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g Several attempts have ‘been made to lnvestlgate the fundamental propertles of vector"zx)'

‘&amce _Among them most important are the spectral theory developed by F. Rlesz“’
: d H Freudental"), and thé representatlon theory by S. kakutam - M.H. Stone® and -
others In my previous works,I»mvesngated ‘the general propertxes of ‘vector lattlce,.

represen,tatlon theoriées of vector “lattice: and l,mear operators The -purpose. of the preSent B

papel' is to make some addltxonal remarks. on my prevmus works<5’ (Part l) and to st;udy
he convergence character of lmear operators wlth range in. vector lattice (Part 2).-
Espemally in g 5 (Part1) I sha]l mtroduce a. complex Banach la.ttlee f= {X X} and
“show that ‘the properties of Z are reduced to’ those ‘of 'its combonent tea.l Banach lattice

i g B :"" AR >\'f
,‘,1‘ . (' ° e ) Sy

Part 1 Some Genera.l Theorems on Yeutor Lattme

X,; e.g, Z'is reﬂexzve if and only 1f Xis reﬂexwe, s s

iy

.,\.

§ 4. Remarks on (0)-bounded linear operators. Let X be a vector lattice and ¥ a
;rcornplete -vector lattlce Let T be an (o)-bounded hnear operator from X to Y.  If
Jan—>0 (0) u;nphes T. a,n—->0 (0), then we say- that T 1s (0)—-c0nt1nuous L Iip tlns state—ﬁ‘

ment dlrected “sets play a roll instead of SImple sequences, that IS, 28>0 (o) implies
T %dﬁo (o) then we sair that T is (o)- contmuous m the sense of Moore and Smith, ‘or

~

MS—COntmuous I SRR
THEOREM I.I ¥ 7Tis (0)—cont1nuous then .so are T+,r1 - ]T] R
( PROOF Let a,nlo and put y= /\T+ .ln, then T“ m—l (a~zn) < Ty "‘*1"']- a fo,

G<a<fb, "By makmg use of this mequahty we - obtain y<T 1 —~T.a, since af\-\mnl,() ;
and T is (o)-contmuous - But by definition ‘7',.2, = V ‘7., and so 1/_.0
i N 0=O2y

THLORFM I 2 If T is MS-continuous, then s0 are ‘T, T_, v {

v’f,‘l “The proof is Very similar to that of Theorm L L B ! ,
i By an ideal J of X we mean a "linear subset of, X ‘such that 1ui<|v|, veJ 1mpdies‘
ueJ apd by a. normal ideal the totahty of elements of X orthogonal to eacH e}ement of
some _subset of X. A normal ideal N of a complete. vector lattlce is charaeterlzed as a ‘

dlrect comiponent of thxs vector lattxce, or as such an ideal thatAl u. b of a subset of N, :
o AR | .

m F. R1e8z, Ann. of Math, v.l <1940), 174-209. o N v
(2) H. Freudenthal Proc, Acad. Amsterdam, 39 (1936). 641-651

/(3) 'S, Kakutani, Proc. Imp. Acad. Tokyo, 16 (1940) 63-67. i ~
e ‘M.H. Stoney Proc. Nat. Acad. Sci., 26 (1940), 280-283. Do 27 (1941), 83-87. o
"(5) "T. Ogasaw¥r raN. Sci Hiroshima Univ., 12(1942), 37;100. Do I3 (1944), 41-162. B
(m ]ap) Lattice Theory X (148) (in Jap) which we reiefr to L.T.
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Jif 1t esusts, belongs to N. I‘he totahty -of (o)-bounded hnear operators from X to .

:‘forms a. complete Vector lattice: L. TLet L’ be the’ totahty of (o,-contmuous lmear ope-
rators from X to Y. . ! Sl , . .
THEORFM I.°3.. I is a 'normal 1dea1 of L : ‘ .
PROOF. ‘It is clear that 7 is an ideal of L.~ Let S be Lub. of 4 directed set of
pos;tlve elements TJeL’, then by defmmon we have S.a~ \/Ts.a for any a>0 Let an l 0‘
then -S.zn— T8+ an<Sty—= T iy, and 5o /\S M<sz1 Té-x;, hence AS-an=0. Thﬂs
'we obtam ‘the theorem

Let 1/ be the totality of MS-continuous operators from X' to Y. - . o
THEOREM L 4. " is a normal ideal of L.

