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§ 1. Introduction. 

In our previous paper 0 ), under generalized Poincare's condition or 

Picard's condition, we have solved the equation as follows: 

(1.1) 

where X;(x) are regular in the vicinity of xi=O and are expanded as 

follows: 
n 

Xlx)=~ a0 x1+ sum of the terms of the second and higher orders. 
J-1 

Let the eigen values of the · matrix A= II a0 II be A.1• The generalized 

Poincare's condition is as follows: all A.;'s lie in a convex domain n which 

does rwt contain the origin. The generalized Picard's condition is as 
follows : some of :\.1 lie in a convex domain n which does not contain the 
origin. In this paper, making use of solutions of (1.1), we are going to 

obtain integrals of the ordinary differential equations as follows; 

dxl dx2 dxn x = y- =······= x · 
. 1 2 n 

(1.2) 

By our previous paper czJ, without loss of generality, we can assume 

that A is of Jordan's form and that the real parts of A., lying in n are 
positive. As in (A), we write X, as follows: 

where the unwnitten terms are of the second and higher orders, and o» 
is equal to 1 or zero according as p~2 or p=l. 

1) M. Urabe, On Solutions of the Linear Homogeneous Partial Differential Equation 
in the Vicinity of the Singularity, III. This Journal, Vol. 15, No. 1, p. 25. In the following, 
we denote this paper by (A). 

2) M. Urabe, On Integrals of the Certain Ordinary Differential Equations in the 
Vicinity of the Singularity, I. This Journal, Vol. 14, No. 3, p. 209. In the following, we denote 

this paper by (B'). 
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§ 2 . .. Integrals under generalized Poincare's condition. 

The integrals of (1.2) are obtained by putting n-1 independent solu. 
tions of (1.1) constants. By (A), as n-1 independent solutions, we have 
the following functions : 

I ~ 1 
Fto a/Ff/1 (except for a=l=l), Uf0 -">..}og Fto, Ufp (p=l, 2, ... , Pf-2); 

l I 1 
F 11 x;;· F 1 Xi: u11 1 F 11 u11 c 1 2 P 11 2) 10 10 , io--XOg !J• IP p=, , •••• z- ; 

(~l) 11 

for HT~ic=O, UiH1+P (p=O, 1, ... , Pf-1); 

for Hf=O, U:0 -~}og F:o, U~p (p=l, 2, ...... , P;-1). 

We introduce an auxiliary variable t such that, 

(2.2) F I _ c1•l1 
10 - 1t'' • 

where Cl is an arbitrarily chosen constant. Then, putting the functions 
of (2.1) constants, we have: 

(2.3) 

F a cat"a o= I , 

F 11 c11t:1.11 zo= z , 

Uf0 - log t = C10 , 

Uf0 -log t = Cfo, 

for Hf=l=O, Uim+P = CiH~+P' 
for H;=O, 

where Ct, Cfp ,are arbitrary constants except for C}. As in (B), from the 
first and second rows of (2.3), we have: 

(2.4) F~P=F,,(t'\ l't log t, ...... , t\log t)P; 01, Cf0 , •••••• , Cip-1), 

(i=a, y; p=O, 1, ...... , Pt-1). 

Here the functions F,, denote the following functions : 

(2.5) F,,(t\ V· Iog t, ... , t"(log t)P; C, C0 , •••••• , C1>-1) 
=A0 f'-+A1t"(log t)+ ..• +Af>_ 1t"(log t)"- 1 +Ct:1.(log t)P, 

where A0 , A1 , ••• , A,,_ 1 are polynomials of C,. C0 , ••• , C,,_1 and A0 actually 

depends upon CP-i• Now, by § 3 of (A), the following functions are also 
solutions of (1.1): 

I I 

1) For, by§ 3 of (A), Ff0 J:;/ F}0 Xi are also soluUons of (1.1). consequently constant for 
(1.2). 

-40-



1951) 

(2.6) 
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. t 1 

F • ~/FI x1. 
lO 10 , 

Namely, for x1 satisfying (2.3), the above functions must be constants. 
Then, in the same way that we have de.rived (2.4), we have: 

Now, by the lemma in § 3 of (A), for p=O, 1, ... , Hf, FTP are polynomi-

als of Fi,.q where i~z-1 and q=H';,. + I, ... , H';,. + P';,.. By the definition, 

U:p is a rational function of F:q (q=O, I, ... , p+l). Then we can prove 
the following lemma. 

Lemma. c:, C:o, ...... , CiH~ _1 are rational functions of c:,, C:Oc, ...... , 

c:nP::.-z and C!., C:,o, ...... , C~P!-2• C!nH!.• c:,,H!.+1• ··~ ... , C!nH';,.+P!..-1 
/or Y, t~z-1, where t denotes the index of the same 'P'f'Operty as z. 

For the smallest value of z, F:0 is a polynomial of F:,q and Ff..q, The­

refore, substituting (2.4) for F:,q and Fr..q, F:0 becomes a polynomial of C':,. 

c:,q and C~. c:.q. Comparing the result with F:0=Cft\ it is seen that c: 
is a polynomial of c:., C':,., and c:., c:.q. Next, for p=O, 1, ... , H: -1, m,, 
are rational functions of F:0 , ... , FiH:• which are polynomials of F':,.a, F:.q. 

