Hh(cp)_- Substituting (3. 2) and (3. 5), 

we have: 

tiHUx) + 2t0Hh(X) + Hflx)=Uh(<fJ )H!o(X) + [Ufo(X)+ t0][t0Hlo(X) + Hfi(x)] . 

Making use of (3. 4), we have: Ufi(<fJ)= Uh(x), namely, for p=l, (3. 6) is 

valid. We assume (3. 6) for p=l, 2, .•• , p-l. From (3. 4), Ht'P+iC<fJ) 

= t (~)ut11-rC<fJ)H!r(cp). Substitute (3. 2), (3. 5) and (3. 6) for p=l, 2, ..• , 

p-l, we have: 

(3. 7) ~ (P~ 1)t~+1-'BMx) = UU<fJ)Hfo(x)+ ;ti(:)ut11-,.(x)i1 (:)~-•Hf,(x) 

+[Ulo(x)+t0] ttP)t&-•Hf,(x) . 
lsO \8 · 

The coefficient of t~(r~l) in the right-hand side of the above relation is 

calculated as follows : 

(3. 8) ~ (f)(t~r)ut,,-tHf,-r +(p-~+l)Hf11-r+1 

_ p! ~(p-r) i i p! I 
- r! (p-r)! f::;t. t-r Ui11-tH1,-r+ (r-l)! (p-r+ l)!Hi11-r+1 

- p! [ l ]H' - f ( _ l)f p-r+ +r IP-r+l r. p r+ . 

= (p:i~r)Hf'P+I-r • 

In the right-hand side of (3. 7), the term which does not contain t0 is 
calculated as follows: 

(3. 9) U/p(cp)Hlo(x)+ Ji~)Ut11-rHtr = U!i<fJ)Hlo(x)+Hf11+1-Ulvmo . 

Substituting (3. 8) and (3. 9) into (3. 7), we have (3. 6) for p. Then, by 
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induction, we see that, for any p~l, (3. 6) is valid. 
Now, if we take K' defined in Chap. II § 4, then, from (F1), it is easily 

seen that the set of functions Hf 11 for p=Q!-Pi, QI-Pl +1, ..• , Q!-1 is a 
set of n independent functions and, for p=O, 1, .•• , Qi-Pi-1, 

j 

[ ,-1 L.1Q,,,-l t1 ]Cll 
Hf p = L ll ll !lo HJ,,.q "Pmq • (3.10) 

By the ~finition, UI 11 is a rational function of Hfo, Hf 1 , ••• , Hl11+ 1 and 
depends really upon HIP+ 1 • 

Thus we see that following functions constitute a set of n independent 

functions: 

!for Qi= Pi, 

(3.11) for Qf = Pt + 1, 

for Qi 2 Pf + 2 , 

Hlo, Uf O , Uf11 (p = 1, 2, ... , Ql-2) , 

Uf O , Ui11 (p = 1, 2, ..• , Qf-2) , 

Uf11 (p = Q!-.:,Pf-1, Qf-PI, ..• , Qf-2). 

From (3. 2), H!o(<p)=X1Hi0 (x), consequentl;y, taking suitable branches of 
logarithms, we have : 

(3.12) logHf0 (rp)=logHfo(x)+µ/0 , 

where µ, are determined so that 

(3.13) X; = e'!-tlo. 

Comparing (3. 5) with (3. 12), we have : 

Uio(<p)-1.. log Hf0(<p)=U:o(x)-l__ log Ht0(x) . 
µ, µ,, 

Comparing the formulae of (3.12) with that for i=l=l, we have: 

l_ log Hto(<p)-1- log Hf0(<p)=l__ log Hie(~)-_!_ log Hto(x) . 
fl,1 fl,1 .µ, fl,1 

Thus, from these and (3. 6), for the given transformation '.t: 1x 14 =qi''(x), 

we have the invariants as follows : 

1 1 

(3. 14) Ht o "'/Hf 0 " 1 ( except for i = l = 1) , 

Uio-1-logHfo, u:11 (p=l,2, ..• ,Qi- 2). 
/l,; 

From consideration of independence of the functions of (3.11), we see that, 
among the invariants of (3.14), the following n-1 functions are indepe_ndent 
of one another : 

t 1-1 L1Q!.,,-1 11 11 
1) 11 PJ,,.q are such non-negative integers that At= 1!!.i ml!i /lo A 1 Pmq 
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(3.15) 

!for QI= Pl, 
1 1 Cl) 

Hf 0 111/Hf 0;;_, Ufo-1-logHfo, U/p(p=l,2, ..• ,Qf-2), 
µl 

for QI= P;+l, 

,for QI~ Pt+2, 

U/ 0 -llogHf0 , U/p(p=l,2, ... ,Q/-2), 
µ, 

U1p (p=Qt-P1-l, ... , Q1-2). 

These functions correspond to the n-1 independent solutions of a linear 
homogeneous differential equation. Any invariant for the given transforma­

tion is expressible as a function of the above invariants. Summarizing the 

results, we have : 

Theorem VI. We assume the same condition as in Theorem V. Then, there 

exist n-l independent invariants for the given transformatwn ~: 'x"=qf'(x). 

They are found by. algebraic operation from the solutions of the equations of 

Schroder (S) for the given functions rp"(x). They are listed as in (3.15). 

· § 4. . Existence of group. 