'Wrth shght modnhcatlon the proof follows word by word the proof of l‘heorem 1 3
Let B be a Banach space or a Frechet space, and let T be a lmear operator from
VE’ to X. We say thh L. Kantorowtch(ﬁ) that 7T is Hf-continuous when ||un|'—->0 lmphes‘
Toun—>0 (). Operators of this type will -be consldered in part 2. o : e
§ 2 COnJugate vector lattice: Let X be a Vector Tattice, By the conJugate ‘vector 5
. lattice' X of X is meant the totality of (o)-bounded linear functionals f(L) on X. If Xis
a—complete and satlsﬁes the ascending X ,-chain condltlon ‘ e
2 l) Thera exxsts “ho- transfinite sequence of elements Ly such that 0<.11<1o<
l‘<J‘a< e alf, where .Q is the ﬁrst ordmal of 37@ class,, . :
“then lt is clear that X is complete and Lub. of a subset H of X is Lub. of a properly
'chosen enumerable subset of H. And Swx) is MS—contlnuous if and only if it is (o)-contl- !
nuous.  This statement is also true if we assume the descending R 1-chain condltlbn :

’ (2 2) There ex1sts no transﬁmte sequence of elements x,. .such ‘that .L1>.Z‘o>

>!( 0> ... 0, 1, where 2 is "the first ordinal of 374 class
LEMMA'2. 1. If X is such that there exist positive. fneX, n= 1,,2,.‘.'. .satisfying fed
(@2 3) fa(l2])=0, n=1,2,..., imply Lm-_:-.’o, e DG

then X satisfies 2. 1. ‘

_PROOF. 'The COntrary 1mplles a sequence {an} of 2 (2.1.  But for some 'ordinnl a
WQ have fn(.La)-fn+1(1 o), n=1, 2 ... Then (2. 3) shows that Xa=Tatl, which dsar
“contradiction. :

‘Let J be an ideal of X, and let us de51gnate by ‘2% the set of elements congruent.
g to x mod WJ. .Then XA/ is a vector lattice with elements . If jeX annuls J, andif "
'_we put F(.n*) f@), - then Fe(X/J) Conversely if we wrl}e f(r) Ha*) for any Fe(X/‘T),
, then feX and annuls J. . o

THEOREM 2. 1. Let X be o'-complete and let 0< fneX, n—-l 2 .., be (o)-continu—~
ous. If we put J= {J,fn([.l I)-O n=1, 2, -}, then X/J is a complete vector lathce
satisfying the ascending ?*tl-cham condition and Fe(X/J) is MS-contiuuous if and only i
S is (o)-commuous and - anuuls J, otherw1se stated f be]ongs to the normal ideal N
generated by Sn, m=1, 2,. . -

[

"(6) L. Kantorovitch, Recueil Math., 49 (1940), 209-284. '
- IR . ‘ . . i ) )
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e PROOF It is clear that J is a a-ldeal and F»-is (o)—oon(muous and that Fn, n=
1 2 . satlsfy (2. 3) for X/J. Then Lemma 2, 1 shows that fhe first part of the
‘theorem 1s true. Therefore F is M -contmuous if and only 1£ F is (o)—contmuous, whlch
Ieads to the statement that f is, (o‘-t,ontmuous and annuls J. Consxder any posmve feN '
then f—-\/ {fr\yzz "fy}. Tt is readily seen that fr\n Sfy s (o,-contmuous and annuls J.

As a cbnsequence of Theorem 1.3 f is (o)-contmuous and annuls J, and so F:is MS-
xcontmuous Conversely et F be MS-continuous.” For our purpose It will be suff1c1ent to
-aggume that fmfn_O fn</'n+1, n=1, 2,...., and to show that f=0. Suppose that Sley
>0 for some ¢>0. Since F Fn are MS-continuous and FFn=0, Fn<Fn+I, we can

5 conclude (L.T. 36, Lemma 3) that there exist sequences {’en*} {"en*}: ‘such that e*="en*

J"*—}-"’ep*, Ten* ~en*=0, ’e*n+1<"en and Fa('en®)= F("e *)=0, If we put 'e*= - Nen*®, then
F(’e) tim F(’en*) F(z*)>0,  But Fn(’e*)<Fn(’e*)_O 1mphes ’e* 0, and so F('e"‘)~0,
Tlns is a contradlctxon : :

COROLLARY Let/X be a o—complete vector lattice such ‘that any SfeX is (o) -continu-

; ous s and there exist fn satlsfylng (2. 3), then X is a complete vector lattlce satisfying (2. 1)
: and X, coincides with the normal ideal. generated by it .—l 2 . .... And any feX is
: J}IS-contmuous If f—-fn, n=1,2, ..., then fisa unit of X ' L P
S As a pamar converse' of this’ corolle\ry we have R e S
* LEMMA 2. 2. Let X be a vector lattice sausfymg ! R
\ 2.4 There exist positive fneX n=1, 2,...., such that fn/n=0, n=1, 2,...%, imply
; f““ : ‘
(2. 5) For x>0, there exists />0 such that f(1)>0 -
“thenXsatlsﬁes(23) ; R - S
.. PROOF. Suppose that fa(z)=0, n—-l 2,...., for an x>0. Usmg (2. 4) we obtam
f_,\/{ f,-m; fu} for any 220, whence f(‘z)*O (2. 5) shows " that 1—0 which is a con-
tradxctlon e
Further we shall consxder the conditions which X may pOssess F

