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§ 1. ‘Introductiqn.

The differential equatlon = f(y, .L), in the vicinity of the singularity of the second

'kind (yFO x=0), by means of Welerstrass preparatlon theorem, can be reduced to the

equation -of the following form<“ \
R A s e I e : '
SR it v LA : oos

'where’ S and R are integers, G(y, x) is rgéular in the vicinity of (y=0, x=0), p(y, 2) and
9y, }z:) are relatively prime singular algebroid poiynomial with the veftéS?*(y:O, 2=0),
and . p(0, z), ¢(0,2) do not vanish identically. It happens that the function ply, x) or
4y, w) becomes a constant; but, even in that case, (g/:O,'m=0) is the singularity of the
seCOnd kind of the differential equatlon ’

Forsyth»has shown that, if the equation (1. 1) has a determmaie integral of regular
clg.ssi‘i) then, by means of Newton’s polygon method, it ‘can be reduced to the equation
of the fc.ype;either ‘ ’

- "d'v__, . ’ ) dv_’av"+pt+.
I e Remtip ., o T e

‘where 3¢, m, n, are positive -integers and @, b#0.®  Besides, he has proved tha.t ‘the
f'equatzon of the type [ which has an mtegral of ‘regular class, is reduced to the equanorr
of the type I, when certain conditions upon the (,oeffxclents are' satisfied.®

- In this paper, by means of Newton’s polygon method we shall establish the genera.l
~theory of reduction of the differential equation in the VlClnlty of the singularity of the
second kmcL Without any assumptions which Forsyth has laid, we shall obtain the

\

“final reduced form$ as follows:

: d ' . :
(B2)  tg=avpie. X222, a0,
(A‘,) : «é%:yl(xv"-}-ptm—}-. L) ! a,f):i:O, 720, m>0, and /21 when 2=0, -
By e qoAp a0, m21, 12l ~ T

di bw+qt+
'(Co) EZT—-#'L?L(M) +pm4. )5 ,p=1=0, 1120, nz>0, 120, 221,

1) AR, Forsyth Theory of Differential Equations, Part 1I, p. 88.

2)  When an integral has an appropriate order in powers. of the independent variable in the
vicinity of the mitial values we call such an’integral “an mtegral of regular class,”

3) Forsyth, ibid. p. 123, ) E

"'4) Forsyth, ibid. p. 20¢. =~ -

A
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Fhe equation of the form (C,) is not contained in_fhe equation of the typés of Forsyth.
If, as Eorsyth has done, we assume. that each equation has a detefmina.te integrél of
regular class, then we o‘btain, as the final reduced forms, the form either (A;) or (A;)

with 10, namely two special cases of the type I with =1 or n=1. This means that’
the reduced forms of Forsyth are noi satisfactory forms as the final reduced forms even_{
under his assumptmns o e .

§ 2. First reduction.

The equauons of the form (1 1) can be classified into the equations of. the forms

A Ay ~ du 5 97) {

/ Y B . .

(A) at T YR q(y, ), - ( ) = yh )’ . ‘ s
dy_ ;oo dy_ Ayr). R

©  Z=a vy, D =Y Ay,x)’ ,

where p(y, r) and ¢y, v) are regular in the vicinity of (y=0, x=0) and p(y, z) vanishes .

there, 0, ), P(y,0); 90, x), 9(y,0) do not vanish identically, and ¢, 4, v are integers

such that 5¢=1 and 1=20. ’ : :
In this paragraph by means of Newton’s polygon method for differential equatidns,“f g

we “shall reduce the equation (1. 1) to one of the equations of the forms (A), (B), (Cy and (D)
The functions ¢(y, ) and Py, x) of (1.1) are of the following forms: =

oy, v)y=a,y"+a,()y" ' +.... +an(x) and Py, )= boym by ()™t ... .- +bm(a;),( '

where ai(z) and .bx(x) are regular in the vicinity of x=0 and vanish there. We write tirlei

terms of lowest order in the expansions of ai(x) and br(r) as a;a”! and brzs B respesﬁve-‘- ,
ly.  On the plane with two perpendicular axes 05 and 07, we mark the points Az(n-#—l
¢,+,1+S) and Bk(m—li—}-h—ﬁ sz), and construct a Newtons polygon.

When m and n are pObmve, there exist at least four ‘points 4x(0, ra4149), .
A1+ 8),. Bm(1—R, sm) and B0(1~R+m 0), consequenently there exisis a Newtonis‘j’_f
polygon. When m=0 and »n>0,- draw parallels- 4,CP and 4»CQ through- 4, and. An. tov;“'
OE and Oy respectively, and let the point of their mtersectlor; bg C.  Then, there does-f«f
not exist Newton’s polygon only when the point R, (1-R,0) lies either on one of the sxd_esi‘
of the angle PCQ or in that angle. " In this case, R>1 and S>:I, however, when rS’gO,
(y=0, x=0) is not the singularity of the second kind of (1. 1), therefore S=-1. Then the

equation (1. 1) becomes as follows , N g
(a) .1,277‘/ yRo(y, v)etwe | where R>1.