In the table (3.11) we put 

(4.1) Ht O = hot,, U1 0 = h,r, Utp = h"' , 

and transform the variables x" as follows : 

(4.2)' 

If we determine µi so that 

(4.3) 

then, from (3. 2), (3. 5) and (3. 6), we have: 

I 'xOI, = hOl,('x) = H1 0 (<p) = iWt H1 0(x) = etw, hot,(. x) = etwi xOI,, 

(4. 4) 'xlT = h,r('x) = U!0 (<p) = U1 0 (x)+t0 = hlT(x)+t0 = xlT +t0 , 

'x"' = h"'('x) = U1p(<p) = Ulp(x) = h"'(x) = x"' . · · · . 

Thus, the given transformation ~ is represented by ( 4. 4) with regard to 

x" -system. Then it is evident that there exists a one parameter group @ 

containing ~ such that 

(4. 5) 

Thus we have seen that, for the given transformation ~: 'x"=<p"(x) 

· =a~x~ + · · · , when either O<I A-1 l<l or I ;\,1 l>l, there exists a one parameter 
group of transformations containing the given transformation ~. 

1) Except for i=l=l. 
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Next we seek for the operator functions t,,. of @. With regard to x,,._ 
system, the operator functions f,,. are determined easily from ( 4. 5) as follows : 

- -
(4. 6) tt' = µ,x"', ta-= 1, f"=O. 

From the contra-variant property of the operator functions for coordinate 
transformations, t,,. and l,,. are related as follows : 

(4. 7) • xxv = t,,.axv = lv 
oxP. 

In the following we study ( 4. 7). 

For Ql=Pl, from Xx"'=µ.x"', XHt 0 =µ;H/ 0 • From Xx""=l and Xx"'=O, 

XVf i=l and XU1v=O . From these, we prove that 

(4. 8) 

For p=O, ( 4. 8) is valid. We assume that ( 4. 8) is valid for p=O, 1, 2, ... , p . 

From (3. 4), XHIP+l = t (P)u1p-rXHtr+Hiv . From our assumption, 
r=O r 

XHtP+l = ta (~)u1p-1·(µ;H/,.+rHir-1)+Hiv 

= µ;Hiv+1 + P ~ (~=D U/v-,.Hi.--1 +H/v 

Namely, ( 4. 8) is valid also for p + l. Thus, by induction, ( 4. 8) is valid for 

any p. 

Here we assume that, for the given :X.; , µ; determined by ( 4. 3) are such 

that the relations (µ,) and (:X.) in Theorem IV are in one-to-one correspondence. 
We consider the case where Qf=P!+l. In this case, from (3.10), 

(4. 9) 

where 

(4.10) 

Put 

(4.11) 

[ 
t-1 LJ Q~-1 ,,pJ_ ] 

H/0 = L /J Jl lfo H;,.P mq , 

i-1 L, Q~-1 "Pj 
,Jr=ll ll ll H;,.q mq 

J=l n>=l Q=O 

We assume that, for j < i- l , ( 4. 8) is valid. Then 
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where ~ is a. linear combination of the functions of the same form as v. 
' By our assumption, ~ 11 p;,.qµ,J=µ, 1 • Then, for Hto which are linear combi• 

J,m,q 

nations of the functions of the same forms as• v, we have : 

(4.12) 

where vf are linear combinations of the functions of the same forms as t­
Now, from (3. 10), it follows that y is a linear combination of the functions 
as follows: 

(4.13) 

In the same way as in § 2, we define the weight of the eigen values for the 
R Lt 

matrix A'=~ ~EB 'AL where 'Af is a matrix of the Qt-th order such that 
!~ 1 i~ 1 

'Al=(i'~ ...... o). 
0 · .. ··. 
: ··. 0 
0 ... 0 1 ;.\,! 

consequently 

when we write t as a linear combination of the functions of the forms t', 
the weights of the indices of t' are less by at least one than the weight 

of the indices of t• We arrange the functions of the forms y' according 
to the weights of the indices, and write them as 'Yw· Now, by § 3, for 
q=Q;,.-P;,., ...... , Q;,.-1, H;,.q are independent, therefore it is evident that 
vw are linearly independent with respect to constant coefficients. Thus we 
can write vl as follows : 

(4.14) .,., - c' .,.w 
'f'l- !W'f' • 

then ct w are uniquely determined. 

From our assumption, for j < i-1, ( 4. 8) is valid, namely 

t:.P.( ·)oH!,,,,.(x) _ HJ ( ) HJ ( ·) ~ X ox"'~ - /J,J mq X +q mq-1 :l, • 

Substitute 'x,,, for x,,,, then, making use of such property of the operator 
f d~,,, .. 
unctions that dt =t,,,('x), we have 
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(4.15) 

Integrating . these differential equations, we have : 

(4.16) 

Tl"!,is is easily proved by induction. Substitute 'x,,, for x,,, in (4.12), then 

(4.17) 

Now, ,trw('x) are of the form ( 4.13), and, for H~,,('x), ( 4. 16) is valid. 

Then. we have : 

(4.18) 

i = eµd ,cf (t) ,frv(x) , 

and, by the above mentioned, in the right-hand side there appear only ,frv, 

in which the weights of V are less by at least one than the weights of W 

except for Y=W. When· the weight of V is not less than that of W, we 

write as follows: V>W. Then 
! ! 