“. (2. 6) Let' D be any directed set of posltlve elements of X. If 6:%71; ﬂa;)<+'$$' for
g any f>0, feX, then \/ « exists. :
2.7 Any ¥ eX is MS-continuous.
'* (2..8)_ Any & X is MS-continuous.
| Qlearly (2. 6) implies (2. 5). If X satisfies (2 5), then X is Arehlmedean and is con-
‘sidefed as a subset of X. When X=X holds;, we say ‘that X. is reﬂexwe . In my
previous works (L.T. 75. Theorem 2) I established
" THEOREM 2. 2. (2.6)——(2. 8) is a necessary and sufficient condition for lX to be
réﬂexive. More premsely (2 6) 2.7 1mply, that X is the normal ideal N of X consisting

-i:éf all M?—contmuous ‘EeX. (2.5) (2.7) lmply that X is an ideal of Z and generates the
: normal ideal N. :

[N

We shall desxgnate by Nx the normal ideal N indicated in Theorem 2. 2 It seems
to be of some interest to investigate the possibility of replacmg (2. 6), (2 7), and 2. 8)
’pamy or . wholly, by y : o Rz S %
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(2.6 Let 0§/i:{§1;2§.... R If Sup flan) <+ for each positive f:?., then
Van exists. " o o -
" (2.7) Any feX is (o)-continuous.
(2.8) Any £eX Viks (o)-continuous.
LrMMA 2.3, If there exist positive elgments eneX such that
(2.9) For any f20, flen)=0, n=1, 2, 3,...., imply f=0,
then X satisies the aséending ¥ ;~chain condition, whence (2.8) is equivalent to (2.3).
"LEMMA 2.4, If Xisa a-complete vector lattice and satisfies (2.7’) and also A
(2.10) 'There exist positive elements ¢neX such that z~e.=0, n=1,23,...., imply
= 0, : »
then {e.} satisfies (2. 9) )
" ‘T'he proof of these lemmas is very similar to those of Lemmas 2. 1 and 2. 2.
By making use of the lemmas established in this § we obtain immediately
'THEOREM 2.3. If X safisfies (2. 4) (2. 10), then (2. 6)——2. 8) is necessary and
sufficient for X to be reflexive. k - '
§ 8. Regular vector lattice. For the later purpbse we give
DEFINITION 3.1. A o-complete vector lattice will be said to be regular if it satis-
fies (2.2) and also® ' ‘
(3'1) i 2,10 for edch m as m—>oo, then there exists an increasing sequence of

positive mtegers n,, such that ., ,, —0(0).

DEFINITION 3.2. A regular vector lattice X will be sa1d to be of type (A" if .
it satisfies .
(3.2) A subset =X is (o)-bounded ifn } 0, zncE implies Anzn—>0(0).
DEFINITION 3.3. A regular yector lattice will be said to_be of type (K) if it satisfies
(3.3) If 0L5x,,, 1+ for each m as m—>-+4oo, then there exists an inereasing
sequence of positive integers nm such that {,, n,} is not (o)-bounded. '
A regular vector lattice of type (K'y {(K)} is equivalent to that of type K {Ks}
introduced by L. Kantorovitch.® (3. 1) implies the equivalence of (o)-convergence and
relative uniform (o)-convergence, and therefore 1mp11es (2. 7). Owing to the descending
R -chain condition any feX is MS-continuous. By making use of Lemma 2.3 a regular ‘
vector lattice with unitsis reflexive if and only if it satisfies (2.6') and (2. 8).
* DEFINITION 3.4. A vector lattice will be said to be a Bochner lamce if there exist
positive (o0)-continuous /() such that '
(3.4 If 0<71<1 =..., Sup /’p(zn)<+oo p=1, 2,...., then \Jx»n exists.
"T'his condition is a slight mod1f1cat10n of the condition (L) given by S. Bochner.® .
DEFINITION 3.5. A vector lattice X will be said to be a Fréchet lattice if to each -
element xeX there corresponds a real mumber llzll, called quasi-norm, such that -
(3. 5) |lx[l20 and |jz]|=0 if and only if x=0,

(7  S. Orihara, Proc. Imp. Acad. Tokyo, I3 (1942), 525-529.
(8) L. Kantorovitch, Recueil Math., 44 (1937), 121-165.
(9} S. Bochner, Prc;c. Nat. Acad. Sci; 26 (1940), 29-31.
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G6) latylShali+yll, limlAd=0,  tim || al)=0.

@7 lzlZly| implies |lzIZlyll.

- (3.8 X is complete in the norm sense.
If X satxsfles the first three condltlons, we shall say that X is a quas1—normed vector
- lattice.

