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G. Birkhoff [1]” and K. Menger [1] have proved the following

TaeoreMm I. A_ny complemented modular lattice of finite length.is a
direct union of a finite number of simple complemented modular lattices.

And O. Frink [1] has shown the following theorem which contains
Theorem I as a special case :

THEOREM II. Any atomic, upper continuous®, complemented modular
lattice is o direct union of irreducible sublattices.

More generally F. Maeda [2] has defined the perspectivity and con-
nectedness® of two points of a lattice with 0 and proved the following

THEOREM III. Any relatively atomic®, upper continuous lattice L is a
direct union of sublattices S,(a€l) of L. And any two points in the same
S, are connected and two points which are contained in different S, and Sg
are not connected.

In this paper we shall prove that in a matroid lattice> L, the perspec-
tivity and connectedness are equivalent (Theorem 1) and that L is irreducible
if and only if any two points of L are perspective to each other (Theorem 3).
Hence, when L is especially a matroid lattice in Theorem III, we have the
following decomposition theorem which includes Theorem II as a special case :

THEOREM IV. Any matroid lattice is o direct union of irreducible
matroid lattices.

DerFINITION 1. A lattice L is called semi-modular if and only if its
elements satisfy .

(&Y If = and y cover a, and x==y, thén xy covers x and y.

LEMMA 1. Let L be a semi-modular lattice with 0 and p, ¢ and
p,(i=1,2,..,n) be points of L and b be any element of L. Then the
following statements hold for n=1,2, .

1) The numbers in square brackets refer to th2 list of references at the end ot the paper.
2) Cf. Definition 4 below. .

3) Cf. Definition 6 below.

4) Cf. Definition 3 below.

5) Cr1. Definition 5 below.
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(70") p:gg\/p, implies that pv\/p‘ covers \/p‘

(ne"") p$bvvpt implies bﬁ\/pr—bﬂ(pV\/pt

(70 \/pt<qvvp¢ <Zw\/m zmplzes qv\/p,—pV\/m

Proor. We shall prove that (& )‘»(7,0”)—»(770"')»(77 . .
(€")—-(7,")”. By deleting supperfluous elements from p,, p,, ..., D, wWe

may assume that (p,w—... v p,)~p,.,=0 (=1, 2, ..., n—1), for otherwise p,.,
would be redundant. Then we shall prove (4,") by induction.

For n=1, p X p, implies that p—p, covers p by (§). Next we assume

that (5,") holds for n=m. Now pXp,—...p,., implies p£p, .. vp,,, and

Ps1 E D~ ... D, by the above assumption, whence pv\/p, and \/pt cover
m+1

\/'p[ by the induction hypothems and pv\/p‘:{:\/pi

m+1

Therefore by (¢') p— \/p, covers \/p,
(70")—>(7o""")P.  Since p$ bV\/pg. we have pix \/pu whence pV\/n
covers \/p, by (7,'"), while
\/ms(pvvpt)ﬂ(bv\/p,)<pv\/p,
and (pv\/pt)f\(bV\/p,)#zpv\/Pi, for otherwise we should have p\/\/pi
bv\/pi, contrary to hypothes1s
And S0 \/pt (pv\/pi)/x(bv\/pi) whence we have

(\/pt)/\b = (pv\/p{)f\(bv\/pt)r\b = (pv\/pi)’“‘b .

(50" )=(0")- \/pt\QV\/p,Spv\/p, implies psqv\/p,, for otherwise
by (#,'") we should have (pv\/p,)r\q qA\/p‘ 0, contrary to q<pv\/p,
Therefore qv\/pi———pV\/pi

DEFINII‘ION 2. A ﬁmte set S of elements in any lattice L with 0 is in-
dependent if \/(a;a € S;)~\/(a;a€S,;)=0 for any two disjoint subsets S, and
S, of S. When S={p,, ..., »,} is independent, we shall denote by (p,, ..., ,).| .
®  LemMA 2. Let L be a semi-modular lattice with 0 and p, q,(i=1, ..., %)
be points of L, then the following propositions hold for n=1,2, --.. .

(1°) (Pys oo s 2,). L if and only if (py~...~D)~D=0 for i=1,...,n—1.

(2°) (¢ ..., q,) ) and qjg_\:/p,(i:l, e s M) IMPLY \:/p‘=§/qj-

(3°) Let (py,...,0,) 1L and put P,=p,~ ... ~D;_1~D;s1™ ... D, where
i=1,...,n, then we have /Z\Pizp,“v vee o, for r=1, ..., %.

