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THEORY OF THE SPHERICALLY SYMMETRIC
‘ SPACE-TIMES. VI.
FORM-INVARIANT TENSORS UNDER GROUP OF
MOTIONS AND PARALLEL TENSORS"

By
Hybitir6 TAKENO
(Received Sept. 3, 1952)

Part I. Form-invariant tensors under groﬁp of motions
§ 1. Condition for form-invariancy

The concept of the “form-invariancy ” is one of the important ideas
in relativistic theories, namely it is closely connected with the equivalency
of the observers.” In Part I, we shall obtain the general form of the
form-invariant tensors under group of motions in »an‘SO . The group was
completely determined by the present writer and all S,’s were classified
into eleven types [A], [B],:--,[K].® In this section we shall obtain the
general form of the condition for form-invariancy of a tensor, and then, in
the following sections, we shall apply it to each individual space-time
using elementary methods only. _

If we denote the operator of an 1nﬁn1te51mal motion by X=¢ ai, then
the vector satisfies the Killing’s equation

XGim+ GnOE [0 + 9,08 /0a™ =0. (4 fyoor=1,-,4).0 1.1).
The condition for the form-invariancy of a tensor Vi, +- i, under X is given
by®
X0iy ++e iy +Vsig +* in (ailf’)+ coo Vi e iy 5(0i,E) =0 1.2)
Particularly when the v;, ---j, is a scalar v, (1.2) becomes
Xv=0. (1.3)

Next in order to express (1.2) in another form we shall take any set
of vectors A, and A satisfying :
a

[: 2

zﬁ} h‘h-’ — gij R ; iliilf — gd:j ; ; hiiz" - 8{ ’ hi’; } (1. 4)
(“’ By =1, 4) ’

and put pg = K (§°0,h, +7z,8,§‘) = —pk. (1.5)
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Then we shall -denote by Vs, ---«, the scalar components of i ---i, i.e.
Vay ++ 2 = W1 oe B, oo 4, . By using (1.5), (1.2) becomes

dl w"

\

XV, oee an+b:1Vpxz et o P8 Vay ot ano =0, \ (1.6)
(p=1,-,4; summed for p), |
which can be rewritten as:

XV wv ap+ D3+ DSR2+ 3FS + 3F3 =0, 1.7)
where Fi=Fi=F}=Fi=0, and F}, F%,-.. are the sums of the coeflicients
of 2 phy - in (1.6) respectively. For example, if (a,, - ,a,,)_(ﬁpj,
22 .2, 33.. 3 44 4) (p, ¢, 7, s are the numbers of the same 1ndlces, so it

holds », ¢, 7, s$=0 and p+q+r+s=n), then F, V1 1) 2 -2 3.3 1.4 where
(1 1) denotes the sum of p terms obtalned by replacmg any one of the
P 1nd1ces 1 by p.” When-p=0, F:=0. (1.7) is the equation to be solved.

Next, if v is any relative scalar of weight m, the condition for form-
invariancy of v under X is given by

Xv+mvdE/oxt =0, (1.8)

which is invariant under any coordinate transformation. From (1.1) and
(1.8) we know that g=|g,,| is a form-invariant scalar of weight 2. When
Vi, -+ i, 18 a form-invariant relative tensor of weight m, (/¢ ) ™vi, -+ i, is
a form-invariant ordinary tensor. Hence if we get the general form of the
form-invariant ordinary tensor then the general form of the form-invariant
relative tensor is given by multiplying it by (1/5“)’”, and accordingly we
shall deal only with an ordinary tensor in the following.

§2. Space-time [A]. 1
We shall take the coordinate system in which
ds? = -e " (de? +dy*+dz?) +di? 2.1

holds, and take I;, as follows:

hy=ies, k=8, (a=1,2 3). 2.2)

The results which will be obtained are independent of the special choice
of the coordinate system and %;. The vectors of the operators of the
group of motions in this- coordinate system and their Poisson operators are
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given in the writer’s previous. papers,” and we shall omit them here. ‘As
is easily seen form-invariant tensors under two operators are also form-
invariant under their Poisson operator. Hence we know that form-invariant
tensors under T and ﬁ' are also form-invariant under all motions of G,
(the group of the space-time [A].)» From (1.5), pj are given by

for T and U': 3 =0; for R: P§ = —FEyup,; for g‘: p} = —p; =2k%, |

, (2.3
p} = —p} =2k*2, p}= —p}=2ke ", other p3=0; etc. f 2.3)