In my previous vsvrorks‘(L.T . 78-80) I established the results: A quasi-normed vector
lattice is a regular Fréchet lattice if and only if it satisfies '
©(3.9) n}0 implies [|lznl—0, : ,

(3.10) If 0=z, <a,<...., lim lim |lan+p—an]|=0, then \/an exists.

‘n>00 - Pyo0

-And a regular Fréchet lattice is of’ type (/') if and only if it satisfies
@11 I 0<z <ws<...., lim lim [Azsl|=0, then \/an exists.

AY0 neoo v )
Let X be a Bochner lattice and if we put HI"— o.g' zln Ifn“J l)“—, then it is easily
+/n(lxl)
venﬁed that (3.5—3.7) and (3. 9)—(3 11) hold, so that X is regular of type (A').
"8 4, Banach lattice.

DEFINITION 4.1. A vector lattice will be said to be a normed vector lattice 1f to

each element x there corresponds a real number B Wthh satisfies (3.5), (3.7) and also
. the conditions: Mz gyl =Nz +liyl, Illmll—_lllllmll. Moreover if it is complete in the
" norm sense, then we say that it is a Banach lattice, . ’
DEFINITION 4,2. A normed vector lattice X will be said to be a A space if it
satisfies . o
‘ (4. 1) If 021 =Z2.=<...., Sup llznll<<+oo, then there exists an we¢X such that
lzn—2zll—>0 as s—>oo. "
’ Let X be a normed vector lattice. A linear funcional on X is (o)-bounded’if it is
: ,boﬁndéd, and the converse is true if X is a Banach lattice. We shall mean the cdnjugste
space X of X by the totality of the bounded linear functionals on X. 'Then X will be a
Banach lattice with the norm ||/ || =n§c'l|f£1l Aa)]. For any Banach lattice this definition of
the- conjugate space coincides with that given in § 2. K space is essentially equivalent to
- Ry space introducéd by L. Kantorovitch and B. Vulich.t®  In my previous works (L.T.
83-94) I established the following theorems: , k
-~ THEOREM 4.1. A Banach lattlce is a K space 1f and only if one of the followmg
conditions holds:
(4.2) It is weakly complete.
(4.3) It is regular of ‘type (&), or of {ype (1\;).
THEOREM 4.2. If X is separable, then X is a K space. -

"As to the reflexivity of a Banach lattice holds .

- THEOREM 4.3. A Banach lattice is reflexive if and only if one of the following condi-
tions holds: - : ’ .

(4 4) Itis locally weakly compact,

© (10) L. Kantroviteh and B. Vulich, Compositio Math., 5 (1939), 119165,
. i N rs - ! -
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(4.5) It is weakly complete together with its conjugate space.

(4.6) Itis a A space together with its conjugate space:

It is remarkable that (4.4) is sufficient for X -to be reflexive, for it is not decxded
whether or not (4.4) is sufficient for the reflexmty of a Banach space.

THEOREM 4.4. If X is sepatable, then the Banach lattice X is reflexive.

DEFINITION 4.3. A Banach lattice X will be said to be an abstract (LP), or simply
(ALP), if it satisfies : . g -

@7) #Ay=0 implies o4yl =(IP+IyI7), 1SS +ee,
where for p=+4 o the right side of the equation means max{||xll, Jyll}.

A normed vector lattice satxsfymg (4.7) becomes an (ALI’) by the completlon in the
norm sense.” ,

THHOREM 4.5. The conjugate space of any nomed vector lattice satisfying (4.7) is ™~
an (ALY), where ~;}— %: . (AL, 1g;)<i;»oo\ is a K space, and (4AL?), _1<P<+°° is.
- reflexive. And (41?), 1Ep<+o has a concrete representation as (LF) on a properly

‘chosen set.

1

§ B. Complex vector latice. Let X be an Archimedean vector lattice such that (z2-y2)2

. L N - . .

exists for any x, y¢«X, where {x2+y?)? means \/{cos-x-}sinf-y}. Let {X, X} be the
7} .

totality of couples {x,y}, where x,y<X. And we define .
(1) {r1, y1F={rs,ys} if and only if @, =us, y1=y,, - _ -
2 Az, T, vop={r1+2s, y1+y.), H
E)) (Z+i/z){q', yy={Ax—py, pr+ly}, " where /2, ¢ are real numbers,

-1

@) oy} =2y 7

Put z=x-iy={x,y}, and we say that x, y are the real and the imaginary part of z
‘tespectively. Then we define that {X, X} is a complex vector lattice constrdcted from
X, and we shall denote {X, X} by.7 ih the subsequent part of\this §.

LEMMA 5.1 |z|, |y|Z[z| |2 +lyl, laz]=]a|]z], |z|~lzz,~ '
where o= Atip, z=x+1y.

