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§ :I. Introduction. 

The differential equation;:;;= J(y, x), · in the vicinity of the singularity of the· second 

kind {yfO, x:;:;0), by means of Weierstrass' preparation theorem, can be reduced to the 
\ equation of the following form(I) 

('l, l) dy q(y,xf ,--- = xS yR~ ...... eG(y,:r) 
dx p(y,:i:) ., . 

where S and R are integers, G (y, a:) is regular in the vi<;:inity of (.'/ = 0, .1; = 0), z;(y, a) and 

q(y, :r) are relatively prime singular algebroid polynomial with the vertex'-(y=O, ,1J:::;0), 

and p(0, x), q(O, :i) do not vanish identically. It happens that the function p(y, :r) or 

q{y,x! becomes a constan.t/ but, even in tmrt case, (y:::;0,.:1::::;0) is the singularity of the 

~cond kind of the differential equation. 

Forsyth has shown that, if the equation (1. 1) has a determina1e integral of regular 

cl~ss/2l then, _by means of Newton's polygon method, it ·ca;1 be reduced_ to the equation 

of the type either 
. ' . 

1. ...._t<dv . 11 dv ·av"+pt+ .... 
J: tdt:::;av+pt+ ..•. , or :U:: tKat=bvm+gt+:···' 

where X, m, 1i are positive -integers and a, l;=J=Q,(~\ Besides, he has proved that, -~)le 

equation of the type ][ which has an integral of regular class, i~ reduced to•the equ~tiorr 

-of the type I, when certain conditions upon the coefficients are' satisfied,\4) ' 

In this paper, by means .of Newton's polygon method, we shall establish the ger\~ral 

· theory of reduction of the differential equation in the vicinity of the singularity of the 
. . / . . 

second kind. Without any assumptions wliich Forsyth has laid, we shall obtain the 

final reduced form~ as follows: 

Kdv 
t dt =av+pt+ .... ; )<~2, a=j=0, 

dv · 1 

t dt =vt{iv"+ptm+ ... . ); a,p=j=0, 112'.0, rn>0, and )~1 when n=0, 

dv a~"+pt+ · · · · 
t dt = bvm-t::gt+ .... ; 

dv · "' 
dt -l"vA(av"+ptm+ ... . ) ; 

a,b=!=0; m:2!1, 11~1, ·' 

a, p=j=O, n;;:;p, ni>0, v~, l.~1. 

1), A.R. Forsyth, Theory of Differential Equations, Part II, p. 88. 
2) When a~ integral has an appropriate order in powers _of the independent variable in the 

vicinity ,of the initial values, we caU such an· integral "an integral ot regular clasa." _ 
.3) Forsyth, ibid. p. 1.2.3. 

'4) . Forsyth, ibid. p. 20-4. 
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'Fhe equation of the fo.r:m (C 0 ) is not contained in the equation of the types of Forsyth:: 

If,_ as J:orsyth has done, we· assume that each equation has a determinate integral of'' 

regular class, then we obtain, as t,he final reduced forms, the form either (A1 ) or (All) 

with 22:;0, namely two speciat'cases of the type I with X = 1 or n= 1. This means that: 
the red~ced forms of Forsyth are not satisfactory. forms as the final reduce<l forms e_veh i 
under his assu~ptions. 

§ 2. First reduction. 

The equations of the form (1. 1) can be classified into the equations of the forms:• 

(AJ r/{dy - 1/i.q(11 r) . ., d.-c - . . ,., ,, (B) a;Kdy - A q(y,:i:) 
dx- Y rf.y,,r)' 

(C) 
dv, . , 

(D) dy = xv yA q('!f.!!:_). l = ,'rv 1/Aq(y,.7:}, 
l ;1;, • d:1; . p_y,,1:)' 

where v(y, :r:) and g(y1 :i:) are regular in the vicinit.y- of (y=O, ;1:=0) and rAY, x) vanishes 

ther~, rf-0, .r), v(y, O); q(O, :r:), q(y, 0) do not vanish i.dentically, and X, J., µ are integers 

such that X:2:1 and v.;z;o. 
In this paragraph, by means Of Newton's polygon method for differential equa!ions,(1) 

we/shall reduce the equation (1. 1) to one of the equations ~f the forms (A), (B), (C) and (D). 

l 

The functions q(,y, :1:) and 'ri.Y, ,1;) of (1. 1) are of the following forms: 

q(y,.r)=o 0 y"+a 1(.r)y"-t+ .... +an(,1:) and 2i,y,x)~b 0 ym+b1(x)ym-i+ .... +bm(x), 

where a;(;1:) arid b1,(.t) are regular in the vicinity of x=O and vanish there. We write the' 

terms of lowest order in the expansions of ai(X) and bk(;1;) as a;;1fi and bkx8 " respeGtive­

ly. On the plane with two perpendicula_r axes O; and O]J, we mark the pojnts A1(n.-..l, 

1·1 +,1+8) and Bk(m-R+t-k.! s_k), and construct a Newton~~ polygon. 