Likewise, when n=0 and m>>0, there does not exist Newton's polygon, only when Sg-l}r_
and R=1. In this case, thef equation (1. 1) becomes as follows:

b ?/%:(1:5’1)(31,:3)6“(*('14“ , where 8= —Sg]_.‘

When m and » are zero, we can_easily prove that there does not exist Newton's po_ly'gdn"v,_

~ - ~ . d

1) Forsyth. ibid. p. 123.
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".(‘)nly:when either AE>1 and S’=~1' or R=1 and S<-1.D - In either case, we have.thé
éq'ué\tion of thc.form either (a) or (b). Thus, when there daes not exist Newton’s polygon,
sthe equation (1.1) can be transformed to the equation of the form (A) with o¢=1 and
)}>1 and conversely. : v

When there exists a Newton’s polygon, the order p of y in powers of », if it exists
in' the vicinity of (y=0, x= 0), is determined as the tangent of the angle made by the
-side of the Newton’s polygon and the negative direction of 0£. Then s becomes a
positive rational number;<?> consequently we may put /4:1)/9, where p and q are relative-
1y prime positive integers. Put x={9, y=tPy, where «(0)= p==0. Substyituting' these into
(1. 1), we have / 4 ‘ 4 )
2.1) .z<1—R>1’(m+t%){_s’bkumwtém +‘17.<m—(w T } ’
. —thqu +S)uRi aluri—thre +i)<nfz)+ }, ‘
where C=e® and Y  denotes the sum of the terms of lowest order of t . With regard
to the sides of the Newton’s polygon, there arise three cases.
' Case I. The side contains only the points Br. _
" Inthis case g(r,+1+S)+pn-)>gsi+pm—k-+1-R)=N say.  After having divided
both sides of (2.1) by t¥, we put (=0, then Sbzp” %=0. Now, the terms of Ibpu™*

are those corresponding to the points Br on the side under consideration. - Therefore

EEN

Sbru™* contains at least two terms, consequently the finite non-zero value poof pis
certalnly determined. Namely, there exists an integral of regular class,

Case T. The side contains only the pomts Ar.

“In this case gsk +p(m—k+1——R)>q() +1+8)+pn—0)=M say. After having divided
both sides of (2.1) by #, we put ¢t=0. Then, as in the case I, we can determine the
finite non-zero value o’ of p by means of the equation ‘alp" 1=0. Namely, there exists
~.an integral of regular class.

‘ (,ase H. ‘The side contains some points: A1 and some points Fi.

-In this case q(rl+1+S)+p(n—l) - q8k—+ p(m— k+1——R) N . say. After having dividéd:
both sides of (2.1) by t¥, we put {=0. - If we put C _alu" Ve "R Shp 0™k = (u), then
7/ (0)=0. I‘he expression @ (u) is the sum of the terms corresponding to the points - 4,
and B;e on the side under con51derat10n For the expression ?u), there anse three cases.

(i) The expression @ (u) contains at least two terms.

In this case, the finite non-zero value o of p can be determined, consequently there
-exists an 1ntegral of regular class. .
(i) The expression ¢u) contains only one term.

l) When S-— a—l and B=1, A, coincides with By In such a case, we say that there exists a
Newton’s polygon which has the side consisting of two coincident points. For details,refer
the explanations in the case § (ii).

.2) When the side of Newton s polygon contains only two coincident points, one of the coin-
cident points is 4; and the other is Br. In this case # is indeterminate, therefore is not
necessarily rational. When £ is not ratlgna! by the substitution y=x#u, we shall obtain the
equation involving an_irrational power of z. In order to avoid such a case, we consider

* hereafter only positive rational values of £, ; : . -

-~ 28—



fad

1949) Reducod F orms. of 0)dmm Yy szferentwl Eqmmon.s [ ths Vw@mtg/ af the Smgulwmy o f the Socond K '