We say that a compiex linear fucuonal fz) on Z is (o)~bounded if Sup f2)| <+ oo
for any 220, that f is real if f{z) is real for any an and that f>0 1f f 1s real and -
S(2)=0 for any x=0. _

LEMMA 5.2. Any functional f{z) on Z is uniquely represented as ¢(z)+i#(z) where
¢, h are real and called the real and the imaginary part of . And fi(z2)=f2(z) if and ~
only if fl(]b)_fg (x) on J\ ‘ ' . ‘

PROOF. Put g(z)= (/(z)+f(z)) and h(z)- ZL(f(Z) fj, then g, h are real and we

obtain f{z)=¢(z)+iM(z). That such a representation is unique follows from the fact that
. ¢ is real if aﬁd only if g(z)=¢(2). The last. lﬁart of the lemma is Clear from the equation
[@)=fx)+ify). ’ N

LEMMA 5.3. Any linear functional f{r) on X is uniquely extended to a real linear
functional f(z) on Z. ’

e
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PROOF It is enough to define f( )._ Sle)+1f(y) to prove the lemma.

LEMMA 5. 4. fz) is (0‘-bounded if and only if its real and imaginary parts are (o)
bounded on X. -«

PROOF. It suffices to show the lemma when /'(z) is real. But it is clear from
Lemma 5. 1. : - _

Now we shall define the conjugate complex vector lattice Z of Z.  Z is the totality
of (o);-bounded functional f{z) on Z. By makirfg use of Lemmas 5.2, 5.4, we see that the -
real parts of such functionals form a complete vector lattice isomorphic with X, and s6°

we identify them. Clearly X sat1sf1es the requzrements stated in the beginning of this. §
LEMMA 5.5. g(x)+h(y)Z(g2+A2 ) {(L +1/2) }, where g, heX, x,y¢X.
. Y
PROOYT. Let £,%,{ be the functionals determined by ,y, (x*+y*%)? such that sy

= g(r) and so on. Then they are MS-continuons. T o prove the lemma it suffices to
assunle that 6::(92—[—71,2)% is a unit of X, and to show that &)+ n(h)=<l(e). - Let 4 be the
Boolean lattice with e as unit in X and let us consider the Booleah space 2 correspond-
ing to 4. Then X is linear-lattice isomorphic w1th a vector lattice of continuous
functlons on £ in which e corresponds to the constant function 1 (L T. Chap.4).  We
denote by ¢(fF) the function correspondmg to g Then ¢F)2+hF)*=1.  We can define a
completely additive measure m(I’) on the family of ABorel sets of 2 such that m(G)={(a),
where (@ is the bicompact open set representing aeA. Because of ME- bOntInulty of &, 9,
C‘and-RadOn—Nvikodym’s theorem we can find continuous functions &), 7(F), L(F) such

that &(g)= § oEB)F)dm, 79)= § yBFrim, Llo)= § oL@ (@yim. Then (§247%P=<(

L

implies &g)+7(h)=< S 9{(?){9(};)2 +h(F)? P ram= \ ol(F)dm. lherefqr(, we obtain 5(9)+77(/i)
=) '

LEMMA 5.6, (g3-+4%)? (@)= Sup{gx)+hy)s (62 +y* nF<a),
where g, heX, a=0, aeX. . -

m,..

PROOF. By Lemma 5.5 it suffxces to show that (g2 —|—k Y a) =St o)+ My \(.::2+

Y 2)2 =a}.
L
Sup {g(x)+My); (x*+y*)*=a} v o _
= Sup { "(glxv)+ Ay ) , _‘7: lzv | Za }, where zv=.rv+iyv,
y=1 - =1 ’

=8 {2 (1g10av)+1aK1po1); 2 1ovisal

y=1
;sup{f(wsav 191 (12w D)4-Sinbo. |RI( 20 |); £L121l§§a}
© (gt +AR(a)

I

LEMMA 5.7. For any feZ, we have |f|(a)=Sup if(z) Sup 91f(z /cp{ XAz v)' ;
dzlsa

%‘Zv | <a} for any a=>0.

PROOF. For any z—m—Hy we can find 2 complex number f’lﬂ such that R{f{z)}=
f(elﬂ/() ’
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Therefore we obtain Sup ()| =Sup R{f(z)}. Ard Lemma 5.6 énd its proof show
- . Iziza |zi=a

3 &
that Sup R{fA2) }-:Sup {‘72" Lfz0)] s f‘[z,, | S_a} =|f|(a).
As a consequence of Lemmas 5.2,5.4 and 5 T we have
THEOREM 5.1. Z={X, X}. ’

By virtue of this theorem most properties of a complex vector lattice Z={X, X} can

be reduced to those of¢ its real component X, e.g., 7 is reflexive if and only if X is J:
reflexive. Results obtained in the preceding § will Be trivially true. " So we shall conﬁn_é
ourselves to Banach -lattices. Z is called a normed compléx veclor lattice if to each’
element z6/ there corresponds a real number ||z satisfying the norm COllditiOI;S com- .
pletely similar to those given in Definition 4.1. - Moreover if it is complete in the norm
sense, then 7 is called a complex Banach lattice. By an easily veified relation |all,
Iyl N2 Zi el +Hllyll We see that a normed complex vector lattice is a Banachglattice if ]
and only if .X is'a Banach lattice. ~The conjugate space of a normed complex véctof :
lattice 7 is, by definition, the totality of bounded linear functionals Slzyon Z. _We remark
that f{z) is ‘bounded if and only if its real and imaginary paris are bounded on X. .