(4.19) for v>w, ,cf(t) = O except for V = W, and ,c~(t) = 1 . -

Inte1rating ( 4. 17) after substitution of ( 4. 18), we have : 

Put t=t~ , then 

(4.20) 

Now, from (3. 2), Hto(<JJ/ 'X1Hf 0(x). Comparing this with (4. 20), we have: 

c)w,frv(x) 1:0 ;f(t) dt=O. From linearly independence of ,trv(x), it follows 

that clw i:0 ;1)'(t) dt=O. From (4.19), 'det. /~:0;l)'(t) dt j=t=o. Therefore 

cfw=O, namely, from (4.14), ,tr!=O. Thus, from (4.12), we have: 

(4.21) 

For the case where Qf=P! + 1, XU1 0=l, and XUl,,=0. Then, analogously to 
the former case, we can prove ( 4. 8). Thus, from the case where Qt=Pt , 

consequently ( 4. 8) is valid, by induction, we see that ( 4. 8) is also valid for 
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the case where Qt=Pt+ 1. 

Last, we consider the case where Qi2.Pt+2. We assume that, for 
j::;,.i-l, (4. 8) is valid. Then, as we have seen already, (4.16) is valid for 

j::;,.i-1. Then, in this case also, Rio is of the same form as in the former 
case, therefore ( 4. 8) is valid for p=O. Consequently, ( 4. 16) is valid for 

j=i, m=l, q=O. We assume that ( 4. 8) and ( 4.16) are valid for p=O, 1, 2, ... , 
p-1, where p<Qt-Pf-1. Then, since Rtp and Ri,,- 1 are of the same forms 

as Rt O , we have : 

(4. 22) 

where y/p=Cfpw1fw· By our assumption, for Rip- 1 , ( 4. 16) is valid. Thus, 
substituting 'x"" for x"" in ( 4. 22), by means of ( 4. 18), we have: 

Integrating this differential equation, we have : 

R/p('x) = e11ci [ ~ ( ~)tv-r Rtr (x) + ci1,wyvCx) ): ;r (t) dt] . 

Put t=t0 , then 

Comparing this with (3. 2), we have; clvw"fv(x) f :0 ~f(t) dt=O. By the same 

reason as in the former case, it follows that ctpw=O, namely ( 4. 8) is valid 
also for p. Consequently ( 4. 16) is valid also for p. Thus, by induction, we . 

see that (4. 8) is valid for p=O, 1, ... , Qf-Pt-1. Then, as in the previous 
paper:1), we have : 

(4. 23) XU10 = 1 and XUip = 0 for p = l, 2, ..• , QI-Pt-2 

The proof is as follows : 

First, XRt 1=X(Ut0Hi(l)=XUt0 • Bio+ Ui0 -XHt0 • By (4. 8), this is written 

as follows : µ,,Ht 1 + Hio=XU10 •Rio+ Uio · µ,,Rio , from which follows: XUio=l. 

Next, XHi 2=X(UhHt0 + Uf0Rh), from which, by (4. 8), follows: 

Therefore we have: XU! 1=0. We assume that xui 1=XUt2= ... =XUip- 1=0 

for p<Qi-Pi-2. Then, from (4.8), since p+I:s=_Qt-Pi--1, 

1) Urabe, ibid. 

-220-



1952) EQUATIONS OF SCHRODER CCONTINUED) 

The left-hand side is calculated as follows : 

= XU/p · Hfo + Ufp · µ;Hfo + t (~)u:p-rCµ1H:r + rHtr- 1 )+ H:p 

= XUtp • Hfo +µ1 t (::.)utp-rHfr +Pt (~=i)utp-,.H1,.-1 +Htp 

Then we see that XUtp=O. Thus, by induction, we know that ( 4. 23) is 
valid. 

Now, in the present case, from (4. 7), XUfp=O for p=Qt-Pf-l, •··, 

Qf-2. Thus, in the present case also, we have : 

XHfo = µ,Hto, XUt0 = 1, XUfp = 0 (p = 1, 2, ..• , Qf-2) . 

Then, analogously to the first case, we see that (4. 8) is valid. Now, we 

have known that. in the first and second cases, ( 4. 8) is valid. Therefore, 
by induction, in the present case, ( 4. 8) is also valid for any i. 

Collecting these cases, if µ 1 are such that the relations (µ,) and (A.) in 

Theorem IV are in one-to-one correspandence, then ( 4. 8) is · always valid. 

Now Hip (p=Qt-Pt, ... , Qt-l) are independent of one another and more­

over, for H!v made from the solutions (F1 ) in Theorem V, the Jacobian of Htp 

with respect to x,,. is not zero for x,,.=O. Then, for these Htp , the operator 

functions E,,. are determined by ( 4. 8), and moreover g,,. are regular in the 

vicinity of x,,.=0 and vanish there. 

Summarizing the results we have 

Theorem VII. For the given transformation '.t: 'x,,.=q;,,.(x)=a~xv+ ... , where 

either O < I A.1 I< 1 or I A.1 ! > 1, there exists a one parameter group @ of 

transformations containing the given transformation '.t. Beside.,;, when the 

L-th determinant divisor of W1 in Theorem IV is unity, there exists a g1·oup, 

of which the operator functions E,,. are expanded as follows: E,,.=c~xv+ ..•. 