When m and n are positive, there .exist_ at }east four points An(O,rn+ 1 +S), 

A 0(11.,1+8), Rm(l-R, Sm) and- B 0(1-R+m,O), consequenently ·there exists a Newton's, 

polygon. When ·m = 0 and n>O, - draw parallels A OC P and An CQ through A O and An to 

0~ and Ch; respectjvely, and let the point of their intersection b~ C~ Then, there does ;. 

not exist Newton's 'polygon only when the point R,, (1-R, 0) lies either on one of the~ sides 

of the angle J'(J(J or in that angle. - In this case, R2:;I ;i.nd 8~=1, however,. when ('!~0~ 

(y = 0, .r = 0) is not the singularity of the second kind _of (1. 1 ), therefore 8= -1. Thep the 
equati6n (t. 1) becomes as follows: ; 

(a) 
lly. . xd- = yRq(11, :r)eG\y.xl . X • where R2:;1. 

Likewise, when n=O and 1n>O, there does not exist Newton's polygon, only when 8;:l-1. 
and R = 1. In this case, the· equation (1. 1) becomes as follows: 

(b) r/J: s n 
1/-- - I'_ '1•1•1 ••)e-.,(11,:rl . dy-., ,,_,, . ., , .. ' . where 8' = -82:; 1. 

When m and 11. are zero, we can.easily prove that there does not exi_st Newton's polygon 

I) Forsyth. ibid. p. 123. 
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only when either R> 1 and 8= - l' or R = 1 and S-c:,E-1. m In either case, we have. the 

~qu~tion of the .form either (a) or (b). Thus, when there does not exist Newton's polygon, 

,the ~quation (1. 1) can be transformed to the equation of (he form (A) with X= 1 and 

A~l, a.nd conversely. 

When there exists a Newton's polygon, the order fl of y in powers of ~, if it exists 

in· the vicinity of (y=O, x=O), is determined as the tangent of the. angle made by the 

side of the Newton's polygon and the negative direction of O;. Then fl becomes- a 

positive rational number, 12l consequently we may put p= p/q, where p and q are relative­

:Iy prime positive integers. Put x~lq, y=tPu, where u(O)=p+O. Substituting these into 

(1. l), we have 

(2. 1) [(l-R)P(rni+t~n{-rukum-ktqsk~P(1n-k) + .. :. } 

= Cqtq'(l +S)uR{-ra1'Un-ltq;, +JJ (n-!) + ... ·} 
where C= e0 (0 ,<!> and 1,' . denotes the sum of the terms of lowest order of t • . With regard 

to the sides of. the Newton's polygon, there arise three cases. 

Case I. The side contains only the points Bk. 

In this case q(r 1 + 1 + 8)+p(n-l)>qs1< + zJ(m-k+ l~R)= N 

. both sides of (2. 1) by tN, we put t=O, then l'bkpm-k=O. 

say . After having divided 

Now, the terms of 'l'bk·um-k 

are those corresponding to the points B1, on the side under consideration. · Therefore 

1,'bkum-k contains at least' two terms, consequently the finite non-zero value p' of p 1s 

<;ertail).ly determined. Namely, there exists an integral of regular. class. 

Case Jr. , The side contains only the foints Ai. 

In this case qsk +p(m-k+ 1-ll)>q(rz + 1 + 8)+z{n-l)= J1I say. After having divided 

.both sides of (2. 1) by tM, we put t=(). Tlien, as in the ca'!ie I, .we can determine the . : ~ . 

finit~ non-zero value p' of p by means of the equation J.'a1pn-l-:::::O. Namely, there exists 

. an integral of regular class. 

Case J. The side contains some points. Al and some points lh. 

-In this case q(ri + 1 + 8)+ p(n-l)= qsk + p(m-k+ 1-R)-=== N say. After having divided 

both sides o~ (2. 1) by tN, we put t=O. If we put Cq1,'a 1un-l_pu1-R,J;bki,m-k=(j)(u), then 

if) (p)= 0. The expression (/) (u) is the sum of the terms corresponding to the points A z 

and,_ Bk ()n the side under consideration. For the expression {/}(u), there arise three cases. 

(i) The expression (/) (u) contains at least two terms. 

In th1s case, the finite non-zero value p' of p can be determim:d, consequently there 

-exists an integral . of regular class. 
• 

(ii) The expression {j}(u) contains only. one term, 

1) When 8= ~ l and ~= I, A 0 coii:tcides with B 0 In such a case, we say that there exist; a 
Newton's polygon which has the side consisting of two coincident points. For details,refer 
the explanations in the case I {ii). 

, 2) When the side ot Newton's polygon contains only two coincident points, one ot the coin­
cident points is Ai and i:he other is Bk, In this case µ is indeterminate, therefore is not 
necessarily rationa.l. When µ is not ratignal, by the substitution y=xl'u, we shall obtain the 
equation involving an_ Irrational power of x, In order to avoid such a case, we consider 
hereafter only positive rational values oJ !', 
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In this case, the- set of points Bk on the side under consideration must .be coincident •• 
with the set of pointf A z on the side except for at most ·one point. Among th~fnts 

on the side, there exists one point P, the abscissa of which gives the exponent of u of 

the remaining term in {/}(u): When the abscissa of the point P is non-positive, it is readily 

seen that the ordinate of P is positive except for the ca9e when P coincides with. the 