TurerEM 5.2, ‘The conjugate space of a normed complex vector lattice Z={X, X}
is'a complex Banach lattice denoted by Z={X, X} wherg X means the conjugate spacé,‘i’_"
defined in § 4. )

PROOF. Only to show that Jf\ =1g| implies ||f|=Hyll. Using Lemma 5.7 we see
that /1] =”Slﬂ'l LA =i§'f£11fi("’)zll inzilgin=igl. ‘

We shall say that 7 is complete if X is a complete vector lattice. Then we have

THroREM 5.3. Let Z be a separable complex vector lattice. If the norm ||'z|] is (o)
continuous, then 7 is complete. . ) )

PROOF Let 0y =we=>...>0. Suppos(, that- /\I,L does not exmt Because of “the
separability of X we can find a sequence {y,} such that 0<I/m< JWH<J,”, (€n—yn) 30,
Then by the ’ '1ssumpt10n we have |lr,—y,ll->0. Using the inequality Ogtn—xnﬂ,é
(Lp—1n)—(Cpsp—Yn+p) We see that fhere exists an wx such that ||z, —z|l—0. This implies
L=/, which is a‘ contradiction. ) k iy

A normed complex vector lattice Z={X, X} is sa1d to be a complex K space if the
condition (4.1) is satlsfled Then 7 is a K space if and only if X is a K space. lheo—r
rems 4.1, 4.2, 4.3 and 4.4 replaced X, X by Z X hold also for a cornp]ex Banach
lattice. Here that Z is regular means thai X is regular, and so on.

LEMMA 5.8 Let Z= {X, X} be 2 normed complex vector lattice such that

(I) lz,]A\|zs!=0 implies Uzl—l-mll_{ll 1}]"—!—[]70]]"}” 1EpS+ oo where for p=-oo
the right slde of the equation means maJ{H“II, llzsll}, then the conjugate Banach lattice

1 1
satisfies also (I) with ¢, where w—{-~g~——]

PROOF. Let [f|Algl=0. Then |/1+|g]=|/+g| and If+gl=1I\f1+ gl
. 1 1 1
Hence Theorem 3.5 shows that ||[f+gll ={I/I1?+1igll?}9, wherel—l;—}‘é =1.
A complex Banach lattice 7 satisfying (I) is called a complex (ALP). By making use '
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‘le Lemfna 5.8 it i; easy to see that ’1"hebrem 4.5 holds also for the complex case. .
Part 2 Convergence Theorems

§ 6. (o) 11m1t in an extended sense. “Let X be a g-complete vector lattice, énd let N be
the set of all normal ideals a of X (L.1. Chap. 4). Then N is a complete Boolean lattice
with respect to the inclusion relation. We denote by QN the Boolean space correspond- -
ing to N.  And let 8 be the -totality of continuons- functions ¢(#) on Ly which are finite
exce;‘)t for a sét of Ist category. Then £ forms a complete vector lattice, in Which the -
order relation ¢=¢ is defined by ¢(¢)_2¢(75) and ¢=¢,+¢; is defined by a continuous
function ¢(#) which coincides with ¢(#)+¢s(F) at- points # where ©.(F), ¢o(F) are finite.
~The statement gqnago(o)' is equivalent to the following: ¢n(F)}>¢(F) except for a set of 15t 4
Category. Thus the (o)—convergence"in. ¢ is the same as the pointwise convergencé ex- ..
cept for a set of 1* category. - On the other hand X is represented linear-lattice isomor-
phically by a subset of 8 which we denote by 2x. Let a{#) be the representing fun_ctlon
of z¢X.  Then X»—a(0) in X is equivalent to the statement that x, are (o}-bounded in
‘X and éx;n»;r:(o) in £. We say that Z,~>x(0).on ¢ if Pexn—>P.1{(0) where Pex denotes the
‘component of x in the principal ideal generated by é, -and ~similar]y we say that zn are
(0)-bounded on e if Pexn are (dy-bounded. - .

DEFINITION 6.1. an¢X (0o')-converge to x¢X if for any given O<//:)\ there exists
o<e<a such that zn—>x(0) on e.