When the relations (µ) and (;\.) are not in one-to-one correspondence, 

( 4. 8) is not necessarily valid, consequently the operator functions of the 

group obtained above are not.necessarily regular . 
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For example, let the given "transformation be 

I I ,xl = <pl(,x) = l1.xl , . 

st: l,x2 = <p2(,x) = ,h.x2, 
t,x3 = <p3(,x) = ;.3,xs+(,xl)3,x2+(,x2)3, 

-JL - 2 - 3 3 
where h=e-1, l2=e 2 , l 3 =e 2 ·=Jil2=A2. We assume that t0 =1. The transform-

- - - ).,x3 
ation of the variables is as follows: x1=.x1, x2 =x2, .X3= ( T)-f-32 +~-c 2)3. Then the _ X X X _ _ 
given transformation st is represented with regard to ,xfl--system as follows: 1 x1 = l 1x1, 
1X2=)2x\ 1.x3=.x3+ 1. Consequently, the group containing st is as follows: '.x1=efl-11.x1, 

'x2 =ei'21.x2, 'x3 =.x3+ t. The operator functions ~µ of the group become as follows: 

(i) For µ1 = -1, /t2 = -- ~ +2rri, µ3 = -}+2rri = 3µ1 + µ243µ2, 

~1 = /t1X1, ~2 = µ2x2, ~3 = µ3.xs+l [(xl)3,x2+ (x2)3J+ 4rri ~_(x2)3,x~-;.3 (,xl)3X2+(,x2)3 • 
3 9 

(ii) For 1i1 = -1, µ2 = - 2 µ3 = --2 =3µ1 + 1i2 = 3µ2 , 

1 ~l = /l1.X1, ~2 = /l2X2, ~3 = /t3X3+1/(,xl)3X2+(,x2)3] . 

§ 5. Reduction of ( 4. 8). 

In this paragraph, we express ( 4. 8) in terms of the solutions of the 
equations of Schroder. 

Substituting HL,=p ! Gfv+ 1 into (4. 8), we have: 

(5.1) 

R Li 
Let C'= II 'c~ II = ~ ~ EB 'Cf, where 'Ci is a matrix of Q;-th order such that 

'Cf= I.µ. 0 ... ~ 
l µ,i : 
: ··. 0 
0 ... 1 µ; 

(5. 2) 

t=1 l=! 

. Then we write (5.1) briefly as follows: 

XG"'= 'c~G• 

Substitute F1•= 1k~G•, then we have; 

(5. 3) 

R Lt 
where II 'd~ II =D'=K1C1K1-1= ~~EB 'D; and 'Dl='Kl'Cf('Ktt 1 • When i=a, 

i=11=1 

Ffv=tfv, consequently (5. 3) are written as follows: 
P a 

(5. 4) Xfrv ~ ~ 'd~ ff, , 
~=l 

a 

where II 'd: II =Dr.w 
S L P ,, S>I 

• n l pa 
We consider a function of the form 'fr= II II II nv iv 

U=! l=l P=l 

1) For i =a, we write D't insead of 'JJf. 
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Then, from (5. 4), X,fr is a linear combination of the functions of the form 
,Jr, consequently, for ~f,,+ 1 a linear combination of the functions of the form 
,Jr, X'Jffp+i also becomes a linear combination of the functions of the :fprm ,fr. 

Thus, substituting (2. 8) into (5. 3), we have: 

(5.5) 
" s+iQs+1_ps+1+p 

XfS+l = ~ 'd l l fS+l + q>S+l . 
lP 4-1 QS+I p· S+l lr lP , 

r=1 1 - 1 +r 

s L,. P':n S+l ... , 

where <I>f,,+ 1 =L [ Jl. ff1 ll. f':,,,q P ':n.q]. Namely the following formulae are 

valid for x=S + 1 : 
P "Q"-P"+P 

(5. 6) Xffp = ~ 'd 1 
' ffr + <l>fp , 

r=, Qf-Pf+r 

[ 
.,_l Li P~ "t ] 

where <l>fp=L /[ JJ1 /l. f;,.qPmQ • We assume that (5. 6) is· valid for 

x=S + 1, S + 2, ..• , x -1. When we associate the number :\.t to ftp, then, by 

our assumption, for i=l, 2, ... , x-1, Xftp is a polynomial of the order :\.t. 

Then, by the same reasoning as on (5. 5), we see that (5. 6) is valid also 
for x. Thus, by induction, we see that (5. 6) is valid for any x. As in 
Chap. II § 4, we write as follows : 

'K1= 1~: 0 l · 'Ct= I ~t O ] • 
Kt Kt Ct Ct 

'Dt=.,~t O , 

Dt Dt 

where Kt, Gt and Dt are of Pt-th order. Then it is evident that 
R Lt 

Dt=K/Ct(Ktt 1• Put ~~EB D;=D= II dt II, then (5. 4) and (5. 6) are written 
i= 1 != 1 

briefly as follows ; 

(5. 7) Xf"' = d~t' + <l>"'(f) • 
RLt O "RL, 

If we put ~~EB Kt=K= II kt II, then KCK- 1=D, where C= ~~EB q. 
i=l !=l i=l !=l 

Put f"'=k~gv, then (5. 7) become as· follows : 

(5. 8) 
0 

Xg"' = c~g~ + <I>"' (g) , 
0 •·. . ' 

where II c~ 11 =C and <I>"' (g) are of the same forms as <I>"' Cf) with regard to 
the arguments. In non-abbreviate form, (5. 8) are written down as follows: 

(5. 9) 

These are the characteristic equations of the linear homogeneous partial 
differential equation. 
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If we take solutions I"' of the equations of Schroder given by (f) in 

Theorem I, then l"'=x"'+ .••.•• , where x"'=te-xv and II t't II =T is such that 
0 . 