·origin O of the plane ;Or; and belongs to both sets -0f· points A 1 and· Bk. In this ex­

ceptional. case. the point B 0 and the point .A,, coincide with the origin, consequently R= 

1n.+ 1 and 8::=: -i·n-1. The side contains only one point O with which Bo and An coin-· 
. . -

cide.. Now, w~n the abscissa of the point P which d~es not coincide with the. origin 

0 is non-positive, we interchange the variabl~ x with the variable y, and construct the 

points B' 1(n + 1 + 8, n-l) and .A'k(s,,, 1n-R+ 1-k). T!J,en we have a Newton's polygon 

symmetric to the initial one with respect to the bisector of the angle ;Or;. For the 

corresponding side, we have lfl'(u)= b p.l'bku 81;-qu1 +§1,'a(t.t,. z corre·sponding · to· (/J(·a); . 

N'ow, when a point Az coincides with a point Bk, n-l=m-R+t-k and r 1 +1+8'=~k; 

cons~quently the remaining term in {/J(·u; corresponds to the remaining term in lfl'(u), and 

conversely. Then, ori the correspol]-ding side of the new polygon, the abscissa o{ the 

point P' corresponding to, p gives an exponent of only one remaining term in lfl(u). :l'-l'ow, 

the abscissa of the point P' is ~qfal to the ordinate of the point 1:. therefore, except for 
the 'above stated exceptional case, the abscissa of the point P' is positive. For a time, 

we exclude the exceptional case. Then, from the above reasonings, it is sufficient if we 

consider only the case in which- the abscissa of th.e point P is PC?sitive. The1; {/J(u) has . 

the form {/J(·u)=Au , .where K is a positive integer, and the value p' of p becomes zero. 

In this case, /l is. not the order of y in powers of ,r, consequently for this p., there exists 

no integral of regular class. However, because u{0)=0, if we put ·1i=v, then the equation 

(2.1) is 

(2. 2) · 

transformed to the following equation 

t dv _ Av~+R+t{OqvRQ(v,t)-pvP(v,t)} · 
dt - / . }H,k·vm-k+.JJ'(v,t) ' ·' 

where _f\'v,t)_ and tf(v,1),are regular in the vicinity of .(v=0, (=0). This 1s transformed to 

the equation of the form either (A) or (B) wli.h X = 1. ... 
The equation <2. 2) has not any integral of regular class.' For, if there exists an inte­

gral of regular class, we can find /1.1. and p 1 'such as v=fP 1(p1+u1) where p1=j=0 and 
,/ 

-p+/11 'p+µI 
t/1{0)=0. Then we have either y=tPv=:i: q (p 1 +vi) or J:=y q (p1 +v 1), i.e. 

_q__ _ __ ,,_ 

y=x P+l11 (p1 +v 1 ) P+,.''1 • Namely -the integral 1/-has an order in powers of ,J;, This is· 

a contradiction, because the integral for the present side. has not any order. 

Next, we consider the exceptional case. In this case {/J(u)::=:Oqa11-z1b 0 • The skle 

-under consideration contains only one point 0, therefore it can be rotated about O in the. 

~ertain angle 6. If, by any r.otation in the angle 6, we cannot choose p and q so that 

¢=0, then there does not exist p such as ·{/J=O; namely there is no integral of regular 

class. In such a case, we exclude such side AnHo. from our Newton's polygon. If, by 

suitable rotation in tho angle 0, we can choose z> aud q so that (/)=0, then, for such p 
I, -
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:::, j , ..,.,, ' ' • 

,Jtn.d i {/J(u) vanishes identically. In suc}i a cas~- we suppose that our Newton's polygon 

C::4tvolves such side .AnBo. Now, when .An and Bo coincide with the prigin, there exists a 

·-.Newton;s polygon which ha~ only the sides of finite length, except for the. case when 

,:?n::;:n::o. _T~ that polygon,. '!e add the side AnBo only when there exists a suitable 

direction so that (f) va!lishes identically, an~ the ne.w' polygon constructed in this way we 

·):all hereafter a Newton's:polygon,m generalizing the sense of a polygon. When m=n=O, 

_R=; i and li= -1, consequently the equation is of the form ('\) with X ~ = 1. ·Otherwise,• 

,·;th~re· exists a Newton's polygon and for the sides except· AnBo, there, arise only the 

:.~ses alread~us~d. · For A_iiBo, (f)(u) vanishe; identically. · Next, we shall' consider 
' · such a case. 

· (in) · The expression {/}{u) vanishes idef)tically. 

