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Given a property P of sets in a topological space, let P denote the
family of sets having this property. C. Kuratowski defined set A%, by a
local character determined by P and studied the operation A* imposing
to P iwo conditions called hereditary and additive®. Here we concern

ith P more or less restricted and investigate the formal properties of

operation A*. We cay P to be maximal when A=\/A, A. open in 4,
and A.€ P imply A €P. Our results are related to this property, e.g., if
P is hereditary, additive and maximal, then every A* is a regular closed
set if and only if P contains a family consisting of non-dense sets. And
then A*=A*** holds.

§1. Préliminary Definitions and their Immediate Consequences.

-1° Let R be a topological space®. Unless otherwise stated, G, H,
with or without index, stand for open subsets of R, and F closed subsets
of B. Let Py be any family of sets CR such that 0€ Ps. For any set
AC R we define

() As=[J{G; GNAEP})

(i) AG=ANA$

(ili) As*=ANAfec
and we call AC®) and A#*, ¢-coherence and ¢-adherence of A respectively.
For example, let P, consist of cnly a null set, then A* means the closure
of A. It is easy to see that A# is closed and A¢C A" .

THEOREM 1.1. (1) If GN\X=-0 implies GN\A ¢ Py for arbitrary G,
then we have XC A3

(2) If XZ A, then GN\X=-0 implies G"\A ¢ Py for arbitrary G.

(3) A# is the maximal set X satisfying the condition of (1).

(4) The condition pe A% is equivalent to that GN\A ¢ Py for any
neighbourhood G of p.

1) Cf. [2], 29. Numbers in brackets refer to the bibliography at the ent of the paper.
2) Ct. [1), 37.
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Proof. (1): Assume that Xd-A¢, then A¢¢N\X=-0. Since by definition
Age=\/{G; GN\Ae€Py}, there must be a G such that GN\X=-0 and GNA
€ Pg. This is a contradiction.

(2): Let XZTA#. If GN\AE Py, then GCA$CXc, that is, G/\X=0.

(3), (4) follows immediately from (1), (2)."

This theorem shows that definition of A% is equivalent to that due to
C. Kuratowski®. '

THEOREM 1.2.

(1) 0£=0.

(2) Ae€Pyg implies A9=0.

(3) Ass C Af.

(4) (GNA¥PDGNA?.

(5) GCR# implies GF=G".

Proof; (1), (2) follow from the definition of A%.

(3): AFSCAL“=AS. '

(4): Let HN\(GNA#)=-0, that is, (HN\G)N\A#==0, then it follows
from Theorem 1.1 that HN\GNA ¢ Pg, hence (GNAYDGN\A?L.

(5): G!=(GNR)2GN\R#=G by (4), hence G¥=G".

2° Given two Pg,Py, we write =>¢ when Ps_Py.

THEOREM 1.3. «>=¢ implies AY DA%,

Proof. Avc=\J{G;GNA € Py}C\J{G; GN\A € Pg}=A%, that is, AYDAS.

Now we define Pg={A; A¢=0}. Then we see that ¢$<¢.

THEOREM 1.4. Af=—A?, ’

Proof. Since ¢=>¢, hence it follows from Theorem 1.3 that AfDA?,
Making use of Theorem 1.2 (5) we see that Af=\/{G; GNA?=0}
NG ; G[\AEP;}=A7"C, that is, A?’;AE. Hence we have A#=A9,

THEOREM 1.5. AYDA4? holds for any A if and only if A¥=0 implies
A?=0.

Proof. The necessity is .trivially true, so we prove the sufficiency.
Av=\/{G; (GNAY=012\J/{G; (GNA)P=0}=A%¢, that is, AYDA?.

A family of sets P is said to be maximal when

(M) If A=\JA, A. open in 4, and A.€ P, then A€ P.

If Py is maximal, we shall also say that ¢ is maximal.

THEOREM 1.6. Pg¢=Pj for maximal ¢, that is, A€ Py is equivalent
to A?=0. .