From (1.7) and (2.3), O,Va -2, =0 i.e. Va ---u, =const. (2.4)
and Fe=Ft, (a=8;apB=1-,4), (2.5)

are the conditions to be satisfied by the form-invariant tensors. If we use
the notation introduced in §1, (2.5) becomes

,-/I'H ,_g\,_/\ s I’ ‘1 7‘ /i\
(C) Vigoz) @ 1ot & a—Va x(B( 8 T Beds
(a’ﬁn')’sb\:*:,
p+q+r+s=mn; p,q=1)"

r [ r P ) .
and (C,) V(acu-sx) 3 7 =0, (@B 7 8F; ptg+r=mn; p=>1),
@ :

where =Pmeans that the »#! equations obtained by the permutation of =
indices hold. '

By putting n=1, 2, 3 and 4 in (C,) and (C,), we can obtain V;=0,
Vue=V114,5, etc., from which we have
Theorem [2.1] The general forms of the form-invariant scalar, vector, .-,
and tensor of the fourth order under G, are given by

v=const, v,=0, v;,=cg;, v, =0,
J/

. (2.6)
Vijie = €199+ €209 5+ €390 56+ €4y g »
where ¢’s are arbitrary constants and &, is the & tensor.
§3. Space-time [A]. 2. Solution of (C,) and (C,) for general n
Lemma [3.1] If wi, -+ i, is form-invariant under G, and satisfies
gili)\wil... in=0’ (X =2’ "')n), . (Hl)
its scalar components except those given by
AN NS - ‘ p+q+r+s_n N P 1
Waox gog 77 53 (P), (posztwe odd ‘integers ) BECRD)
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vanish, where (P) means that the statement holds for any permutation of the
-indices. :

"Proof. Let @ be any of the ,_,C, tensors of the (n—2)th order defined
by 'g"*""wil oo iny (0 =2, -+ ,1; A==u), then it satisfies

g;likwil ses in—Z = 0 ’ ()\a = 2: R ) n'—'z) ’ (HZ)

and is also form-invariant under G,. From (C,) we have

W"ﬂ;O’ W“mﬁ'—i‘o’ (avﬂs'yzf:)v 3.2)

where the numbers of the indices are omitted, and from this and (H,), we
have

P o~ P
Ep] prxﬂ = 0 , SO Woczzp...g =0 ’ (a == ,8) . (3 3)

Then from (H,), (H,) and (C,), we can prove

5 P

Waap-p=0, Wasst. v 0. 3.4
Similarly,

/2\ A,J\ P ' ’/p\ —~— L3
Waapg=0, Wxp.gr.v=0, (p=o0dd), (&, 8 v=). (3.5

In the same way we can prove that

v
Waia gty = 0, oo BoeeB ¥eo¥ Fod = a, B, v, 8 =k

B~ P I N SN P (p =o0dd, ¢= even’) (3 6)
Now from (3. 3) and (C;), we have

Wepios = —Wars/3, (3.7

where 2 means that the equality holds for any permutation of the second,
the third, ---, and the = th indices. Then using (C) we have Wx.z =0 and
Wasn...x - 0. Repeating similar procedures we can easily prove the lemma.

By this lemma we know that when % is odd it must be that Wa, -+ 2,=0
i.e. wy -+ i,=0. Hence using the method of the mathematical induction
we can Obtain

Theorem [3.2] When n is odd any tensor of the nth order which is form-
invariont under G, vanishes identically.