From the above dxscussxon it is clear that n——n(o’) in X is nothing more than Tne>

.z(o) in & A .
DEFINITION 6.2. We say that \/|an|=+0o on a, where aneX, b<an, if there
exists no o<e<a such that @n are (o)-bounded on e. g

" It is clear that \/|7n|._.+<x- on a means that Supjrn(F)|d=+w on the bicompact
open set G except for a set of 1st category, where G is the set corresponding to the‘
principal 1deal generated by a. :

Now we defme an abstract{S),. simply (AS), by generahzmg the ordmary (S)

DEFINION 3.3. A o-complete vector lattice' X with unit e will be said to be (48) it
the following conditions are satisfied. '

(6. I) There exists a complete additive non-negative functional m(a) on the Boolea,n
sub-lattice A of X, with e as unit, such that m(a) implies a=0.

- (6, 2) 1f anN\xm=0 " (nd=m), n,m=1,2,..,., them"\/x, exists. .

Let X be an (AS).  Then 4 will be Iattlce—isomorphic with N, since A s cbmp]ete
by (6.1. By (6.2) we obiain x=%. Let ¢ be represented by the constant function 1.
We define the complete additive measure m(F) such that if G<Qnr is the bicompact open

: el

e+ x|

l—l‘j[(f) })l If we define "a:l] by f on ]:f’(ﬁ%—ldm, then it will be easily verified (L.'l‘.

93-94) that the conditions (3.5)-(3.10) are satisfied and X will be a regular Fréchet lattice °
of type (K’). Thus X is an (S) considered on a properly chosen set. As well known any

set corresponding to aed, then m(G)=m(a). Let -be the element represented by

— 22 — " ,



1949) . Some General Theorems and Oonvergence T hcorems-in Vector Lattices )

(L)is a subspace'of (S). . The same situation holds also for a K space. To see this we
consider a K space X with unit e, . and let & be a unit of X, then }L(a) is a complete, )
additive non-negative functional on 4, satisfying (6. I), and £ Will be an (48) with 2x as
its ideal. In this case ¢ may be obtained by another way (L.T. 93-94). For any @et we
_define Elf%f] by the element of X representmg 1_"_95!(5 ()})l , and we put p(@)=|| 2 _LSTIW
Then £ will be a regular Fréchet lattice of type (K’), and will be obtamed also by the’
completion of X w1th respect to the quasi-norm p(x). :
§ 7. Resonance theorems. In this and the following § § we assume that X is a a-complete
vector lattice, I a Fréchet or Banach space, and 7T a sequence of H‘-contxnuous ope-- :
rators from £ to X. Now consider the following conditions:
(@) There exists a subset 8 of (o)-continuous functionals f(x) on X such that if 0<x;
See=...., Sup Slan)<+ o for each fe¥®, then \/‘L,, exists. '
B X 1s a\regular Fréchet lattice, or a regular Banach lattice.
For examp]e K space, conjugate. vector ]attlce, conjugate Banach lattice, and Bochner
lattice satisfy (a) ] o .
‘ "THEOREM 7.1. Let (¢) or (3) be satisfied. If there exists a set H=FE of 2"¢ category _'
such that for any ue][ . o . :
(7 I) {Tn,u} 1s (o)-bounded,
then (7.1) holds for any w¢E. ) :
PROOF. (ase I. Let (a) be satistied.  'I'ake any fe3, and we put H{ ={u; Sup‘ I
(17w~ Tmi- u|)<n} Then clearly /77 is a closed subset of E and HS.EH’ It
1é easy to see that "H’ is a lmear subspace of IJ Wthh is a set of 2"4 category with -

Baire’s property. 'l‘herefore we obtain E= NHY for a.ny /€8, whence (7. I) must hold “for
any uek. Case 2. Let (3) be satisfied. Let £’ be the set of all weF such (7.1) holds.
Then E' is linear. If we put J1,,, = {u; Sap[”’ﬁl | e | Ty prte| — | Tyt vreee | T - uHI

——}, then Hupw is a, closcd subset of I and E'=[l3Hnyw, so that I’ has Balres pro-

n v
perty and is of 2"d Category Therefore we have E=E'.

THEOREM 7.2. Let (6. I) be satisfied. If there exists a 'subset //<E such that for
any uef ' )
(7.2) {I’n u} is (0)-bounded in £, where £ is a vector lattce described in § 6,
then (7. 2) holds for any wekE , J
& PROOF. Suppose that there exists a weF such that \/T- u_—Fco on a¢>0. To reach
‘a contradiction we may assume that @ is a unit element of X. Then by (6.I) £ becomes ,
an (485), whence £ must satisfy (3). Theorem 7.1 shows that this is contradictory.
THEOREM 7.3. Let (3) be satisfieé.. If there exists a wy¢J such that
(1.3) V|Tw-ug|=+v on e>0,
then (7. 3) holds for any well except for a set of 1% category. i
PROOF. T.et A be a Boolean sub-lattice with e as unit in X. If we supbbsé the

N T '