In this case, the- set of points Bk on the side under con51derauon must be commdent .
with the set of pomts <7 on the side except for at most-one pomt . Among the/:pomts |
on the side, there exists one point P, the abscissa of which nges the exponent of » of
the'remaining term in ¢u), When the abscissa of the point Pis non-posmve, it is readily .
seen that the ordinate of P is positive except for the case when P coincides with. the('_
-origin O of the plane £Oz and belongs to both sets of points A and B;. In this ex- .
ceptional case, the ‘point B, and the »pomt A » coincide with the origin,” consequently R=
m+1 and S=—ra—1. The side contains only one point O with which Bo and A» coin-
cide.. Now, whgn the abscissa of the point £ which does not coincide with the. origin -
O is non-positive, we intefchange the variable » with the variable y, and construct the
points B'i(r1+14S, n—Il) and A'x(sx, m—R-+1—£k). Then we have a 'Ne'wton's polygon
symmetric to the initial ‘one with respect to the bisector of the angle 5077 For the

correspondmg sxde, we have @(u)= C p),bkusk —qu”‘u.a,u" correspondmg to Du). .
Now, when a point coincides with a point Bz, n——l-—m——R-i—l—L and 7,4+14+S=35, :
consequent]y the remaining term in w(u) corresponds to the remamlng term in T(u), and

conversely ‘Then, on the correspondmg sxde of the new polygon, the abscissa of the

point 7’ correspondmg to I’ gives an exponent of only one remammg term in ¥(u). Now :
the abscissa of the point Vs eqp.al to the ordinate of the point /. therefore, except forkr
the ‘above s;ated exceptional case, the abscissa of the point /' is positive. ~For a time,
we exclude the exceptional case.  Then, from the above reasonings, it is sufficient if we
consider only the case in whiclr the abscissa of the point P is positive.  Then @(u) has:
the form ()=l , where K is a positive integer, and the value p of p bec‘om-és zero.
In this case, p is.not the order of y in powers of ., consequently for this 2 there exists

no integral of regular class. However, because «(0)= O if we put u=v, then the equatlon«.
. (2.1) is transformed to the following equation

2.2)- tiz AVERAHOGURQv)—poRvl)}
@2 VA T L S Y L OO0 -

-

dt .
where A, ) and (,)(v, !), are regular in the vioinity of (v=0, t=0). This is transformed to
the equation of the form either () or‘_(B) with p¢=1. ' ‘

The equation (2. 2) has not any integral. of regular class. For, if thcre exlsts an mte-
gral of regular clabs ‘we can find g, and p, such as v—ff‘l(p1+uz) where p15=0 and
. : Pt TP+ 7
vl'(0)=0. Then we have either 3/=t1’v_.a 7 (p1tvy)or =y 9 (Pr+vy), ie.
9 q

y=x P (p, 4v;) P¥1. Namely the integral y-has an order in powers of x. This is’

_a contradiction, because the integral for the present side has not any order. o
Next, we consider the exceptional case. In this case P(w)=Cqan—pby,.  'The side
under consideration contains only one point O, the;efore it can be rotated about O in ﬂio
‘certain angle 0. If, by any rotation in the angle O, we cannot choose p and g so that
@ =0, then there does not exist p such as @=0, namely there is no integral ofrregli_lar,
class. In such a case, we exelude such side AxnBo from our Newton’s polygon. 1, By

suitable rotation in the angle O, we can choose p aud‘q so that #=0, then, for such p
. ; A ;-
— 99 —
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and % @(u). vanishes idéhti‘cally. In sucH a case we suppose that our Newton's polygon
“involves such side 4sBo. Now, when 4» and Bo coincide with the origin, there exists a
5 NeWtqn;s polygon which has only the sides of finite length, except for the “case when
: ‘4m=_n=0. Td that p'olygon,. vge add the side AnBo only when there exists a suitable
direction so that ¢ vanishes identically, and the new polygon constructed in this way we
" call hereafter a Newton’s'polygon,ﬂ) generalizing the sense of a polygon. When m=n=0k
R_l and S= —1, consequently the equation is of the form (A) with p¢= A._l "Otherwise, .
tthere exists a Newton's polygon and for the sides except A,,Bo, there arise only the
~cases already discussed.  For AuBo, (ﬂ(u) vanishes identically. Next, we shall "consider
‘such a case. ¢ ' ‘ ’
(i) “The expression (/)Cu) vanishes 1dentlca11y T «
In this case, the set of points A: on the 'side under con51derat1on comcxdes w1th the
set of pomts Bk on the 51de and the va]ue 14 of p is indeterminate, accordingly there ex-
‘1St an infinite number of integrals of regulas class. We can assign to g an :arbltraryvno.n-
‘zerq constant g’. From (2. 1), we have ' - '

@3) A CqRQuu)—puflnt) , S
dt T "b;u’”‘k—!-tl’(u,t) : S p

';Let' u= p’+v where v(0)=0, then (2.3) is transformed to the equation of the form (C)
“or (D) "This is transformed to the equatlon of the form (D) only when o satisfies

Zb B p/m— k= 0 ] . . /

s

When there exists a determinate 1ntegral of regular class, namely in the case T, [,
or ] (i), we put u=p'+v where o' is the ﬁmte non-zero value of p. . 'Then it is easily
seen “that the equation (2.1) is reduced to the equatlon of the form either (A) er (By. Iif
we denote byt by Ilu), F(p) is the coefficient of the term of lowest order of ¢ in
the expansmn of p{tl’(p—l—'v), {2}.  Then, we see that the equation (2. 1) is reduced to that
of the form (B) only when F(p) -0, and that the new denominator p,(v,?) is related to
'the_ old one as follows: . ' : .