,;:.,_ In this c~se, tne set of points A 1 ~n the'side under consideration coincides with the 

, set of point; Bk ~!1 the side, and ~~ valu~ p' of p is indeterminate, accordiQgly there ex­

ti,st an ·infinite num,ber of integr.i:Is of regulai. class. we· can as~gn to p an ,arbitrary. nq11-
; . :' I . ' 

te~ constant p'. From (2. 1), we have 

_(2. 3) du· (JquRQ('ll, t)-puR,u, t) 
· -dt-·==:- libkum-k+tR.u, t) 1 

Le_t. ·u= p' +v, where v{O)=O, then (2. 3) is translofmeci to .the equation of t,he form (C) 

"o~ (b). Thi~ is_ transformed to the equation of ·the form (D) only when p' satisfies 

~bkp'"""'k =Q. / 

When there e~ists a determinate integral of regular class, 1ia~ely in the case I, I, 
or I (i), we put it=p'+v where p; is the finite non-zero value of p. . Then it is ~asiiy 

~en· that the _equation (2. 1) is reduced to the equatiOf! of the form eitner (A) ~r (~. If 

we denote l,'bk·tt11)-k by F(11,), P(p) is the coefficient -of the term of lowest order of t in 

'the. expa~sion of p{tP(p+v), tq}. Then, we see that the ·equation (2. l) is reduced to that 
\ . . . ~ - . .. 
of_ the form ·(B) only .wl~en P(p')=.0,- and that the new denominat_or p 1.(v, t) is related to 

the old -one as follows: . . 
(2. 4) '[J(.y, x)=p{tP(p+v1 tq}1=tN{F(p)+vMv1(u, t)}, 

where N aud llf a;e integers, : and N>O, .M;;?:O. 
t. .- ~- ··I -

. ·_summarizing the ;esults,, for the reduced equations of (1.1), we have the .following 

results: 

Case - , Newton's polygon Integrals of Redµced equation 

- regular class · Form "• A .. 
m=O & n>" -

A~l or n=O & m>o none none (A) n=·I, 

m=n=.O 
none· , none 

A=I .,_ 

exists . exist intin'itely (A) .1<=1, 

I, L I (iJ-- ·------ ----
' , . exfst (A) cir (B) .. . 

. I (ii) _____ 
exists none (A) or (B) 1'=1 

--·,· (iiif-- .. - exist infinitely (0) or (D) 

-1) When a point A1 ·and a point Bk coincides with a vertex C of ,a Newton's polygon which -
has only sides of finite length; by executing the same· reasonings on the vertex C as on 

· the origin 0, we can construct a generalized· Newton's 'polygon. Hereafter we ~se the 
· word "Newton's polygon" in this sense. 

- .3(kc..:... 



~ 3. Reduction of' the equ~tion of the form (B) or (D). 

· The equation of the form (D) is written as follows: 

(3. 1) 

where 1.12;;0, a0 , b0 , an, 7hn=j=O, m2;;1 n.nd.r;, Sk are positive integers. Taking only the .. 

terms of lowest order ,of v and t in the expansions of q~(:v, t) and ,)1(v, t) as written in 

(3. 1 ), we again apply the processes of ~ 2 _!_O (3. 1 }. Because ·of the. condition that m2;;l· 

and ~2:'.:0, there exists a Newton's polygon. Then we can determine-·p 1 , q1 and the ~alue 
. - . 
p' 1 of p1 (ll such that the substitution t=i1 qi, v=t1P1(p'1+vi) reduces the ~quation (3. l} 

~o one qf the equations of ·the forms (A), (B), (C) and (D). The equa.t_ion (3, 1) ii; reduced 

again to the equation of the form (D), only when the value p'1 qf,p1 becomes indetermi,:­

nate and the term of !;west orde; of t~ in the expansion of pi{tP1 (p1 +v1 ), tq1} vanishes· 

for certain value p'1 of P1• H (3. 1) is thr reduced equation of (1. 1), it: is readily seetf 

that the relation (2. 4) holds good in this case also. Then, when the redu~ed equation of 

(3. 1) is again of the fonn (D), by the repetition of the relauon (2. 4), it follows: 

Tl(Jj, :i:)=tN F(p)+tNvMf[_ 1 {F1(p1)+vf1 P!(v1, ti)} 

• =tN F(p)+tNt1f.1 vM F 1(p1)+tN_tlf.1 vMvf 1 p 2(vi, t 1 ), 

'where P2(V1, ti) is th~ new denominator.a~d 1r_p1)=Ji\(p'1)=0. . . 

Now, suppose that th<; equation· of the form (D) recurs: infinitely by the r;petition ofJ 

the above processes. Then, we obtain the infinite sequence of p, q, p'; 1>1 , qi, p' 1 ; ..•• , 

such that the substitutions 

(3. 2) di =ti\ 
lv 1 =tf2(p' 2 +v2 ), •• •• , 

'into p(y, :i:} make vanish the .coefficients of each t.erm of powers of t one after an0ther. 

Namely, such p, q~ p'; 1Ji, qi, p' 1 ; •••• give the expansion of y, ·satisf!ing P<,y, x)=O; id: 
powers of ;t,. However, on the other hand, it is readily seen that the exp'ansion ·of th~ 

function y, for which a sihgular algebroid polynomial vanishes; is determined in the same 

manner as we determine the · expansion of the algebraic function, namely, it is determined· . . , 

by Jneans of Newton's polygon method, and that, as in.the case of the algebraic function; 

there exists a finite number i such that q/ = 1 fo,r aH.7~i. 1Then, -if we. put l;-1 -=0 and 

qq 1 ..•. q ; - 1 = r, we have 

(3. 3) {
x=:i~o)=Or, . · · 

.Y =y(o)=p'(}8 +p' 1881 + .... +p' ;() St +()s, 'Vi' 

where s=pq1q2 .... q;- 1, s 1 :::::s+111q2: .. ,qi-1,- .. . , s; =Si- 1 -f'-p;, and ·v; ~v;(li)=p' ;+ 18»t+1 

+ .... is regular in the vicinity of 8 =0 and vanishes there. . . When (3. 3). is substituted 

into•{l. 1), the equation (1. 1) is satisfied formally, and moreove'r y(o) is regular in the 

vicinity of o=O. Therefore y(o) is an integral of (i. 1). Then, ~ubstituting (3. 3) into. (1.1), 

I) When the equation determining rl is of the form Apl- =0 where L'&O, we say that the 
value p' of p is an intlnity, and we consider the value of p inclusive of .an infinity. 