3) Cf. [2], 29.
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Proof. Let A#=0. Since by difinition \/{G; GNA € Pg}=AP=R, it
follows that A=\/{GN\A; GNA € Pg} ¢ Py. -
THEOREM 1.7. Let ¢ be maximal, then AY2A? holds for any A if
and only if J=>¢.
Proof. By theorem 1.3 it suffices only to show the necessity. It
follows from Theorem 1.5 that Yy=Vy=¢=¢.
THEOREM 1.8. ¢ is maximal if and only if A%* € Py holds for any A.
Proof. Let ¢ be maximal, then A**=\/{GN\A; GNA € Pg} € Pg. Con-
versely assume that A?” € Ps holds for any A. If A=\/A., A. open in A4,
that is, A=A/\G, and A. € Py, then A#*=\/{GNA; GNA € Ps}2\J(GN\A)
=A. Hence A=A*"¢ Pg. |
COROLLARY. If ¢ is maximal, then A#*#=(r
3° A family of sets P is said to be hereditary, weakly hereditary,
additive and weakly additive respectively when
(H) AeP, BCA implies BeP,
(H)y If AcP and B is open in A, then B¢ P,
(A) A,BecP imply A\/BeP,
and . -
(A)y If A, BeP and one of them is closed in A\/B, then A\/B ¢ P.
If Py satisfies one of these conditions, say (H), we say that ¢ is
hereditary, or ¢ has the property (H) :
THEOREM 1.9. Let ¢ be weakly hereditary. Then GN\A?=0 implies
GN\A € Py for arbitrary G if and only if A*" e Py. )
Proof. It is esay to see that the necessity holds, since A?¢ is open.
Assume that A?* e Py, If GN\AP=0, then GNA=GN\A** ¢ P;.
THEOREM 1.10. The following two conditions are equivalent

(1) GNA?=0 implies GN\A € Pg for any A.

(2) ¢ is weakly hereditary and maximal.

Proof. (1) — (2): Let A€Pg, then (1) implies that G/\A € Pg.
Hence ¢ has the property (H)y. It follows from Theorems 1.8 and 1.9
that ¢ is also maximal. ‘

(2) - (1): This follows from Theorems 1-8 and 1.9.

THEOREM 1-11. Let ¢ has the property (H)y, (M), then the followmg
two conditions are equivalent for a given set A.

(1) AfP=A*,

(2) GN\A?ePg implies GNAP=0.
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(1) = (2): 0=(GNA¥2DGNA$=GNA? by Theorem 1.1.

(2) = (1): APPe=\J{G; GNA? c Py}=\J{G; GNAP=0}=A%¢, that
is, APP=A?,

4° Given operation A* such that A* is a closed set, and 0%=0.

Put Ps={A; A*=0}. Then

THEOREM 1.12. If GN\A*=0 is equivalent to (GN\A)*=0 for any A4,
- then A*=A? and ¢ has the properties (H)y, (M).

Proof. Afe=\J{G;(GNAY=0}=\J{G; G\A*=0}=A%, that is As=A".
Theorem 1.10 shows that ¢ has the properties (H)y, (M).

5° THEOREM 1.13. Let ¢, 4 have the property (H)y, and if assume
that R¥=RY, R¥*=R¥¥=0, then G¥=G* for any G. |

Proof. (HN\G)*=0 means that HN\GZR?=R". Hence (HN\G)$=0
equivalent to (H/N\G)*=0, so we have G#=GY.

§2.

Properties of Operation A?.

1° THEOREM 2.1. Let ¢ have the pyoperty (H)y. Then

(1)
(2)
(3)
(4)
(%)
(6)
(7)
(8)

Proof.

(1):

AP D(GNAY,

GNAP=GN\(GNAY,

(GNAYPPAGNA?Y,

(G/\A)(#‘):G/\A(sé),

(GNAY*26NA%,

A=,

APP*=A%* and

If A=\JA, A. open in A, then A(”‘):\/A(f).

Let HNA¢€Pg, then HN\GNA € Py since ¢ has the property

(H)w. Hence HN\(GNA)=0 by Theorem 1.2 (4). Theorem 1-1 shows
that AP2D(GN\A). |

(2): GNAP2GN\(GNA)Y by (1). On the other hand G/\(GN\A)
DGN\(GNA$)=GNA? by Theorem 1.2. Hence GN\A*=G/\(GNAY.