@4y, D)=p{tp+v) (4} = Fp)+p.(v, ),
where N aud M aye integers,‘and N>0, M=0. .
| Summanzmg the ;esults, for the reduced equations of (1.1), we have the following

results
- , ‘ Integrals of - Reduced equation
Case Newton’s polygon _ regular class ’ "Form Ky A
o 0;”:20&&71;;0 - none " none , C(A) - k=1, AZ0
- ‘ - none - . none : .
m=n=0 | exists | Texist infinitely (4) K=l A=l
| LELEGO | R - exist . 1L (A)or(B) | -
- ] (xi) - exists . none (A) or (B) k=1
<1 [ (m) ‘ - y exist inﬁnitely | (C) or (D) I

-1) When a point Al ‘and a point By comc1des with a vertex C of a Newton’s polygon which ~
: has only sides of tinite length, by executing the same reasonings on the vertex C as on
" the origin O, we can construct a generalized Newton’s -polygon. Hereafter we qse the
-~ word “Newton s polygon” in this sense. ) : '

o
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7 3. Reduction of the equation of the form (B) or (D).

'The equation of the form (D) is written as follows:

@3 i) —d_—tv X R G PRk UL e P .. i EEE .
: @ =, ) Y D by ST L bl

where 120, aq, by, an, bna=0, mz1 and 7, sk are posxtlve integers. .’laking only thé.’
terms of lowest order of v and ¢ in the expansions of ql(v, t) and p) (v,t) as written in
(3. 1), we dgain app]y the processes of 3 2 to (3.1).  Because of the condition that m>l

‘and ugO, there exists a Newton's polygon. ‘Then we can determine” P1,q1 and the value

o'y of p;® such that the sitbstitution 't_th'l v=HP1(p"1+v,) reduces the equatxon 3. !)
to one of the equations of the forms (A), (B), (C) and (D). The eduaﬁon (8,1) is reduced”
again to the equation of the form (D), only when the value 0’1 of _p becomes 1ndeterrm- :

nate and the term of Iowest order of ¢, in the expansmn of p {tP1(p+vy) 92} Vamshes
for certain value p', of p,. If (3.1)is the reducec} equation of (I.1), it is readily seen”
that the relation (2. 4) holds good in this case also. Then, when the reduced equation of
(3.1) is again of the form (D), by the repetition of the relation. (2. 4), it follows: !
Dy, )=tV F(P)+- VM1 { F1(p1)+ui 1 ps(va, 81)} _ ‘
' - =tV F(P) N 1 My (p 1)+ N N1 oMo 1 po(vy, ty),
"where p, (vl,t ) is the new denominator and Kp')=F\(p'1)=0.
Now, suppose that the equation of the form (D) recurs mflmtely by the repetmon of
the above processes. lhgn, we obtain the infinite sequence of p, ¢, P's P1, q1, P15+

such that the substitutions , . - .
3.2) {»‘v=t“, i {t—t“l ‘ {t1=t“
y=t¥p'+v), t“(.01+vl), vy =tE4p’ s+ )

into (v, .l) make vanish the .coefflclents of each term of powers of { one after a.ncther

Namely, such p, 0 o' P, gl, Py ... give the expansmn of v, sausfylng oy, 1)—-0 m
powers of @&x.. However, on the other hand, it is readily seen that the expanswn of the\
function y, for which a singular algebroxd polynomlal vanishes, is determined in the same
manner as we determine the-expansion of the algel?ralc fanction, namely, it is determined
by means of'Newton’s polygon method, and that, as in the case of the algebraic fﬁncﬁion;
there exists a finite number ¢ such that ¢; =1 for all ]gz /Thcn, -if we put f;-y =0 andl

991 ..-9i-1 =7, we have - : T -
@3.3) {‘”"’(")Em ‘

. Yy J(ﬁ)'—P 03+p AR SRR A S RIS
where 8=p¢1qs.---Gi-1, $1=8+FD1Ga e e Gimrye ooy Si=8io1FDi, ‘and vi = vi(h)= =p' z+101’t+z
+.... is regular in the vicinity of #=0 and vanishes there. When (3. 3) is substltutedv_
intom(1. 1), the equation (1.1) is satisfied formally, and moreover y(p) is regular in the
vicinity of A=0. Therefore y(6) is an integral of (l 1). - Then, ‘VsAubstitutin,g* (3.3) into (l.lj);

1) When the equation determining /" is of the form ApZ =0 where L=0, we say that the
* value ¢’ of p is an infinity, and we consider the value of p inclusive of an infinity.
R R . . ’ . \ - '
—'31 — -
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Cwe have . ‘ . , . _ .