Now we shall deal with the case in which »# is even. Let n=2m
where m is a positive integer. By making outer products of m g,’s we
can construct M, form-invariant tensors of the n th order where M,,=2m!
/(2"-m!). Similarly by making outer products of (m—2) g,,’s and one §&,,,, we
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obtain N, form-invariant tensors where N,,=,C, M, _,=(2m)!/{6-2™-(m—2)!}.
These tensors are not necessarily independent of each other,'® but in the
following we shall treat them as if they were independent. As is easily
seen, however, the correctness of the results is not obstructed. We shall
denote the form-invariant tensor of the #» th order obtained by a linear
combination (constant coefficients) of these tensors by (g, &).. They are '
in number

X, = M+ N, = (2m)! (m —m-+6)/{6-2" m!]. (3.8)

Lemma [3.3] If we assume that a tensor of the p th order (p<n—2) which
is form-invariant under G, is of the form (g, &), and that o form-invariant
tensor i, -+ i, is given, then there exists at least ome temsor wi, - i, of the
form vi, -~ i, +(g, &), which satisfies (H,) and

eili*i“i”wil i, =0, O vz Ay iy v =2, -0+, 1), (H;"

Proof. (g, &), contains X, terms of different forms and we shall show
that we can determine the X, coefficients of these terms so as w may
satisfy (H,) and (H,). By putting each coefficient of the terms of different
forms equal to 0, we obtain (n—1) X, _, linear equations from (H,). Next
by using the lemma [3.1] and the fact that an outer product of two
&-tensors is expressible by g¢,,, we can show that ,_,C;M,_, equations are
obtained from (H;). But X, is equal to the sum of these two numbers.
Hence the lemma is proved.

By the similar considerations as in the latter half of the above proof
we can use

Ei)‘ipjvi"-Wil aes i“ Pt 0 N (h’ I‘l" Yy O -:4:: ; >\" I‘" Yy 0 = 1, eny n) (H3)

in place of (Hy"). In the same way we can also prove that % in the
lemma [3.1] constructed with respect to the above w is a linear combi-
nation of the terms composed of one & and (m—3) ¢g’s and w satisfies (H,)
and (H,;). We shall denote this fact by (H,).

Lemma [3.4] If wi, - i, is form-invariant under G, and satisfies (H,) and
(H,) it must vanish identically.

Proof. At present the non-vanishing Wa, ---«, is of the form (3.1) and
we shall denote W of this type by [», ¢ 7 s]. Ws of the type
[1,1,1,5—3] i.e. Waxgvs..3(P) are antisymmetric in (a, 8, v) by virtue of

(C)) and from (H;) we have W[amajéf-\ai-o. So
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n—3 Y n—4 n—4

Wa;m 53— Wagasts.. s +Waoma s—Weagis.5 =0. (3.8)

From this and (G,) we obtain [1, 1, 1, n— 371=0.

In the same way from Z} prxﬁ'fo a—-O which is obtained from (H,) and
(H;), we have [1, 1, 3, n— 5]_~0 Then by (H,) and (H,) we have
nggzmsf.sio from which we can show that

P

AW wexgrriss = — W pres.s » (3.9
and ‘ @
P
W (vv s8] 177)5-- 6+W(Y‘Y]xph"{‘{)6 a+10szp 5 =0, 3.10)

(o)

where (fy - 7): denotes the sum of terms obtamed by replacmg two of
parenthesmed v’s by «. Then using 2W,7. b p)v Yook 5o a—(q -1) Wmﬁ BB T Bord s

we obtain [1, 1, 5, n—7]=[1, 3, 3, n— 7]_0 By repeating similar
processes we finally obtain [p, ¢, 7, s]=0 i.e. wi, -+, =0. Q.E.D.

Using the theorem [2.1] and the lemmas given in this section we can
prove the following theorem by using the mathematical induction:

Theorem [3.5] The general form of the tensor which is form-invariant under

G, and of the n th order where n is even is given by (g, &), .
Hence summarizing the results, we have

Theorem [3.6] The general form of the temsor of the wn th order (n=0)
which is form-invariant under G, is given by (g, &),.