(11) C. Kuratowski, Topologie, 1. (1933), 74.
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contrary, there exists a set H<FE of 2™ category such that if we/7, ‘then {Tn-u} is (0}
bounded on some positivé element of 4. Put Kon={u; \/|Tr-u|<ne on eu',nsA, 1€yt
: / %k

g;‘l-}, then I{;l is‘a closed subset of £. Indeed if w,~>w, wmeKn, then Tk-aun~>Th-u(*).
But we may assume that 7% -um—Tr-u (0), for if necessary it is sufficient to select a sub-
sequence of {7 -um} which (o)-converges to T'-u. If we put éun=(0rim euymn,
then. ne',,,,nng?lt. and - \/|Tr-u|<ne on e,,. Therefore K:; is closed.  Because of the
relation 3 An<= H we infer that An contains a sphere le—uy[|<0. Consider veE such
that |Lv]|<o 1hen JAv+a, —u, |<6  for sufficiently small number 0<</<Cl.  For some
A, Ay 244" we must obtain €1=€35 ., ) v+ wyr nF0, since the contrary implies that the

“ascending 3% ,-chain condition does not hold in X. Owing to the relation (A—A)v=2v-+
‘ _ . . 21
aty —(A'v+4u,) we have!Th-(A—A)v)<Zneone, and therefore [T vl“‘a[) - P on €.

Let a be a positive number such that [lau ] =0, then IT/.'“Noiéar;\zjjﬂe on e, which i$
a contradiction.
§ 8, Convergence theorems. ;
THE ORM 8.1. Let (@) or (3) be satisfied. - Suppose that the hypothesis of 'heorm 71
!13 satlsfled and also that there exists a dense subset /) such that ATy -u} (0) -converges
for any weD, then {Tn-u} (0)-converges for any wuek. .
PROOF. Theorem 7.1 shows that {Tx-u} is (0)-bounded for any wsl. Let 7‘7~'u=
(0)=tim Tyu—(0)-lim Tyu and V.=V |Tnul. _Clearly we obtain _(1°) ]ﬁ’l(——?-l); <
Twu—v) (29 o<Tu2Va (3% Teau=|a|T-u (49 Veau=|a| ,
Case I. Let (u) be satisfied. Take any fe®, and let /7 ={u; f(V-;u)gvz,e} for any given

positive number e. lhen 17} is closed and K=XH]. T'herefore an Hj contains a
- n

-sphere [ju—uo[|<P. Lct v be any element of E such that |[v]|<d, then f{V.w)<2ne. We
can find a ppsitive number ¢* such that |luj|<d" implies [|2u]|<d," whence f(17-v)<e, that
is; f{V.u) is a continnous function of «. Using (1°), (2°) we see that f(T-:u) is continuous.
Since 7’-11}:0' for wel), therefore _/‘FT-u):O for any usE and so we obtain T.u=0 for an‘y-
well. Case 2. Let (8) be satisfied. Put Hy={uw;]|}-u||Sne}. By a similar reasoning as
above we can conclude that 7-u=0 for any uckE. - ) L

THEOREM 8.2. Let (6.1) be satisfied. Supposé that the hypothesis of Theorem 7.2
is satisfied and also that there exists a dense subset D<ZF such that {7u-u} (0}con-
verges in ¥ for any weD), then {Tn-u} (o)-converges in ¥ for any wel. '

PROOF."  Theorem 7.2 shows that {Tn-u} is (o)-bounded in ¢ for any weE. It ishL
shifficient tS show that {Tn-u} (0)}-converges in € on any positive e. By makmg use of
Theorem 8.1 we can establish the theorem.

THEOREM 8.3. Let (3) be satisfied. Suppose that the hypo-thesis of Theorem 8.2
is satisfied, then {7,-u} (o}-converges in & for any weki.
PROOF. - By the same reason as in the proof of the above theorem we can assume
that X has a unit e Then £ will be a regular Fréchet lattice by defining the quasi-
| 3 .
norm [ ¢ |if =”E—i:§%ﬂ” for any ¢%%. Hence by making use of 'l'heorem 8.1 we can
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establish the thecrem. B -~ g

THEOREM 8.4.  Let () be satisfied. ~ If X has a unit ¢ and there exists a dense
subset D=L such that {7x-u} (0}-converges in € for ue¢D, then there exist €;, e, such ’
that ¢;+e,=e, 6;~e,=0 and

(1) {Tn u} (o)converges in £ on e; for any weF,

2) \/1Tn ‘n|=+o on e, except for a set of 1 category in E ,

PROOF. Let 4 be a Boolean sub-lattice with e as unit. Let B be the totality of
elements of 4 on which (2) holds. Then B is a o-ideal of 4. Since there exists no
independent subset of 4 with power ®;, B must be complete. Therefore B is a principal

/
ideal generated by some e,. Put e,=e—e,. Then Teorem 8.3 shows that (1) holds.
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