(3):
(4):
(5):
(6):
(7):

GN\A? is open in (GN\A)? by (2), hence (GNAPY(GN\A)P? by (1).
(G[\A)(f“):G[\A[\_(G/\A)¢=G[\A\[\A¢=G[\A(¢) by (2).
Afe(GN\A)P< by (1), hence (GNAY DGNA*"
APTI=(ANAL)H=APIN\AP=A AP N\AP=0 by (4).
AP =AF*PN\ | AP*($)= A$*$* by (6).
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(8): We can write 4. as G\N\A, hence AP)=(GNA)YP)=GNA®
by (4). Therefor A#)=\J(APING)=\JAP.

THEOREM 2.2. Let ¢ has the property (H). Then

(1) ADB implies A*DB?, AYDBY) and A**N\BCB**, and (2)
(A\/B)*2 A% JB*.

Proof. .

(1): Let GNAe€Py, then G/\B€ Py since ¢ has the property (H).
It follows from the definition of A that A’2B?, hence Af)=ANA*
DOBN\B?f=B¥), and A**N\B=A%N\BCZB*".

(2) f{follows from (1).

THEOREM 2.3. Let ¢ have the pro;_)erties (H) and (M). Then
A$=A# holds for any A if and only if A € Py implies A* ¢ Py.

Proof. It suffices only to show the sufficiency. Let GN\A € Py, then
'G/\A_;_G[\A’__Q-(G[\A)’G_P,«s, hence G/N\A € Py is equivalent to GN\A* € Py.
Therefore we conclude that A¥=A%¢,

THEOREM 2.4.

(1) If ¢ has the properties (H), (A)y, then (4\/B)*=A*\/B? if one
of A, B is closed or open in A\/B.

(2) If ¢ has the properties (H), (A), then (A\/B)*=A%\/B?.

Proof (1): It needs only to show that (A\/B)?CA?\/B%. First
consider the case A is closed in A\/B.
AfN\Bfc = [\J{G; GNA € Pg{IN\J{H ; HN\B € Py}]

= \J{GNH; GNA, HN\B € Pg}
C \VIGNH; GNHNA, GNHN\B€Py} by (H)y
< \U{GNH; GNHN\(A\UB)€ Py} by (A
= (A\/B)**,

that is, A\ /B*22(A\/B)*.

" Next assume that A is open in A\/B. Then B,=B/\A° is closed in
A\JB,=A\/B. Therefore (A\/B)*=(A\/B,)*TAf\ /B! A%\ /B? by Theorm
2+2.

(2) can be proved as (1).

2° THEOREM 2.5. Let ¢ have the properties (H)y, (A)y, and (M).
Then (1) GNA€Pg, GNAP)=0 and GNAP) e Py are all equivalent to
one another. -

(2) AP=AP=4AF) . for any ¥=¢.
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(3) (GNAY=(GNABYP=(GNA®) for any =

(4) F9=F%.

(5) G#*=G*.

(6) APSP—APS,

Proof. (1): GN\A € Py implies GNA¥)=(GNA)#)=0 by Theorem 2.1,
hence also GNA®) e Py, and in turn the latter implies GN\A=(GNA®)
\J(GNA**) e Py by Theorem 1.9 and by (H)w, (A)w-

(2): AP=\J{G; GNAePs}=\J{G; GNAP e Pyj=APc by (1),
that is, A?=A#)#, Since Af=APWPAPNC AP AP*—=A% we have A?
— AP A B .

(3): By making use of (2) and Theorem 2:1 we show that (GN\A)*
=(G/\A)f¢)¢=(G[\A(S“))F‘,(G[\'A)¢=(G[\A)(¢>"-“:(G/\A<¢))'P.

(4): Since FF=F$) F#$—=F#HP$=F% by (2).

(5): G is open in G, hence G*2GPP2G#¥=G? by (2).

(6): Af is closed, henceA??#=A%¢ by (4).

THEOREM 2.6. Let ¢ have the properties (H), (A)y and (M). And
let yy=¢. Then :

(1) AP=APP=A%Y,

(2) AP=A@N=gWS

(3) (GNAY=(GNA*Y=(GNA*), _

(4) GNAePy, GNA? € Pg and GNA’=0 are all equivalent to one
another,

(5) If A=\JA, A: open in A, then A?=(\JAf#)", and

(6) If Pg is completely additive, and if A=\/ A,, then

=]

A¢=({‘] as)*

nZ1 .

Proof. (1): AfDAPYDAPPDAPP=A? by Theorem 2.5.