.. | ():p{?/(ﬁ), 1(9)} =S yRg{yt) 1(0)}9%@—55— ‘
’l‘herefore g{ :/(0 '1:(0)}_0 T hus oy, x) and (y, x) have a common factor Dy, x), which

'is’ a singular algebroid polynomial and vanishes identically for y=y(#), x=a(p). _This is
- @ contradiction, for we have at first assumed that p(y, «) and ¢(y, x) are relatively prime.
: Thus, we see that the equation of the fm*n'l (1.1) can be reduced, by the finite re-
petmoz of Newton’s poiygon. processes, to one of the cqwzz‘wm of the fw ms (A), (B) and (C).

The equation of the form (B) can be written as follows: '

(3 1) vy =K pr 5 D) K7 gV a7 AL et
B I 2 Y A

where K =1, ao, bo, an, bm=[=0 m=1 and ri, Sk are posmve integers. . When n=0, intefc-
- hanging v with ¢, we have the_ equation of the form either (AY or (C). 'Therefore we may
,}.'assume‘tha:t n=1, T'aking only the terms of lowest order of v and ¢ in the expansions
. of g,(v, >f)‘ ‘and pi(v, f) as written in (3. 4), wé again apply the processes ef 2 2to (3.4)
" Because m=1 and 221, there exists a Newton's polygon. ¥hen we can determine p,,9,,
~and the value P’y of py such that the substitution ¢=.21, v=t? (p'y+v;) reduces® the
_equation (3.4) to one of the equatlons of the forms (A), (B), (C) and (D). But, when the
. value 2’1 becomes an infinity, we must adopt the substitution v=i{1, t=t{1v, instead of
_ the former substitution. ' .
.. If the equation (3. 4) has not any mtegral of regular class for some side of the
' Newtons polygon, then, accordmg to the results of 3 2, for that side, (3.4) is reduced to
_ the equation of the form (A) or (B) with p¢=1, and, 4n this case, the reduced equafion has
_not any integral- of regular class. - If the equation (3. 4) has at least one integral of regular
class for.some‘side,(‘) then, for that side, (3. 4\)~is'reduced'to one of the equations of the,
7 form; (A) (B), (C) and (D), by means of the substitution t=t31, v=t{1(p'y+v,) where
p ’y#0, and moreover, (3 4) is reduced to the equatlon of - the form either. (B) or (D) only
when the term of lowest order of {, in the expansion of p,{{”!(pl—{-ul), t{1} vanishes for
Pr-—Pr Suppose that, when we repeat the above processes, every reduced equation has
at least one mtegral of regular elaSs and is of the form either (B) or (D). Then, if (3. 4)
s the redueed ‘equation of (1. 1), then, by the analegous reasonings as in the reduction of -
* the equation of the form (D), we see that Ay, 1) and ¢(y, x) have a common factor Iy, ).
¢ This is a contradiction, Thus, we see that, after the finite repetition-of our reductions,
‘the reduced equation has not any integral of regulzir class, or is of the form’ either (A) or
‘(C). The ‘equation of the form either (B) or (D) having not any mtegral of regular class '
s reduced to the equation of the form (A) or (B) with p¢=1. ;
e Summarrzmg the results, we see that the (’quatwn (1. 1) o5 reduced fo one o/' tlw equa—
tions of the forms (4), (O), and (B) with X =1 which has nol any integral of reg qular Class.

s -

. 1) We include the case where there exist an infinite number of integrals of regular class.

32— : : :
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‘§ 4. Reduction of the equation of the form either (A) or (C).

The equation of the form (C) can be written as follows:
4.1 . "31[—-/1 vhq (v, )=t"vMa,v" +a, i1 1;"“~1+-. .. .+ant’n+ S
where y=>0, a,, ans=0, and r; are positive integers. We again apply Newton's’ .polygon
method to this equation, namely, on the plane with two perpend1cu1ar axes, we mark the
point Bo(1—2, 0) and the points Ai(n—1, r1+414p). When A21, there exists no Newton’s
polygon. = When 1<0, there exists a Newton’s polygon, and, because ri+1402>1, theu
point FBo does not coincide with any Qpi’nf Ai.  Therefore, in this case, there exist a.
finite numbes of integrals of regular class, consequently thé order u=p/q of ¥ in powers ;
of ¢ is determined,. and if we put : .
1.2) =09 v=0%p+r), , : ,
where V(O):O; the finite non-zero value p’ of p is determined. For the side of the
Newton’s polygon, there arise two cases. ) . o A

\

Case J. 'The side contains Bo and some A1.