6) We are indebted to Prof. F. Maeda about (¢/)—(no").
7) K. Menger (1] 460.

— 184 —



1952) THE DECOMPOSITION OF MATROID LATTICES

Proor. (1°). The foreward implication is obvious.

Suppose that (p;~ ... wp,)~p,.,=0 for i=1,...,n—~1. Then we shall
prove by induction that (p,,...,p,) 1. For n=2 this is obvious.

Suppose that this is true for n=m. In order to show that (p,, ..., Ppn+1) L,
let S={p, ..., Pn::1}, then it is sufficient to show that
' \/(p;p€S)~\/(p; pe€S,)=0 for any two disjoint subsets S, and S, of S.

Now we may assume that p,.; is contained in either S; or S,, since
otherwise \/(p;p € S,)~ \/(p ;p€S,)=0 by the induction hypothesis. Hence
let p,.,€8,. Now put Sy'=S,— {P,..}, a=\/(p; p€S,) and b=\/(p;p€S,),
then p,.,xa-b by hypothesm, hence by Lemma 1 (,/"’) we have (a—p,.,)~b
=qa~b and a~b=0 by the induction hypothesis. Consequently \/(p;p € S;)~
\/(p; p€ S;)=0. Therefore (p,...,D...).| and the statement is true for
n=m+ 1. :

(2°). For n=1 this is obvious. We shall show that if it holds for n=m,

| m+1
then it holds for n=m+1. Now suppose that (g, ...,q,.;).l and ¢;< \/p,

for j=1,2, ..., m+1, then there exists j,=1, 2, ..., m+1 such that g; $\/p¢
For otherwise \/pt—\/q,>q,+1 by the induction hypothesis and this contra-
dicts (g, ..., qmﬂ)_L Moreover by the hypothesis 9, <\/ptvzo,,,+1 and hence
by Lemma 1 (7,) :

m+1

\/pz =V

In a similar argument, there exists j,=1, ..., m+1 such that
m—1
g, v\/p, and ¢;,<(¢;,~ \/9,)~Pn.
1

Repeated applications of this process yield

m+1 m+1 m+1
V4, —\/q;-—\/p‘
(3°). This is obvious for r=1. Suppose that it is true for r=m.
Then we have

m+1

/1\ P, = (Ppi1~ oo ¥D)~Ppss .
By putting a=p,.;~ ... ~p, and b=P,.,, we have p,.,xa-b by'the
assumption, whence by (,"")

m+1

/\P —bm(avpmﬂ)—bf\a—a—pmv « D, .

DeriniTiON 3. If, for any element a(==0) of a lattice L with 0, there
exists a point p such that p<a, then L is called atomic. If a<’b implies
a< a~p=b for some point p, then L is called relatively atomic.
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ReMARK 1. A lattice L with 0 is relatively atomic if and only if each
element of L is the join of its contained points.

(Cf. F. Maeda [2] 88. Lemma 1-1).

DeriNITION 4. Let {a;;8€ D} be a directed subset of a complete lattice
L. When a; 1 ¢ implies ¢;~b 1 a~b for any b€ L, L is called an upper conti-
nuous lattice. :

REMARK 2. In a relatively atomic, complete lattice L, the following
propositions are equivalent :

(a) L is upper continuous.

(B) Let p be a point and S a set of points in L. Then p<\/(q;q€S)
implies p<q,~ ... vq, for some ¢q,€8(i=1,2,...,n).

(Cf. F. Maeda [2] 90. Lemma 1- 3).

DeriNniTION 5. A relatively atomic, upper continuous, semi-modular
lattice is called a matroid lattice. '

ReMARK 3. By Lemma 1, in a lattice with 0, semi-modularity implies
(70"), and it is easily shown that in a relatively atomic, upper continuous
lattice (7,') implies the following exchange axiom

(") If p,q are points, and a< g wa<p-—a, then qa=p-a.
And so any matroid lattice L satisfies (5"). V

(Cf. F. Maeda [3] Theorem 3).

DEeFINITION 6%. In a lattice L with 0, if p,q are points such that

g<p~z and ¢~x=0 for some element 2 € L,

we shall say that p is perspective to q (in symbols p~q).

If p, q are points such that there exists a sequence p=p,, ..., P,=¢q
where p,~p,,; OT P, ~p,(i=1, ... ,n—l), then we shall say that p and ¢
are connected.