TAT- 1=A. Then g"'=K~r=Ktxv+···· .. , where II K~ II =K- 1 • Put K- 1T=S= 

II s~ II, and x"'=s~xv=K~xv, then g"'=x"'+ ...... , namely gtp=Xfp+ ...... , and 
P j i 

i-l LJ m pl 
all the coefficients of the terms II II II x~q •M vanish. Then, with regard 

J-1 m-1 q_ l 

· f 11 t:,,. ogip i 1 , to x'-'-system, (5.9) are written as o ows: s- ox"' =µ1g1p+g1p-1+ct>1p, 

consequently, 

(5.10) 

and, from the contravariance of g"', E'-'=s~gv. Therefore, if we put 
0 

t"=c~xv+ ...... , then C= II c~ II =S-1CS, ~amely the Jordan's form of C is C. 

Summarizing the results we have 

Theorem VIII. For the given transformation '.t : 'x'-'=g;i"'(x)=a~xv + ..... , , we 

assume that the absolute values of a!l the eigenvalues of I! a~ II are either greater 

or less than unity. When the L-th determinant divisor of ill1 in Theorem IV 

. is unity, there exists a group containing the given transformation '.t, of which 

the operator functions t" satisfy the equations as follows : 

(C) 

[ 
!-l LJ pt,. j,, l 

where <Pf11=L /J .ll ll g~q mq , and g"' are related to the solutions I"' of 

the equations of Schroder 

(S) 

in such a way as f"'=k~gv. Here 'l!fp are of the same forms as <I>fp and 
R Lt . 

II k~ II =K is a matrix such that K= ~~EB K), where Kt are of the forms 

XO ...... 0 
XX· •• . . . . . . . : 

· .. 0 
X ·••·••·•• X 

t~ ! l~ l 

and Kf X, .. • .. • .. • .. • 0 .. • · · .. · • 0 
X1t 0 X1 • . . . . 
: tPf-1 X, 0 

x,- o ____ ...... x,to x, 
(Pl-1)! 

(Kttl= Xi O ....... .. 
1 Xi : 

0 

0 : 
Xi 0 

0 ... 0 1 Xi 

If we write the Jordan's form of A= II a~ II as A=T AT- 1 and put K- 1T= 

S= 11 s II, then, for the solutions of (S) given by (I) in Theorem I, the 

operator functions t"' sati.<;fying (C) are expanded as follows: 

t'-' = c~xv+ ...... , 
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o R L, 
where S II c~ II S 1=C= ~~EB Ct. Here ct is a matrix of Pf-th order such 

t= l l= l 

that ct = µ, 0 · · · · · · · · · 0 
l µ, : 

, where µ, are such that the reZations (µ,) and (:X.) 

0 . 
: 0 
Q .... ,.Qlµ,1 

in Theorem IV are in one-to-one co1·re8'pondence. 

Writing Chap. III (1. 1) as follows: 
s L,, "' 

:x.., = n n :x.r 11 • 
,a=J !=l 

where :X.~ denotes the common value of >.,~,,, we see that, when and only 

when the £-th determinant divisor of IDl constructed for >-r considered 

seperately is unity, it is possible to determine µ,t for :X.l (common value of 
loµ: • . 

:X.l,,) by means of (4. 3), namely by :X.l=e , so that the relations(µ,) and (:X.) 

in Theorem IV are in one-to-one correspondance. In this case, for i=x, all 

µ,! (l=l, 2, ... L,) are equal to one another, however, for i=a, µ,l (l=l, 2, ... L,) 

are not necessarily equal to one another. Now, from (4. 4), 

Hto(rp) = :X.lHlc(X) . 

Consequently, with regard to x"-system, the transformation '.t is represented 
as follows: 

t t 
1x°' = e W 1X°', 1X" = x" +to, 1X°' = X"' • 

Therefore, there exists a group @' containing '.t such that 

(M': 

In this case, the relations (µ) and (:X.) in Theorem IV are in one-to-one 

cor.respondence for :X.l,, and µ,f,, such that 

and the reasonings in § 4 and § 5 are also valid. Thus we see that _Theorem 

VIII is valid by substitution as follows: 

for Rn constructed for :X.1 , Rn constructed for :x.r; 
for (C), (C') as follows: 

( C') Xgl,, = µ,!g!,, + gl,,- l + <l>l,, ; 

for ct = µ,1 0 • .. • •· 0 
1 #1 
0 ·. ·. 

•,. •,. 0 
o ..• ·o 1 µ,, 

, Cl as follows : Cl = µf O • .. • • • 0 
1µ) 
0 ·. ·. 
: •, •, 0 
o ··· o i µl 
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We call the theorem obtained in such a way Theorem VI II'. 

When the L-th determinant divisor of 9Jl constructed for x, is unity, 

there existµ,, such that µ,/=µ,,, consequently the L-th determinant divisor of 
We constructed for Xf is unity. Thus the condition in Theorem VIII' is 

weaker than that in Theorem VIII. 

§ 6. Remarks. 