Therefore, substituting (2.4) for F:,q and F:.q, u:,, become rational func­

tions of C'!,, c:.q and c:,, c:.a. Comparing the results with Ufo - log t= 

Cfo and u:p=Cfp, we see that c:0 , c;1 , ... , CiHt- i are rational functions 

of C~, C:O, and c:,, c:,q, Thus we have seen that the lemma is valid for 
the smallest value of z. In the same way, assuming that the lemma is 
valid for up to z-1, we see that the lemma is valid also for z. Thus the 
lemma is valid for any z. 

Now, for p=O, 1, ... , H:, the relations (2;7) are transformed forms of 
the relations which are obtained by putting the functions of (2.6) constants. 
In the relations as follows : 

(2.8) F:p = P{F':,.q, F'/,.q, F';,.ql 

= [t'p(l'z, l'• log t, ... , l'•(log t)P j c:, c:o, ... , c:P-1 ), 

where y, t.::=::z-1 and P { ... l denotes the polynomials of the arguments, 
substitute (2.4) and (2.7) for F':,.q, F:Oq, F'r,.q, then, by the proof of the lemma, 
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it is seen that the results are identities. Thus, we see that the relations (2.3) 
are equivalent to the relations composed of (2.4) and (2.7) for p=Hf+l, 

... , H:+PT. 

Now, by § 3 of (A), the value of the Jacobian of F'tp, Ffp and FiHF+P 
(p>l) with respect to x, is not zero for x,=O. Therefore, for sufficiently 
small value of It I (Arg. t=finite ), we can solve the relations (2.4) and (2. 7) 
for p=H: + 1, ... , Hf+ Pf, with regard to x,, and there the solutions x,=x,( t) 

are expressed as the regular functions of the following functions of t : 

(2.9) t\ l'(log t), ...... , l 1(log tl'. 

Besides, by the lemma, these x.=xlt) actually contain arbitrary constants 

ci (except for CD, CTP, C¥, crp and CiHr• CiH: +1• ... , CiHi+Pf-1, and evi­
dently, when t-0 (Arg. t=finite), x,-o, therefore there arise~ no restric­
tion upon these constants, namely x,=-xc(t) actually contain these arbitrary 
constants. The number of these constants is evidently n-1. 

Now, from § 1 of (A), P:-l=w1pf, P¥-l<wfpf and, from§ 3 of (A), 

H!+P:::;;.w:1 '-l+Pf=wipf. Therefore, the exponent P, of (2.9) does not 
exceed the maximum weight of the eigen value X,. 

Thus we have the following theorem. 
Theorem. When all the eigen values X/s of the matrix A lie in a 

convex domain which does not contain the origin, there exist integrals of 
(1.2) which, in the vicinity of x,=O, are expressed as regwlar functions of 
the functions of (2.9) for sufficiently small value of ltl (Arg. t=finite) and 

contain n-1 arbitrary constants. Here p, does not exceed the maximum 

weight of the eigen value X,. Conversely, any integrals of (1.2) are neees­

sarily transformed into the functions of this form. 

Thus we see that, for solving the equation (1.2), the Poincare's second 
condition o) is not necessary, and yet the results is unaltered when the 
second con'dition is omitted. 

§ 3. Integrals under generalized Picard 's condition. 

As stated in (A), without loss of generality, we can assume that, for 
some ;\.., for example Xa (a=l, 2, ... ; m), ffl(X,.)>O and for others which 
we denote by ;\..,, ffl(;\..,)~0. 

By § 4 of (A), there exist regular integrals x0 =xo(x") satisfying the 

1) (A). 
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the equations as follows : 

(3.1) 

Put Xa(x~, x.,(x .. ))=X .. (x8 ), then, by § 4 of (A), there exist m'-1 indepen. 
dent integrals g/x .. ) of the forms of (2.1) satisfying the equation as 
follows: 

(3.2) - og -~X .. ;:,- -0. 
" uX,. 

Here m' denotes the number of the variables x.,. Then, by (B), x 1 satis­
fying the relations as follows: 

(3.3) 

are integrals of (1.2). Since uix .. ) are of the same forms as (2.1), from 
uixa)=const., we see that x,. are expressed as regular functions of the 
same forms as (2.9) and they contain m' -1 arbitrary constants. In this 
case, the exponent p, of (2.9) does not exceed the maximum weight of the 
eigen value ::\.1 for which 9t(::\.J>0. Substituting these x.,=x,,(t) into x.,= 

x.,(xa), we see that Xa become also regular functions of .the arguments of 
xa(t). Thus, it is seen that there exist integrals of the equation (1.2), 

which are expressed as regular functions of the functions of the f01·ms of 

(2.9) and contain m'-l arbitrary constants. 

Thus the results are the same as stated in (B). 

Mathematical Institute, Hiroshima University. 
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