I \ 
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we have 

. di; d:1: 
O==:p{y(o), ,1,(/l)} d(/ =:1:SyRq{y(fl), ,1,\/})}eG(y,re)-do. 

Therefore q{y(tl), :1\H)}=:0:, Thus rf...y, .T) and q(y, x) have a common factor D(y, x), which 

is a singular algebroid polynomial and vanishes identically for y=y(li}, :r:=.r;(O). , This is 

-a contradi,ction, for we have at first assumed that 'P(!J., :1:) and 11(y, ;1:) are relatively prime. 

Thus, we see that tlte equation uf the form. (1.1} can be reduced, by thefinitrJ re~ 

petitio'1_ oj Nd11t m's polygon 7rrocesses, to one of the cqw1tions of' the f()rms (L1), (R) and (0). 

The equation of the forin (B) can be written as follows: 

(3. 4) !!_v __ t-"v?. 'L~(i!_,D -t-,c'vA !1_01t+a1/r1~n~1 +. · ... ..j..a,,Vn+. ·_·_.:_ 
dt - ll 1 (v,t)- b0vin+l11 t 8 11,m- 1 + .... +bmt 8 m+ .... ' ,. 

where X;:;;1, aa,·tio, a,,, bm=i=O, m;:;;1 and r;, s1, are positive integers. When n=O, inter~ 

hanging v with t, we have the equation of the 'torm either (A)' or (C). Therefore we may 

- assume that n;:;;1. Taking only the terms of lowest' order of V and t in the expansions 

of 91(V, t} and zit(v, t) as written in (3. 4), we again apply the processes of e 2 to (3. 4). 

Because m;:;; 1 and n;:;; 1, there exists a· Newton's polygon. 't'hen we can determine Pilt,, 

and the value p' 1 of p 1 such that_ the substitution t=i~1, v=lf (p'1.+vi} reduces\ the 

equation (3.4) to one of the equations of the forms- (A), (B), (C) · and (D). But;• when the 

value p' 1 becomes an infinity, we must adopt the substitution v=1J1, t=tf1v1 instead of 

the• f9rmer substitution. 

If the equation (3. 4) has not any integral of · regular class for some side of the 
I I 

Newton's polygon, then, according to the results of e 2, for that side, (3 .4) is reduced to 

the equation of the form (A) ?r (B) with X = 1, and, -in this case, the reduced equation has 

not any integral- of regular class. · U the equation (3. 4) has at least one integral of regular 

class for some side,<ll then, for that side, (3. 4) is reduced to one of the equations of the. 

, form~ (A), (B), (C) and (D), by means ~f the substitution t=t1 1 , v=lf1(p' 1+v1) where 

p'1 ,tO, and moreover, (3. 4) is reduced to the cq~atior/ of thi:: form either (B) or (D) only 
. . . . . 

wh~n the term of lowest order of / 1 in the expansion of 11,{tf1(p1 +vd, tft} vanishes for 

fl =p'1 • Suppose that, when we repeat the above processes, every reduced equation has 

at l~ast one integral of regular ehrss and is of the form either (B) or (D). • Then, if (3. 4) ' - .. 
is the reduced equation of (1. 1), then, by the flnalogous reasonings as in the reduction of · 

the equation of the form (D), we see that zi,_y, .1) and q(y, .1:) have a common factor D(y, .1:). 

, This is a contradiction. Thus, we see that, after the finite repetition of our reductions, 

the reduced equation has not any integral of regular class, or is of the form' either CA} or 

(C). , . The 'equation of the_ form either (B) or (D) having not any integral of regular class 

: is reduced to the equation of the form (A) or (B) with x = 1. 

Summarizing the r~sults, we see that the equation (1.1) i,; reduced ,to one<~( the equa­

tions of the forms (A), (0), and (B) ?l'ith X=1 wkich has nof. any integral .ef reg·ular Jzass. 

t) We include the case where there exist an infinite number of integrals of regular class. 
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§ t. Reduction of the equation of the 'form either (A) or (0), 

The equation of the form (C) can be written as follows: 
dv . ' 

(4. 1) . d[ =fV rAql('v, t)= [V vA(aovn +a,v1 vn-l + .... +anVn + .... ), 
where ))2';0, a 0 , an=l=o, and rt are positive integers. We again apply Newton's\polygon. 