(2): APD(ANAYYD(ANA?)?P=A?=A($)¥ by Theorem 2.5, hence “we
have AP=—AWF— (B

(3): (GNAY=(GNAPY(GNAP Y (GNAPP(GNAPY(GNA)Y:
=(GNA)? by (2). Hence (GNAY=(GNA?)P=(GNA*)".

(4) follows from (3).

(5): By making use of Theoren 2.1 and (1), (2) we show that
AP=APP={\JAPPC(\JALYPC\JAPPV O\ JAP}*CAP*=A4%. Hence we
have A?=(\JA?)".
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(6): GNA€Pg implies and is implied by that GN\A, € P¢ for any =,
hence by (4) GNAS=0 or €Pg, that is, GN\(\JA?)=0 or €Pg. Hence
A?=(\JALYP=(\JAL)*. Since p=<+\<a, we have A?=(\JAP)".

THEOREM 2.7. Let ¢ have the properties (H), (A)y and (M), Then
the following conditions are equivalent.

(1) A*=A"? holds for any A.

(2) (GNAYP=(GNAY)? holds for any 4, G.

(3) =¢, and A € Py implies A% € Py.

Proof. .

(1) = (2): (GNAYYP=(GNAPYP=(GNAPP=(GNA).

(2) -> (1): (1) is a special case of (2).

(3) = (1): Let GNA€Ps, then 0=(GNAWDAGNAVYDGCNAY,
hence Af2AY. Since AYDAPP=A?, we have AP=AY,

(1) - (3): This is obvious.

§3. Operation ¢cped

1° In this §, unless otherwise stated, we assume that ¢ has the
properties (H), (A)y and (M).

THEOREM 3.1. Given ¢, there exists a p such that p has the pro-
perties (H), (A)w and (M) and AP=A°#<? for any A.

Proof. Put P,={A; A°?<?=0}. Since 0°¥¢?=0, 0€ P,. A € P, is charac-
terized by A°?*=R?, or A’ DR?.

(i) Suppose that A €P, and ADB. Then B’ 2A4Y2OR?. Hence P,
has the property (H).

(ii) Suppose A, Be Pg and B is closed in 4\/B. If we write C=A4\/B,
then there exists an F such that B=C/N\F. Then

CHP=(A°NB Y 2AANFO )P =(AP NF )P =(R? N\F°)P=F°*.

Using this relation we see that C#=(C¢?\ /F*=(CNF)**=B*=R?. Thus
P, has the prOperty (H)w-
(ili) (GNAYPE=(GPNAPPYP=(GNAPP )P\ J(GH* NASE)?
=(GN\A#). Therefor GNA € P, is equivalent to GN\APP=(.
Theorem 1.2 shows that p has the property (M) and AP=Act<s,
Remark. In the sequel we identify p with cpep. Then pp=p implies
pep=g¢cpcp, that is, APP=A%e#? for any A. If ¢ has the property (A),
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this is a special case of a result obtained by S. Matsushita®. If +» has the
property (H)y, and if R#=R?, R'=0 holds, then we see that pep=gcy,,
hence Acfcf=—gcoed, ' |

THEOREM 3.2. ¢cpcp has the properties (H), (A)y and (M). If ¢
has the property (A), then ¢cpep has it.

Proof. Put p=c¢cp, then cpcp=¢pcpep, hence by Theorem 3.1 peped
has the properties (H), (A)w and (M). If ¢ has the property (A), then
(A\B)Pcteb—( AP\ B )cbch=Abctcd\ |BPcsct 50 that $eped has the property
(A).

THEOREM 3.3. ¢=¢cpeg if and only if (GPN\G)¥=0 for any G.

Proof. ¢=¢cpedp implies that (GPN\G)P=(G? NG )PPl (GE N\GE)bet
=(G#ePeN\GH)P=GP#*#=0. Conversely we assume (G?N\G)?=0. Since
GO\JGF* =GP\ J(GEN\GS) holds, GP=G#*. If we put G=A’c, then we
have AS=APehes, |
THEOREM 3:4. When ¢=dceped is satisfied, we have
(1) (ANB)Y?=(A?N\B)? if one of A, B is closed or open,

(2) (APN\BY=(ANBYY=(APN\BY),
and ‘

(3) (ANB")P=(ANB#)? if p=¢ is satisfied.