"Substituting 4.2) into (4. 1), we have ' SN

(4.3) -2 {pf*- ‘(P+V)+0" }/(10“ L= 0P p+ VP{ Sarf 97 +P =D pop - ’+ “h
where Y denotes the sum of the terms cerresponding to the points 4: on the side.-
"Then p—g(14-v)=pi+q’s +pn—)=N say. After having divided both sides of (4.3) by
0%, put §=0, then the finite non-zero value p' of p is certainly determined; and the
equation (4. 3) is reduced to the equation of the form (A) with x—l and A=0.
Case . The side contains only the points A4i. . ) :
By the substitution (4.2) into *(4.1), we have again (4.3). Howewer, in this case,

p—g(1+y)>p2+q’z+p(n~l) N.  Therefore, dividing both sides of (4.3) by oy, we have

4.4 0 {plp+rr)+0 d,, = qp+rP{Zap+py-t +0Rp, O)}, :
where o= p——q(l—}-p) N=>1 and P(y, 0) is regular in the vicinity of (17;0 6=0). Putting
=0 in (4. 4), we can determine the finite non-zero value p’ of p, and the equation (4. 4)
is reduced to the equation of the form (A) with 2¢=2 and /1>0

*  Thus, the equation of the form (C) with A<0, is reduced to the equalion Of the fo'rm

(A) with p¢=1 and 2=0. The equation of the form (C) with A=1 has not_any integral
of regular class. ' \ . .

.

Next, we consider thé equation of the form (A):
(4.5) t"'%:v%aw"—{-éﬁ’l VUL L dantTa L), ‘
where >¢=1, a,, an=<0, and 7; are positive .integers. We 'apply Newton’s polygon metho&
to this equation, namely we mark the point Bo(1—4, 0) and the points Ai(n—L. r,-l;l——xj :
_ When n=0 and A<0, (4.5) is transformed to the equation of the form (C) with 2>1
and therefore there exists no Newton’s polygon. =~ When n=0 and Z>l there exists a
Nev;ton’s polygon only when either 2¢=2 and }.gz or %¢=A=1.. When X =2 and A>2,
the point .40 does not coincide with the point Bo, therefore there exists one ‘integrlal of
regular plass. When 2¢=2=1, the pomt Ao coincides with the point Ba “This calse\is_
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féiscusised at the end of §'2’ and the result is that, either there exists no. integral of
';‘f regula.r class or there exist an 1nfm1te nu.mber of integrals of regular class. A, In either
'cases, the equation is of ‘the form (A) Vélth x= A=1. o

" Next, we consider the case” where n>] There does not exist a Newton's polygon
only when 2¢=1 and A>1 In the other case, there exists-a Newton's polygon, con-
'TSaguently the order u of y in powers of z is determined and can be put p=p/q, where
p and q are relatlvely prime Ppositive mtegers “‘For the sides of the polygon, there arise
:two cases. . ‘ (
' Case 7. The side (,ontams only the points-A1.

Put t=0%, v=0%p+y), where J (0) 0. Subsntutmg thls into (4 5), ‘we have:

‘(4, 6) 0qn,{p0p (p+ V)+ gp_ ‘} /9691 = 01’2.(p+V)2,{ Saife7: +P<"““(p+V)” z+ }

fwhere 2 denotes the sum of the terms corrésponding to the points- 4: on the side under
“consideration, Then p-+¢()(—1)>p*+qr,+pin—)=N say. Dividing both sides of (4. 6)
by ’:ﬁ‘.", we have the same equation as (4. 4). Put Saip"?=G(p). Then, putting 6=0 in
{4. 4), the value p' of p is determined by G(p')=0, and there éxists a finite non-zero
f,va'l‘u\e o Then, for p=p/, (4°4) becomes as follows: o

wn ey p{rates .+l e froap 0,

where Qy.0) is regular in the vmmty of (V 0, 0 0).  This is the eduation of the form
(A) with (=2 and 120. ‘

.- .Case I.. The side ‘contains Bo and some pomtsAz ) ,

5 By thé- same substitution as in the case I, we have (4.6). However, in this case,’
\p+q(x——l).-7al+q7'1+p(n-/) N. Dwxdmg both sides of (4. 6) by ov, we have

»({1-8) : P(P+V)+9* ‘—9(P+V)3{S'az p+p)ti+02(y, 6)) .