§4. Space-time [B]
The group of motions G, in this space-time is composed of }% 1('[’ §
and U (a=1, 2, 3), and their Poisson operators are well known.® As in

the case of [A], form-invariant tensors under T and s are form-invariant
under G,. In the coordinate system of

ds* = —(da? +dy® +d2?) + 42, (4.1)
if we take, hy—is], k=8, (a=1,2 3), (4.2)
we have for T and U: p3=0; for R: Pi=—FE upa s

(4.3)

and forg’:pi:——p::i, other ngO-

Hence from (1. 7) we have (2.4) and (2.5) agam Hence as in the case
of [A7], we have

Theorem [4.1] The‘ general form of the form-invariant tensor under G,
is given by (g, &), ..
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§5. Space-time [C]. 1

The group of motions G, of [C] is composed of R, V and U, their
Poisson operators are known, and form-invariant tensors under V and T
are form-invariant under G,.® In the coordinate system of

ds* = —(1+7r*/4R )2 (da*+dy?+dz?) +dt?, 5.1)
if we take iﬂi,=i(1+r’/4R1)*18‘;’, ;z,==8‘}. (a,b,---=1,2,3),  (5.2)

we have for U: p§=0; for R: pi=—FE.up,;

!
1 ((5.3)
for V: p; = —p} = —y/2R?, p} = —p} = —z/2R*, other p§ =0, etc. J
From (1.7) for U, we have
V“l ---a“=chl '"“n(x! Y, Z), (5 4)
and from (1.7) for R and I'}, we can obtain:
| OVay 2y =0 i€ Vi o, = const. (5.5)
and F¢:=Fy, (¢, =1, 2, 3). (5.6)

Conversely if V satisfies (5.5) and (5. 6), it is form-invariant under G,.
(5.6) can be written as
» 4t s (a,b,c#, PHG+T+8 =1,
- n>p, q=1; r,s=0

0 (e,b,¢c=k, ptg+r=nn=p=>1, q,7r=0).

From these equations, as in §2, we easily obtain

Theorem [5.1] The general form of the tensor vi, -+ i, form-invariant under
G, 18 given by

v=00nst; v, =CN;; U,y ==C10;;+CoAA;; }
Vyge == C10 Mt +Cofuhs + €30 A + €48, AP +HCs A A N 5 0 (5.7)
Vyger = (€108 + =) + N (C4Eipiah, + +++) +(CoFi Mk, + ) HC AN, JI
corresponding to n=0, 1,-.-,4 respéctively, where ¢’s are arbitrary constants
and A; is a form-invariant vector which is determined to within a constant
multiplier and whose components are given by &3 in the coordinate system of
(5.1).
In v,5,, &, is contained implicitly by virtue of the identity :

Eisn = (Eipndy —Eugadi+ Ean —Eaad) M . (5.8)
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§6. Space-time [C]. 2. Solution for general n

For brevity’s sake, we shall omit the indices 4 Of Vs, -+, and put
n—s=e where s is the number of these omitted indices, and shall solve
(C)) and (C,) i.e.

_ » @ r P -'p /_/'qH . ’

() V(a.z;-a,‘ b-bcc = Va-ab-b)cc, (@b, = p+q+r=e, p, =1, r=0),

(€]

@
P

_ » q
C,) Vi -ajbb=0, (a,b, c, p+g=e, p=1, ¢=0).
) '

The solutions for n=1, 2, 3 are
Va =0 ’ Vab == c&ao ’ Vabc - CE'abc ’ . : (6' 1)

respectively where A and £ denote the three dimensional A and E.
As in the lemma [3.1] we can prove that the non-vanishing com-
ponents of Wa, ---a, which satisfies (C,), (C,) and X AgaWa, -+ a.=0,

Qa,a)
(A=2, .-+, e), are of the form [, q, ] where p+qg+r=e and p, ¢, r are odd

and >1. Hence Wg, --- ¢,—=0 for even e. Then using the method of the
mathematical induction as in [3.3] we can prove the following lemmas:

Lemma [6.1] When e=2m, the general form of Vg, - ae. which satisfies
(Cy) and (C,) is given by (A), i.e. a linear combination with constant coeffi-
cients of the terms of the e th order composed of the outer products of m A,’s.

Lemma [6.2] When e=2m+1, the general form of Va, ---a, which satisfies
(C)) and (C,) is given by (A, E), i.e. a linear combination with constant
coefficients of the terms of e th order composed of the outer produéts of (m—1)
Ay’s and one B, . .

Using these lemmas we shall show

Theorem [6.3] The general form of the form-invariant tensor under G, is
given by (N, g, &), which is, by definition, & linear combination with constant
coefficients of the tensors of the m ih order composed of the outer products of
Ny 9y and &N, and A, is @ form-invariant vector under G, determined
uniquely to within a constant multiplier.