When the L-th determinant divisor of We in Theorem IV is unity, by 

Theorem VIII', we see that, when either O <·IX, I< 1, or l X, I> 1, there 

exists a group containing the given transformation '.t, of which the operator 

functions t,,, are expanded as t,,,=c~x~ + • .. • •· . In this case, the eigen values 
twt 

µ,t of II c~ II are so related to X, that X,=e 1 , consequently real parts of all 
µ,t ~e negative or positive, therefore all µ,i lie in a convex domain which 
does not contain the origin. Thus, in this case, the conditions in Theorem 

II are all satisfied. However, it is evident that, even when tl?,e conditions 

in Theorem II are all satisfied, the absolute values of all the eigen values 

X, are not · necessarily either greater or less than unity. In this sense, when 

the L-th determinant divisor of We is unity, the conditions in Theorem II, 

although they are apparently complicated, are weaker than the conditions in 

Theorem I. However, when the L-th determinant divisor of We is not unity, 

by Theorem IV, there does not exist µ,f so that the relations (µ,) and (X) 

are in one-to-one correspondence, consequently the equations of Schroder (S) 

and the equations (S') in Theorem II do not coindide with each other. In 

this case, in Theorem I and II, the conditions themselves slip out each 

other, and the results also do, although they are resembled closely. 

Chapter V. Totality of groups. 

§ 1. Preliminaries. 

By Theorem VIII1, when the L-th determinant divisor of fill is unity, we 

have seen that, when either O < I X; I < 1 or I x, I > 1, for any µ,! such that 

the relations (µ,) and (X) in Theorem IV are in one-to-one correspondence, 

there exists a group, of which the operator functions are expanded as follows : 

(1.1) 

o o R L1. 
where the Jordan's form C of C = II c~ II is of the form • C= ~ ~ EB ct , 

t=l !=l 
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Cl= µ1 0 ··•··• O 
1 µ1 

In this chapter, we shall investigate the totality of the 

0 ·. · .. 
• . · .. · .. 0 
0 ... 0 1 µf 

groups containing the given transformation :t. 
For subsequent discussions, we make some preparations. 

Let the operator functions tiz. of any group containing :t be (1. 1). Then, 

by Chap. II (2. 5), 

(1.2) A= /oC . 

o R Lt L,, 
Let the Jordan's form of A be A=T AT- 1= 2J 2J EB Ai . Put 2J EB Af=At , 

i~1!=l l=l L1 
then At=:\.}1 +N1 , where / 1 are unit matrices and N 1= 2J EB Nf, 
. o mi-1 (NY l=l 

Nt= 0 0 ...... 0 ]·· Put L(Ai)=Log A,l .Ji+ 2J c-1r- 1 -(.., i)r, 1 0 : r=1 r l\,i 

0 · .. ·.. : 
: ·. ·. : . . .. 
0 ···O 1 0, 

. Lt 
where Log :\.1 denotes the principal value of log :\., and, m,= 2J Pf . Put 

i=l 

(1. 3) · [ R o ] L(A) = r- 1 ~ EB L(A,) T , 

then, evidently eicAl=A. By K. Morinaga and T. Nono,m the general so.Iu­

tions of the matrix equation ex=A are as follows : 

(1. 4) X = L(A)+P- 1FP ' 
R L,, 

where F=T- 1 [ 2J EB F,J T, F1=21q/-12J EB nf/1 (nf: arbitrary integers) 
i=l l=l 

and P is an arbitrary matrix commuting with A. Then P is of the from 
R 

P=T- 1 [ 2J EB P 1 J T, where P, are of the m.-th order, and it is easily seen 
i=l 

that L(A) commutes with P. Then, from (1. 2), it is seen that 

(') 

Consequently the Jordan's form C .of C must be of the form as follows: 

n R L; 0 0 
C= 2J zJ·EB C! , where C[= µ,) ••• · •• • 

,=11=1 , 1 µ,l 

---~~------------~--~~ 

~ · .. ··: . 0 

0 ... 0 1 µ,i 

l) This Journal, Vol. 14. No. 2 (1950), p. 11L 
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Then, from the, last part of Chap. IV § 5, the necessary and sufficient con­

dition that, for such >.,1 andµ!, the relations (µ) and (>..) in Theorem IV may 

be in one-to-one correspondence, is that, for i=x, all µi are equal to one awther 

and the L-th determinant divisor of We constructed for >..f is unity, namely 
0 

that this C coincides with the Jordan's form of C in Theorem VIII'. 

§ 2. Non-existence of group. 

Let the operator functions f"' of any group containing X be (1.1). Then 

we have (1. 2). Therefore, by our assumption that either O < I \.1 I < 1 or 
I \.1 I > 1, the real parts of all l"i are either negative or positive. Then, by 
Theorem II, there exist regular solutions of the equations (S'). However, 

0 

when the Jordan's form C of C of f"' does not coincide with the Jordan's 
form of C in Theorem VIII', from the result of § 1, the relations (µ) and 
(>..) in Theorem IV are not in one-to-one correspondence, consequently from 
the remarks in Chap. II § 3, the equations (S') have not in general regular 
solutions. Thus it is seen that, in general, there does not exist any group, 

0 

of which the Jordan's form C of C does not coincide with that of C in 
Theorem VIII'. 

I) 

Even when C does not coincide with the Jordan's form in Theorem VIII', 
0 

if the equations (S') have regular solutions of the form (f') for C, then, by 
the analogous discussions as those in Chap. IV, we see that there exists a 
group. From this resul~ and Theorem II, we have 
Theorem IX. When the Jordan's form C of C such that A=i0c does wt 

coincide with that of C in Theorem VIII', the necessary and sufficient con-
o 

dition that, for that C, there may exist the group possessing the regular 

operator functions, is that the equations (S') in Theorem II have regular solu· 
0 

tions of the form (f') for the eigen values µ1 of C. 

§ 3. Uniqueness of group. 