,-" 

method to this equation, namely, on the plane with two perpendicular axes, we mark the 

point JJo(l -J., 0) and the points A i(n-l, rz + 1 + ))). Wh~n J.2';1, the_re exists no Newto~'s 

polygon. When J.;:SO, there exists a Newton's polygon, and, because rz + 1 +));;:;;1, the 

point Bo does not coincide with any wfoi Al. Thetefore, in this case, there exist a~ 

finite numbe, of integrals of regular class, consequently the ord!!r µ= p/q of v in powers · 

of t is determined, and if we put 

(\. 2) f=(}q, v=8P(p+J'), 

where v(O)=O, the finite non-zero value p' of p is determined. · For the side of the' 

Newton's polygon, there arise two cases. 

Case I. The side contains Bo and some A l. .. 
Substituting (4. 2) i~to (4; 1), we have 

(4. 3) 
dV . ·. · / 

8-~V{p8P-l(p+ V)+8P d{} }/q8q-1=(}PA(p+ V)A{l'ai8qr, +P(ndJ(p+vr-1 + .. • ·}, 
where ·I denotes the sum of the terms cerresponding to the points A I on the side. 

Theq p-q(I+)))=JJA+q't+p(n-l)=N say. After having divided both sides of (4.3) by 
. . 

8N, put 8=0, then the finite non-zero value p' of p is certainly determined, and .the 

equation (4. 3) is reduced to the equation of the form (A) with X= 1 and J.;;:;;o. 
Case .[. The side contains only the points A 1. 

By the substitution ( 4. 2) into · ( 4. 1 ), we have again ( 4. 3). HoweW!r; ,in this ca§e,. 

p-q(l+)))>z,J.+q'i +JJ(n-l)=N. Therefore, dividing both sides of (4. 3) by 8N, we hiwe. 

(4. 4) 
av · 

8" {p(p+r)+8-zzo- }=q(p+v)A{l'a1(P+ vr- 1 +OR:v, 8)}, 

where a= 1i-q(l+)))-N~l and P(V, 8) is regular in the vicinity of (V=O, 8=0). Puttiqg 

8=0 in {4. 4), we can determine the finite non-zero value p' of p, and the equation (4. 4) 

is reduced to the· equation of the form (A) with X~2 and J.;;:;;o. 
' Thus, the equati:on of t(ie form (C) with ).~O, is reduced to the eq·uation of the form· 

(A) with X2°;1 and X~O. The equation c1f the form. (C) with J.;;:;;t has n(!l_any integra_l 

of rerruld;.r class. 

Next, we consider the. equation of the form (A): 

K dv 1t( n · t' n-l • t (4.5) t d[=v a. 0 v +al 1 v + .... +ant"+ .•.. ), 

where X2;1, a0 , an=j=O, and r; are positive ·integers. We apply Newton's polygon method 

to this equation, namely we mark the point Bo(l-J., 0) and the point~ A 1(n-l. r 1 + 1-X). · 

When n=O and A;:SO, (4.5) is transformed to the equation of the form (C)' with J;;:;;t,· 
and therefore there exists no Newton's polygon. When n=O and }.~1, there exists a . . 
Newton's polygon only when either X~2 and J~2 or x~X= 1. • When x;;:;;2 and J;;:;;2, 

the point .Ao does not coincide wi{h the point Bo, therefore there exists one integr:i,1 of 

regular class. When % = 2. = 1, the point Ao coincides with the point Ba. This ca!?e is 
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:t:liscussed at the .end of § i and the result 1s that, either tl'lere exists no integral 6£ 

. ,r-egular class or ·there exist an infinite number of integrals of regular class. (1, In either 

<,ases, the equation is of the form (Ay Jith X=). = 1. 
· ~ · Next, we consider the case' where n~i. There does not exist a Newton's polygon 

,.011ly when JC:::= 1 and }~t: In the other ca.se, there exists >a Newton's.· polygon, con-

0s~uently; the order µ of y in powers of x is determined and can be put p=p/q, where 

p ,and q ;ire relatively prime positive integers. · For the sides of the polygon, there arise 

, two cases. ., 
Case I. The , side contains only the points A z. 

P~t t=Oq, v=8P(p+r), where v(O)=O. Substituting this iµto (4.5), we have: 

(4, 6) 8qK{p8P-I(p+ V)+~P<!Ji} /qtJq-J =tJP1c(p+v?·{ l'aztJqr, +P'(n-!J(p+vr-i + .... }, 

.. where l' denotes the sum of the terms correspoJJding to the points A I on the side under 

·;00nsideration. Ther{ p+q(X-l)>p},+.qr1+p(n-l)=N say. Dividing both gides of (4. 6) 

by;~N, we have the same equation as{4.4). Put .I:azpn- 1=G(p)., Then, putting 0=0 in 

{4, 4), the •value p' of p is determined by G(p')=O, and. there e_xists a finite non-zero 

~l~e p', Then, for p=p', (4.~4) becomes as follows: •' 

{4. 7) tJ<r+ 1~=<](~ +vJi-{vG'(p'H .... +-~; a(n)(p') }+nQ(v, tJ), · 

swhere <.XV,0) is regular in the vicinity of (V=0, 8=0). ,This is the equation of the form 

(4) with x?:;2 and J.~O. 

Case J. The side contains Bo and some points.Ai. 

By the same substitution ~s in the case I, we have (4. 6). Howeve~, in this case, 

p+q(X-l)=i:1c+qr1 +11(n::...l)=N. Div~ding both sides of (4. 6) by ON, we have 
. . a . 