Proof. (1): One of A, B® is closed or open, hence (A°\JB¢)c#es
—A#e#\ /BS$ by Theorem 3.1, that is, (A/\B)PP=A%# /B From this
we have (AN\B)!=(AN\B)Pcfct—=(A%cH\ /BP#)¢,  Since A? is closed, by
the same argument we see that (A?N\B)?=(A?<#\ /B?<#)¢, Therfore we
have (ANB)?=(A?N\B)*. '

(2) follows from (1).

(3): (ANB*)!=(ANB*)*=(ANB*)".

THEOREM 3.5. Suppose that ¢ has the properties (H), (A) and (M).
Then ¢=c¢ed if and only if (A#N\A)P=0 holds for any A.

Proof. ¢=c¢ecp implies that (AP NA)P=(AFN\A)PP=(APH\ JAP) P
=(A?\ JA$)Pef=RFS=(0. The converse follows from the fact that the
identity A\J(ANAS)=AP\ J(ANA?) implies AP=AcHcS,

THEOREM 3.6. Suppose that ¢ has the properties (H), (A) and (M),
and that p=q¢ecgep. Then P={A; (A*N\A°)?=0} is a set field containing
every G and F' and has the properties (H) and (M) And-

4) Cf. [3]. 30.
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(1) A”S*‘AC""“ for'AeP,

(2) (AN\BY*=(A*N\B)*=(AN\B#)* if A€P,

(3) (A\UB)P#ef=AcPcs N\B#t if AeP,

(4) If Pg is completely additive, then P is also compl etely additive
and is invariant under A-operator®. .

Proof. By making use of Theorem 1.12 and Theorm 3 4 we can show
that P satisfies the statement in the Theorem.

(1): It follows from the identity A\JA¥*=Ach\J(A¥NA) that
Af==Achcs, ' ~

(2): (ANA?%9)$=0 by the Corollary to Theorem 1.8. And by the
assumpition (A#N\A°)¥=0. Hence there exists a set Q€ Pj such that
A\JQ=A4JQ, so that (ANBN\JQ=(A?\/B)\JQ, hence (A N\B)*=(A? N\B)’.

(3): AcP implies A°€ P. Hence (A\JB)#=(A°N\B)*=(A N\B#)¥ by
(2), €0 that (A\JB)#P=—( AP N\BE)bch—(Acc\ | Besc)chcs— gcses\ | Bescs,

(4): Let A,eP, then A4,.\/Q,=A%\/Q, for some Q,cPyg, hence
A\JQ=(\JA!)\/Q for some Qe Py. Therefor we have ((\JAZ)N\A)?=0.
And then (AfN\A9)?P = (ANAP) = (\J(A,NAH))F = (\J(A,NA#)P)F =
(J(ANAPYP=((\JAP)NA)P=0. Thus we conclude that A € Py. Then

we can show that the rest of the statement is true®.

Remark. 1f ¢=aoa, then cpcp=oa.

2° THEOREM 3.7. Every A? is a regular closed cet if and only if
every non-dense set belongs to Pg. Then ¢p=¢cpcep.

Proof. Assume that every A? is a regular closed set, that is, A#=A4%.
Then A*°=0 implies that A¢=A%*CA*°=0, hence A € Ps. The converse
is true by Theorem 2.6. And aoa=¢ implies that (G* NG )P (G N\G*)**=0,
hence we conclude that ¢=pcpep by Theorem 3.3.

THEOREM 3.8. If A¥ is a regular closed set, then Af=(4/\A4%)¢,
Conversely if A¢;(A/\A¢")¢ holds for any A, then Py contains every
non-dense sct.

Proof. The first part of the Theorem follows from (4/N\A4A%)*
=(APNAL)P=AP P Af= A,

Next assume that Pg contains e{rery non-dense set, then A?=(A/N\A%)¢
=(ANA%)*, since A¥ A% is a non-dense set.

ﬁifs) ct. V[z] .
6) Cf. [2], 56.
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THEOREM 3.9. If every A? is a regular closed set, then
(1) (A’N\B)?=(A?N\B Y=(A?N\B)™ if B is closed or open, and
(2) (APN\BfyP=(A’N\B?)™.
~ Proof. (1): (APN\BY*=(A»N\B°)y=(A#N\B°)*=(A? N\B°F'=(A?\B")*
C(A*N\B)?. Hence if B is closed or open, we have the statement.
(2) follows from (1). '
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