Let the operator functions of the group @ obtained in Theorem VIII be 
as follows: 

(3.1) ~"' = ctx"+ ...... . 

Let the operator functions of any other group @' be as follows : 

(3.2) 

We assume that the Jordan's forms of C= II c~ II and C'= II 'c~ II coincide 
o R Lt 

with each other, and let common Jordan's form be C= ~ ~ EB Ci; where 
l=l l=l 
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Cl= l'f 1 ...... ? In this case, µ!=µt, therefore, in (1. 4), F.=2n;n-v'=I I, 

0 ··. ·.. : 
: · .. · .. 0 
0 ··· 0 l µ, 

where n, are integers,consequently p- 1FP=F for any P. Thus 

(3. 3) C = C' = t~ IL(A)+F] . 

For e· of (3.1), by Theorem VIII, it is valid that 

(3. 4) 

for gv such that !"'=k~gv, where /"' are the solutions of the equations as follows: 

(3. 5) 

Moreover, by the. same theorem, if T= ll t'! II and K= I! k'.' II are the matrices 
' 0 0 

such that TAT 1=A, Ke'0c x-1=A. and S= II s~ II . x-1r, then f"'=x,,. + ...... , 
tJ1'=x,.+- ..... , and scs- 1=C. Now, because of (3.3), if we consider the 

characteristic equations for '~" as follows: 

(3. 4') 

then these equations have regular solutions as follows : 

'g,,. = x,,.+ ...... . 

Put 'f"=k:'gv, then, by Chap. II (3. 9), we have: 

(3. 5') 'hv(<p) = ).,//i,,(x)+'lf,,-iCx) +''l'Ux) . 

and 'f,,.=x"' + . . . . .. . Here both f" ~nd 'I" are of the form (/) in Theorem I. 

Therefore, by Theorem I, '/"=/"' and ''l'/p='l"ip, consequently 'g"'=g". Thus 

we have: 

(3. 6) 
S Xgf,, = µ,gt,,+ gf,,_ 1 + ct>[,, , 

i I Xgf,, = µ,gf,, + gf,,_ 1 + 1 cJ:>f,, , 

and the results obtained by integrating both equations are the same equations 

c3. 5)- '" '"-l L1, P! "'1 

We consider the functions <pw_ ll ll ll gt/1,, and arrange them accord-
1=1 !=l P=l ., 

ing to the weights of the indices. Since gf,, are independent, <pw are linearly 
. '" 

independent with regard to constant coefficients. Then cJ:>f ,,=cf,,w<pw and 

cfpw are uniquely determined. Integrating Xgfv=µ0 gfp + gr:v- 1 , by Chap. II 
(3. 4), we have: 

[ c-1 tP-2 ] 

(3. 7) uM'x) = eµ,.t (p-l)! Uf1 (x)+(p-2f! Uf2(x)+ ··• +tgfp-1(x)+gMx) . 
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Then we have : 

(3. 8) 
S+l s+la 
cp •W('x) = n gU'x) p IP 

a, l, p 

here 
S+l 8+1 

(3. 9) for V > W(l) ~ IC Jf (t) = 0 except for V = W. and IC ;(t) = 1 

Then, after the substitution of 'x,. for x,.. the equations Xgft 1=µ 8 + 1gft 1 + <Pft 1 

become as follows : 

Integrating these equations. we have : 

[ 
S+l \t S+l ] 

gft 1( 1x) = e'.'-s+it gft1(x)+ cftJ <p v(x) Jo ,c lf(t) dt 

By induction on p, we can easily prove that, for x=S + 1, the following 

formulae are valid : 

[ 
tV-1 ] 

(3.10) gfv('x)=e!'"t (p-Tf!gf1(X)+ .. •+tgfv-iCx)+gUx)+'l!'f,lx,t) , 

where 

(3.11) 'Pfv(x, t) = ;v(x) [ cf1w ft dt ... ft dt + c?2w f' dt ..• ft dt 
Jo Jo Jo . Jo ------f) times v-1 times 

-

+·••+Cfvw I: dt] ;Jf(t) . 

· We assume that (3.10) are valid for x=S+l, •··, x-1. Then, 
t 

"' . ,:-1 L; Pi "1 
<pw ('x) = n n n gfv('xi1P 

l=l l=l JJ=l 

i "', 
t o,-1 L, Pi [ tr>-1 _ ]PIP 

=e1"" /J1 ffi/£. (p-l)!gh(x)+··•+tg!p-iCx)+g!v(x)+'Plv(x:t)_ 

= e..,_.,t ;)f(t) ;v(x) 

; 

Now, from the definition of the weights, the weights of indices of <pv(x) 

are less by at least one than wh. Consequently 

1) For the meaning of the symbol >, cf. Chap. IV § 4. 
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(3.12) 
~ . ~ 

for v·> W, ,c~(t) = 0 except for V = W, and ,c;(t) = 1 

Then, in the same way as in the case x=S+l, we can prove that (3.10) 
are valid also for x. Thus, for any x, (3.10) are valid, and (3.12) also do. 

Then, putting t=t0 in (3. 7) and (3.10), we have: 

[ t p-1 ] 
(3.13) gUip)=X1 c/-=I)1gh(x)+ .. •+toglp-/X)+gtix)+'l'fix) , 

where 

(3.14) 'l'Ux) = ;v(x) [ctiw J:0dt .•• J: dt+cf 2w i: 0dt ..• I: dt --- _.---, 
P times P-1 times 

+ ... +c!pw 1:0 at] ~r:(t) 

From (3. 9) and (3.12), it is readily seen that det. / 1:0 ;~(t) dt I =!=O. Then, 

from (3. 14), if 1,:1, are given, because of independence of cpv(x), chw , c~ 2w , .•. 

cfvw are uniquely determined successively, namely <I>fp are uniquely determined. 