Put ¢q,p"-t—pp A=¢(p). Putting §=0 in (4.8), we hav‘é:‘w(p)a;_q, namely the value
. p"df p is determined by the equation ¢¥o')=0. For the expression &p), the following
cases .may -occur. : ' ' R
(i) ¢(p) contains at least two terms.

In this case, there exists at least one finite non-zero value p of p Satxsfymg Pp')=0.

For thls value p', from (4.8) it follows that . - ' N

""(P’+V)’“{V(0’(P Loyt y+0Qp, 0)
lhxs is the equatxon of the form (A) ‘with =1 and 12>0.
(i) (D(p) contains only one term. '

I‘hxs case occurs only when the side contains only one point, with which Do and

1y For example, consider the equation tTig =av. The general integral is v=ct® where ¢ is an

arbitrary constant. Then, if the real part of a is positive, then, in general, v and ¢ tend
‘to zero simultaneously, but otherwise, in general, v does not tend to zero wheén ¢ tends to
zero,  Namely, in the former case, there exist an infinite number of integrals of regular
class of the order « and, in the Iattexg‘case, there exists no integral of regular class.

- ] . ‘_.34__
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certain A4:; coincide. Then it must be /1<T and' the exponent of the reniaining,term mf‘{
Xp) is equal to the abscxssa of the oomcxdent pomt D Let the abscissa of the point P
be K, then K=0. o Lo
When K=0, the point P is the origin, consequently it. must be that A=1 and ;{-—r,;
+1.  As stated at-the end of é2 we can reduce this special case to.the case when (D
vanishes 1dent10a11y o ' Tl 'i
When k>0, 2<0 and ?(p) has the form @=AuK, consequently the value P of p"=
saﬁ;fying @(p)=0 becomes zero. In this case we wrxte V for o+yp. Then, (4.8) 1s ;;
transformed to the following equation. :
‘49 -

0%-=V1{AVK+0P1(V, oy, -
where Py (,0) is regular in the vicinity of (=0, #=0). ThlS is of the form (A) wxfh
x=1, and, by the same reason as in ¢ 2, has not any integral of regular class.

Now the side under consideration contains only two coincident points, therefore~ ‘prb;‘*
and ¢ are indeterminate. " Therefore, except for the case where the point is the origin;
for the arbitrary side- Wthh passes through the point P and lies in the smtable angle, :
namely, for arbltrary\p and ¢ satisfying certain conditions, we have the equatlon of the :
“form (4.9). Namely, the equation (4.9) contains- an arbitrary constant. A j

(i) @(o) vanishes identically. B ‘

'This case occurs only when Bo comudes with certain Az and the sxde contains only .
the point with which Bo and A 001n01de In this case the value of p is indeterminate -
‘and we can assign to it an arbitrary nbn-zero constant p'. For p=p', the equation (4.8)

is transformed to the equation of the form: - ; ) . e

@10 & rprny, 0, |

namely the equation of the form (C) with /120.  Now, it is easily seen that the equation
of the form (€) with 2=0 is reduced to' the equation of the form (A) with 2¢=1 and: A=0."
Thus, in this case, the equation (4.10) is ‘reduced to the equation of the form either @A)
with 2¢=1 and 220 or (C) with 1=>1. o, ‘

4

EalEEN
\

When n=0, if x>2 and A>2 then only side of the Newton’s polygon is Ao.b’o,
therefore p=)¢—1-and ¢=1—1. From (4. 8), the reduced equatlon beeomes as follows:

035 5—%9(,0 VPO )+ -
S = 1)V+ ('2 2

i

g @gP A+ +009V7“+

1

i =

where p’=(7‘—0—-22<_—11>}““1. ThlS is of the form (A) in which p¢=1, 1=0 and n+)—-1
Summarizing the results, we see that the equatlon of the form (A) is redubed in the

manner indicated in the following schema : . f\ : . S

. ‘é5f* ' . ;o



- M. 'URABE ~

o

(Vol. 14

Initial eq‘uation Reduced/equation-
X <5 Newton's | Integrals of | |Case . L
» k' 2 polygon | regluar class Form ' K+
A=0 none - i none ©). - AZ1
. none or none or i
0 k=1 & A=1 exists infinite (A) | k=A=1: | .1
: k=1 & 222 : w1 & 222
3 ~ ] none ._none @& | T T e
wZ2 & A=1 ‘ fZ2 & 2=1 | "1~
’ [ i -
=2 & MZ2 exists exist | (A) ‘ r=1& 2=0 11 5
i . A‘ N .
S k=1 & AZ1 none |  none ' A | wx=1&2Z1 |
. St I | (A) =2 & 220 |
- exist - : — - ’l
’ : - ol (A - 5= [
nZ1 | j=i & r=0. " II ;(l) % (A).. | «=1& 2A=Z0_
T or K22 SIS none G| A) | k=1 ’ ,
; ! .
~ < i - -7 .
infinite i) | A ‘Jf 1& 220 g
1' (C) ‘l Z_zl |