(4. 8) z.{P+V)+Oar= q(p+Vi•{l'az(p+vt- 1+0P(V, 0)}. 

Pu.! q.l'a 1pn-i_z,p1 -1c=f/)(p). Putting 0=0 in (4.8), we have f/)(p)=::_0, namely the value 

p' of p is determined by the equation {j)(p')=0. For the expression {f}(,p), the following 

cases may .occur. 

(i) (JJ(p) contains at least two terms. 

In this case, there exists .at least one finite non-zeTO value p' of p satisfying {J)(p')= 0 . 

. For this value p', from (4. 8) it follows that • -

. o{f = ,0 , +v1'{P<P'(p')+ ~; f/)"(p')+.... }+tJQ<v, 0). 

This is the equation of the form (A) with X= I and ).~0. 

, (ii) ·w(p) contains only one term. 

This case occurs only when the side contains only one point, with which Bo and 

F l 'd h · · dv h I I h . . 1\ or examp e, cons1, er t e equat10n tdi =-av. T e .genera integra is 11=cta w ere c 1s an 

arbitrary constant. Then, if the real part of a is positive. then, in general, !I and t tend 
· :to zero simultaneously, but otherwise, in geniral, " does not tend to ,ero whe·n t tends to 

zero. Namely, in the former case, there exist an infinite number of integrals of regular 
,class of the order· a and, in the latte~ case, there exists rio integral of regular class. 
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_,., 
certain Al coincide. Then it must be A~t. and the exponent of the remaining. term in~ 
f/Xp) is equal' to the abscissa _of the coincident--point P. I~et the abscissa of the poi~t p} . ~ 

be, K, then .IG;:O. 

Wheii K=O, the point Pis the origin, consequently it.must be that A=l and X=?t~---- / ·. 

+1. As _stated at,-the end of-~ 2, we can reduce this special case to the_cas~ when (/),,, 

vanishes identically. · --' 

_ W•en, K>O, A~O and (J)(p) has the form </l=AuK, consequen\ly the value p' of p} 
sati~f_ying <IJ(p)=O becomes zero. In this ca~e we write V f~r p+v. Then, {~. 6} is i 

_, 

transformed· to the following e(Jllation. 

(4. 9) · 

where P1 (V,0) is. regular in the vicinity of (V=~, 0=0). _ T~s is ~f the torm (A) witli · 
x= 1, and, by the same reason as in ~ 2, has not any integral of regular class. 

Now the side under consideration cont_ains only two coincident point's, therefore..:. P/ 
and q are indeterminate. - Therefore, ex~pt for the case where the point is the ori~n, ~' 

for the arbitrary side -which passes through the_ point P and li~s in·_ the suitable angle, 
~ . . . 

namely, for arbitrary,p_and q satisfying certain conditions, we have the equation of the; 

for~ (4. 9). Naµiely, the equation (4. 9) contains- an arbitrary constant. 

(iii), <JJ(p) vanishes i_ilentically. · 

This case occurs only when Bo coincides with certain A 1 and the side· contains on!i ; 

the point with ·which Bo and Ai coincide; · In this case the value- of p is indeterminate : 

·and we can assign to it an arbitrary nb~-zero Const~nt p'. For p=p', the equation' (4._8) · 

is transformed to the equation of the form: 

(4. 10) :r =q(p'+f)APf.V, 0), , 
_/ 

namely the equation ?f the form (C) with 2io. Now, it is easily seen that the equation , 

of the form (G) with l=O is reduced to·the equation of the form ~A) with X=l a~d-:l~O.\ 
Thus, in thfs case, the e9~ation .(4. 10) is ,reduced to the equ~tion of the form either (A( 

with X= 1 and ).~O or (C) with ).~1. 

- ' 
When n=O, if X~2 and ;;~2, then only side of the Newton's polygon is Aol!o,· 

therefore p=X-1-and q_=A-1. Fro~ (4.8), the red~ced equation beeomes as follows: 

8:~ =ao<i\P'+V)A-rl(p'+V)+ · · · · 
-• (-, tX - 1) . l(l-=1)' '},-2 ., - - - i -= }l- x- v-+ 2 aoqp , v~+ .... +aow_ + .... , 

1 
1 -1-

where p'=(a;-·I-1 r-I: Thu.is of the form (A) in which X= 1, A~o and n+A= 1_. 

Summarizing the results, we see that tl:)e equation of the form {A) is reduced in th~:~ 

m~nner indicated in the following sc;liema: _( 
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Initial equation 

I Newton's 
polygon I Integrals of 

regluar class 

Reduced equation 
:Case 

\Form! x, ;\, - I "+'-

· none none _, ___ _,_-'-(C_~l~---·, ---"=2:=-1 _________ _ f--1-~=-----1----
none or none or 

IC= I & A= I !!xists infinite _® ___ x_=_'-_=~1 __ , __ · _! __ _ , ______ _, ____ _ 

•=I & ;\.~2 x='t & ,,~z 
i-~xZ=·~2_&_l_,=~1-1 __ n_o_u_l __ n_o_n_e ________ ¼_~-2-~;\,~~-l-.-_ 

,cZ2 & ;\.2:2 exists _ _l exist I . (A) ! h' = I & lZO \ l ~ 
~=!_& ;,,sl ___ none ·• 1 none I {A) i •=l & A~l 1· 

exist -- -;·-1-(A)_ ! x~2 & ;..~o ! 