"THEOREM 1. Let p,q and r be points of a matroid lattice L, then the
following statements hold :
(I) p~q implies g~ .
(II) p~q and g~r imply p~r.

Proor. (I) By Remark 3 this is obvious.

(I) If any two of p,¢q and » are coincident, then this is obvious. Hence
we may suppose that p,¢ and r are distinct. Since p~gq, there exists an
-element a € L such that ¢ <pwe and p~e=qg~e=0. By Remark 1 and 2
there exist points z, (¢=1, ..., m) such that

8) Cf. F. Maeda (2) 88, Definition 1-2.
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QP . T, where z,<a (i=1, ..., m), (1 )

and we may assume that redundant elements are deleted in (1).

Hence by Lemma 2 (1°) we have (p, 2y, ..., %,,).l . Now put X=zx,« ..,
- &, then, since ¢g~X=0, we have by Lemma 2 (1°) (¢, %,, ... ,®,)1. And
moreover put X,=x,\v...\v&,_;"“%, ...\, (i=1,2,...,m), then p~X,=0
and p—X,z%q by the irredundancy of z,(i=1,...,m).

Hence by Lemma 2 (1°) (D, @, @1, ..o s @y_1y Lis1s oo » ) L fOr i=1, ..., m.
Moreover p—X contains p,¢ and @, by (1). Therefore we have by Lemma
2 (2°) .
poX =qgwX=pwgwX, for i=1..,m. = (2)
Since g~r, there exist points ¥, (i=1, ..., n) such that

r<q-Y, g~Y =r~Y =0 and Y=45v ... Y, (3)

"By (1) and (3) r<p~X-Y. Hence if r~(X—Y)=0, then p~r and (II) is
proved. On the other hand if »<X Y, then we have by (»") ¢<r—X<X-Y
and p<gX<X Y. Hence we have

XY =po XY =pox,— ... vxmvylu',,, Y - _
Since (9, 2, ... , @)L, there exist y; € (g, ... s U} for j=1,...,% such
that : ,
XY = pity oy Yy ey, AN (D, 8, e s B Yjp e 5 Uy ) L
Now put Y'=y; « ... vy, , then by (2) | -,
XY =pw XY =poqwX Y for i=1,...,m. (4)
Since (p, @1y oo s T Yipr eees ?/,'k)_L’ (¢, 2y, ..., %,) L and poX=q-X, we
have by Lemma 2 (1°) (g, 3, ... » Zp» Yip oo r Y3, ) L Henc¢ by Lemma 2 (3°)
(XY~ (g X o ¥)=Y". |
1
Since r~Y'<r~Y=0, at least one of XY’ and ¢ X,Y'(i=1, ..., m)
_does not contain . And moreover we have by (4)
r<X Y =pA(XY)=p(g—X,~Y').

Hence p is perspective to ». Thus the proof is complete.

THEOREM 2. A matroid lattice L is a direct unmion of sublattices L,,,
(a€l) of L, that is, L=3(B L,;acI). And any two points in the same
L, are perspective and two points which are contained in different L, and
Ly are not perspective. o

Proor. By virtue of Theorem 1, in a matroid lattice L the perspectivity
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and connectedness are equivalent and therefore the theorem follows immedi-
ately from F. Maeda [2] Theorem 1-1. ,
) THFOREM 3. In o matroid lattice L, the following statements are
equivalent :. ‘
(a) L is zrreduczble - :
(B8) Any two points of L are pe'rspectwe to each other.

ProOF. (a)—(8). Suppose .1‘the statement to be false, then there exist
at least two points of L which are not perépective.‘ Then by Theorem 2,
L is a direct union of more than two sublattices L,(ael) and so L is
reducible, since L has. 0. This contradicts. («).

(B)—(a). Suppose L is red}xcible. Then, since L has 0, L is a direct
union of sublattices L, of L, that is, L=3(L,;acl).

let peL, :and"q'E Lﬁ (a=B3) be two points. Then, by (8) p~¢q and so
there exists an element « of L such that p—ar=¢-—» and p~x=g~2=0.

On the other hand x=\/(P=x,;acl) where 2,€L,(acl). By the
uniqueness of the representation p—z,=2,, whence 0< p<z,, this contradicts
p~az,<p~x=0. Therefore L is irreducible.

THEOREM 4. Aﬁy matroid lattice is a direct union of irreducible matroid
lattices.

Proor. This follows directly from Theorem 2 and Theorem 3.

We wish to express our sincere thanks to Professor F. Maeda for his
kind guidance. '
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