Now, gfp of (3. 13) are related to the solutions ftp of the equations of 
Schroder in such a way as f"=ktgv. Therefore, when the equations of 
Schroder are given, 'l"fp in (3.13) are uniquely determined, consequently ct>fp 
are uniquely determined. 

Then, since the same equations of Schroder are obtained from both of 

(3. 6), <l>}p and '<I>lv must coincide. Then 'Xgfv=Xgip, consequently, 't"' and 
E"' must coincide. Namely the group @' must coincide with the group @. 

Thus we have 

Theorem X. The group, of which the operator functions E"' are expanded 

as E"'=c~xv+······, and where the Jordan's form of II c'{; II =C coincides with 

that of C of the group obtained in Theorem VIII, is uniquely determined 

when the Jordan's form is fixed, and there does not exist such group other 

than that obtained in Theorem VIII. 

§ 4. Total groups. (i). 

Let the operator functions E"' of any group be 

(4.1) 
0 

We assume that the Jordan's form C of C= II c'{; II coincides with that of C 

in Theorem VIII'. Given the Jordan's form C, we seek for general solutions 
0 

C of the matrix equation iPc=A. Let C be any solution, and scs- 1=C. 
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0 0 

Then, making use of any fixed K such that Ki°CK- 1=A, we have: 
0 

s-1K- 1AKS = A . 

Namely KS=T is a matrix which transforms A to its Jordan's form in such 
0 

a way as TAT- 1=A. Thus we have: 
0 

(4. 2) C= s-1cs, 
where S=K- 1T. Conversely, if T is any matrix transforming A to its 
Jordan's form, then, for C defined by ( 4. 2), we have : 

Thus, for arbitrary T, ( 4. 2) gives the general solutions. 
0 • 

Now, by Theorem VIII', for given C, C of the group obtained there is 
0 

as follows: C=S- 1CS. Thus, if we vary T, then we get all Possible C C1l. 

However,by the same reasonings as in § 3, we see that all operator functions 
having common C coincide with one another. Thus it is seen that all possi­
ble groups are obtained by varying T from the groups obtained in Theorem 

VIII'. Thus we have 

Theorem XI. When the Jordan's form of C of the operator functions of the 

group @ coincides with that of the group obtained in Theorem VIII', @ is a 

group obtained for a suitable T in Theorem VIII', namely there exists no 

other such group than that obtained in Theorem VIII'. 

§ 5. Total groups. (ii). 

In Theorem IX, if the equations (S') have formal solutions f"' of the 
form Cf'), then, (S1) being the equations of Schroder, f,. converge, namely f"' 
become regular functions. . Thus the condition in Theorem IX can be replaced 
by the weake; condition that (S') have formal solutions of the form (/') for 

0 . 

the eigen values µ; of C. In the case where this condition is satisfied, the 

solutions of the form Cf') of (S') are not unique, but the coefficients of 

~}/ I J/. " ll X~7 mq for p:,.q such that 'X,1= ll :>,.,~7 m7 and µ.;=t= ~ µ~qp:,. 7 , are arbi-
J, m, q J, m, q J, m, q 

trary. Then, when the solutions f"' and 'f,. of the form (fi) have different 
coefficients in the terms stated above, the corresponding t,. and 't,. which 

are determined by the equations · of the forms as follows : 

(C) 

1) In the case of Theorem V:UI, C is 1m.ique, namely C is unaltered even when T is varied. On 
t~e contrary, in the case of Theorem VIII', C ·may be altered when T is varied. 



1952) EQUATIONS OF SCHRODER C CONTINUED) 

for g"' related as f"'=k!f,gv, have the same coefficients in the terms of the first 
order, but they do not coincide with each other. For, g"' and 'g"' are of the 

form (/') in terms of x"', therefore, by the previous paper0 ', if E"' and 'E"' 
coincide with each other, then it must be g"'='g"', consequently f"'='f"'. This 
is a contradiction. Now, let E"'=c~xv + ...... be the operator functions of any 

0 

group containing '.t and assume that the Jordan's form of C= II c~ II is C. 

Then, by Theorem II, the equations of the form (C) have regular solutions 
g"' of the form(/') in terms of x"', consequently /P-=k~gv satisfy the equations 

(S') and /P- are of the form (f') in terms of x"'. Namely t"' of any group 
are determined by the equations of (C). Thus, by the same reasonings as 

in § 4, we have 
Theorem XII. When the equations (S') have forma! solutions of the form 

(f') for the eigen va~ues µ 1 of C which does not coincide with that of the 

group obtained in Theorem VIII', the operator functions of a!l the groups are 

obtained fr·om all the solutions f"' of the form (/') of the equations (S') by 

varying T such that TAT- 1=A. 

Summarizing the results, we see that all the groups having regular 
operator functions are obtained in the following way: 

--·---~ 

0 Solutions f"' of Jordan's form C the form Cf') 

Th. VIII. 
i 

any one fixed 

Th. VIII'. 
i 

any one fixed 

not Th. VIII'. 
; 

all varied 

1) M. Urabe, ibid. 
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T 

any one fixed 

I 
I 

all varied 
I 

' all varied 
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