N= I & ?,~O· 

or ~~2 
exists 

I 
I 
I 
I 

I 

II (i) ! (A). i . X = I & ;\,2:Q_ i 
----- ·-----. --1----

! I II{ii) I (A) I __ - •=!_ --: 

Infinite Il(iii) !, (~1- •_=.i !-,_l~ . I 
1· (C) I ;\.21 I 

none 

-

From the above schema, we see that, for the reduced equation which •is of die fomi' 

{f'.), _except the case when n+i= 1, X does not become unity only when, for the original 

sequation (!f the form (A), there exists an integral of regular class and moreover die side 

contains only the points .A z. In this case, from ( 4. 7), we see that the reduced equation 

has .the form: 

{4. 11) \ {} K' av , n, . A'( ' . w ) a.tr= a V i +, .... = V a V + .... ' 
.where X'=o-+l, l~n'+X=n;~n, and A.'Z;O. When n=1(v p' is a n-tiple root of the 

.equation G(p)=O, consequently O(p)=a 0(p:__p')n.. Then all the points .A 1 lies on the side 

.under consideration, therefore it follows that q=l ~nd N=pi+gr,1,+v(n.:...:l)=ZJ(A+n). 

--cThen X'=o-+l=-X-7!(n+i-_t). Namely, when n+A~l, X decreases exceptforthecase· 

·1!+A=l. But, after the first reduction, from (4.11), 1·1+..l.~l aud ,l~O. Then we see 

that; by the finite repetitton of the above reductions, the equation. of the form (A) is 

· reduced to the equation of the form (A) with either X= 1 or n+i.= l(,l~O), whenever 

the reduced equation is of the form (A) .. 

· Thus we see that the equaJ,ion of the form (.A) is red1tced to the equatiun of lhe .form 

~ither (.A) or (C), and thai,, for the reduced eq,uation iif' the form (.A), e:ither X;,,, 1 01· 

.n+..l= t(,l~O). 
.,. 

,,. 
§ 5. Conclusion. 

Summarizing the resuhs, we have the following conclusion: 

. The ~'iff.erentiaf equation .!J~ = f(y, .r), in the vicinity uf the sing,ularity <if t!tc second 

kind, is reduced to qne o/ the equations of _the following f orrn.s: 
. . 
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' : . , 

,- dv _ , " I d[-av+pt.+ .... X~2, a=t=O, 

dv , 
t dt =vA(avn+zit"'+ .... a, p=f=O, nZ;:O, m>O, and ,l~t when n:;:::0, 

dv • 
dt-=tvvA(avn+11t111+ .. ~-

dll a-t,n+i>t+ .. _ -t . =~- --- ----
dt bvm+qt+ . .. _ (Bo) a, b=t=O, m~l, 11~1. 

Hel'e the eq'llafions (A 2) with neuative tl, (Co) and (Bo) 'represent the equation-~ ·1diiuh haw _ 

nut any 'integral <// reg,nlar class. 

If we assume, as Forsyth does, . that each equation has a determinate integral of 

regular class, then, after the first reduction, _ the reduced equation is of the form' either 

(A) or (B). Next, from the discussions in @ 3, it follows that the equation of the form (13) 

is reduced to the eq·uation of the form (A), by the finite repetition of Newton's polygon,-. 

methods. By the results of ~ 4, the equation of the fo;m (A) is· reduced to· the equation 

of the form (A) with )~O and either .X:;::: 1 or n+,l = 1. Thus, under the assumptions 

which Forsyth has· laid, the original equation1r :;:::f(y, .i:) is reduced. to the equation· of 
' . 

the form (Ai) or (A2 ) with.)2:0. The final reduced forms are special forms of the type· 

I which Forsyth has derived. Consequently the equation of the type I is the one ad­

mitting more reduction to the simpler forms, namely the forms (At) and (A2} just obtain.,. 

ed, and, in this sense, the type I is not the satisfactory form as thejinal reduced forin. 

In conclusion, we wish to direct attention to the following fact. Our reduction is · 

carried on by means of Newton's polygon method. Accordingly our red_uced equation, 

in general, is the equation which the reduced part 11 > of an integral of regular _class of . 

the original ·equation satisfies. Therefore, if the. original equati9n, besides integrals of 

regular class, has other integrals, then such integrals, in general, are independent of the 

reduced equations. Thus, in general, the set of reduced equations ii; not equivalent to 

the original equation, b{1t it rather expresses a restricted equation. 

' This reseasch has been carried on under the Scientific Research Fund of the Depa!'.,t-

ment of Education. 

Finally I wish to express my hearty thanks to Prof. Morinaga for his kind guidance •. 

Mathematical Institute, l-Iiroshirna University. 

- . 

, \ 
I) When an integral of regular 'class is expressd as folJows: Jt=,;µ(p+v) where P=/=0 _and 

v(O)=O, we have called the function v "a reduced part of the integral y". _ 
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