From the above schema, we see that, for the reduced equatlon ‘which+is of the form
(A), except the case when 7L+/—] 2¢ does not become unity only when, for the original

-equation of the form (A), there exists an integral of régular cldss and moreover the side

‘contains only the points A1.
‘has the form:

‘.11

,where ;( =ad-+1,

’Then?{ =g41=— p(n+)——1)

n+l—l

Y

dV

6

.

g=aym +~'-~—V’“‘(“ | A S )
I+ 2= ni<n, and 24 20.
equation G(p)._O, consequently G(p); ayp—p'y™
_under consideration,

“In this case, from (4.7), we see that the reduced equation

When n=n), o is a n-tiple root of the.
Then all the points 4, lies on the side

therefore it follows that ¢=1 and N=piig¢r ,+ p(nl)y= p(A+n).

Namely, when'7¢+l>1 o¢ decreases except for the case

But, after the first reduction, from (4 11), n+,l>1 aud A=0. Then we see

that, by the finite repetition of the above reductlons, the equation of the form (A) is
reduced to the equation of the form (A) with either »¢=1"or n+41=1(2=0),
“the reduced equation is of the form. (A)..

" Thus we see that the eqmmon of L‘he Jorm (A) is reduced to the equation of the form

“either (d) or (O),
n-+A=1(A1=0).

§ 5. Conclusion.

and that, for the wdm,ed eguatwn of the form (4),

either

. Summarizing the results, we have the following conclusion:

‘flcin_d, is reduced to que of the equations of the following forms:

A

whenever

X=1 or

. The differential equation —(gz: Ay, x) in the vicinily of the singularity of the second
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’ ’ - ’ . - . N
L Cdy b ) N '
(A1) K 7 =au-+pt4.... S X=2, a$:0, L
(A2) { %t —-M(av"’+l:t’”+ .Y s a, p£0, 20, m>0, and =1 when n=0, . b
(C) f%—["u/(ar"-{—pi’”—l—- N ') 3 oy, pR0, 220, m>0, v=0, 221,
" .
(Bo) - t,f’;;’ ,‘fzmifl’;: ————— % 4 b0, 21, .y

Here the equations (dg) with negative A, (Co) and (Bo) represent the eguatw% which have".
not any integral of regular class. ‘ » /
If we assume, as Forsyth does, that each equation has a determmate mtegral of
regular class, then, . after the first reductlon, _the reduced equation is of the form either ..
(A) or (B). Next from the dlSCUSSlOnS in 3 3, it follows that the equation of the form (B)f.:
is reduced to the equation of the form (A), by the finite repetition of Newton's polygon,w
methods By the results of 3 4, the equation of the: form (A) is . reduced to-the equation -
of the form (A) with 2=0 and either J¢=1 or n+Ai=1. Thus, under the aésur;xptions
which Forsyth has laid, the original equationg%—_-_f(y, x) is reduced.to the equation of
the form (A,) or (As) witkkli.go. The final reduced forms are special forms of tﬁe typq“
1 which Forsyth has derived. Consequently the équation of the )_type T is the one a‘.d;.
mitting more reduction to the simplér forms, namely the forms (A,) and (A,) just obtain-

ed, and, in this sense, the type I is not the satisfactory form as the(lﬁnal reduced form.

In conclusion, we wish to direct attention to the following fact. =~ Our reduction is~
t,arrled on by. means of ‘Newton's polygon method.  Accordingly our reduced equation,
in general is the equation which the reduced pa.rtm of an integral of regular class of.
the original 'equation satisfies. = Therefore, if the_ original e'quati'(f)n, besides integrals of
regular class, has other integrals, then such’ integrals, .in general, are independent of the
reduced equations. Thus in general, the set of reduced equations is not equlvalent 10
the or1g1na1 equation, but it rather expresses a restrlcted equation. '

- N ,

‘This réseasch has been carried on under the Scientific Research Fund of the Depart-

ment of Education. . ‘

Finally I wish to express my hearty thanks to Prof. Mormaga for his kind guxdance. .

Mathematical Institute, Hiroshima University.

- - e

1) When an integral of regular class is expressd as follows: . y=uxM(p+v) where p#(l and
-%(0)=0, we have called the function v “a reduced part of the mtegral y”

.
. N
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