Proof. When 7=0, 1,---,4 the theorem holds by [5.1]. Assuming that
it holds for <n—1, we shall show that it holds for » also. From an
arbitrary tensor v;, --- ;, form-invariant under G, we construct a new form-
invariant tensor wsj, :--i, by
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Wiy =+~ iy = Vip o j,— MNiyVoiy *** i — Niy (Viyoiy =+ i — MiVooiy *** in) )
‘ - (6.2)

—Niy §Visiz0iy ot i — N V0is0ig *** iy My (Viyooiy *+* in— NiyV000is *** ip)} — =+ |

where an index o means that the index originally situated in its position
has disappeafed by contraction with A’ e.g. viiz0i, ++ in=7\i3”i1 --i,. Hence
v’s with index o are of the form (X, g,,€) and it holds that

M iy =0, (m=1,,m), (6.3)

and from the form of A, we have

Wing vy =0, (@, =1, , 4) ' (6.4)
From the lemmas [6.1] and [6.2], we have

Wa, -+ ay = (A), when n is even; = (A, £), when = is odd, \ 6.5
(e=1,2,3). | )

In this coordinate system, however, it holds that

Ap—AAN, = A—ub » Ba—AA, =0, ZY E oy = Eoe » E;a E japyAy = 0. (6. 6)

Hence in the tensor form, we have
Wiy - in =(9,,), when n iseven; =(g,;—MN\;, &), when # is odd. (6.7)

‘'So the theorem is obvious. Evidently (A, g, &), is linear in &.

§7. Space-times [D] and [E]
By using the similar method as those used in the preceding sections,
and taking the coordinate systems in‘ which
when the S, is [D]: ds* = —e¥® (d&® +dy®+dz?)+dt*, (g ==const.), (7.1)
and when the S, is [E]: ds* = —F(da®+dy*+dz )+dt*, (7.2)
(F =¥ (1472 /4R 2, e¥g+=1/R*, ¢-+0),®
hold respectively, we can easily obtain the folloxying theorem :

Theorem [7.1] The general form-invariant tensor under G, or G, is given
by (N, g, &; P)as Where p is @ form-invariant scaZar, A, 18 o form-inveriant
vector determined wuniquely to within multiplier ¢(p) (¢ being arbitrary
function) and (A, g, &; p), 18 the same mnotation as (N, g, &), with a proviso
that the coefficients of the linsar combination are arbitrary functions of p.
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In the coordinate system-of (7.1) or (7.2) p and A, are given by
p=p (t) and A;=8, ({). :

§8. Spherically symmetric tensors. Space-times tFl, ---, [K]
The line element of an S, is reducible to the form
dst = — A(r, t) dr*—B(r, £) (d6* +sin® 0d¢?) + C(r, t) dt, (8.1)

by taking a s.s. coordinate system and (8.1) is form-invariant under the
group of rotations G;. We shall call a tensor form-invariant under G,
spherically symmetric and first shall determine the general form of this
s.s. tensor. If we take

hy=i/A8%, h, =i/ B8, hy=i/Bsino®, h=,C8, (82

in this coordinate system, we have

1
for B = --sin¢$ 9,—cot § cos $d,: p} = —p; =cos¢/sind, other p;s =0,
2 !
for R =cos $3,—cot #sin ¢d,: p} = —p? =sin ¢/sin g, other p% =0, ‘(

and for I%Ea,,,: . pE#O.
(8.3)
. Then, if v ---:, is s.s, from (1.7) we have
Vxl cee o, T= Vxl fes 2y ('r, t) y Iy (V) EF&-—F% =0, (8. 4)

as the condition to be satisfied by v;, ---i,. By putting =0 and 1 we
have

v=v(1t), v,=a( ON+b0, ), (8.5)
where ¢ and b are arbitrary functions, and A, and g, are unit vectors
mutually orthogonal and are given by

)\'j == I/C—'5§ y My = 74/1?8} ’ . (8 6)

in this coordinate system. (8.5) is the general form of the s.s. scalar
and vector.!®

If we put

Wiy +oe iy == Viy *** i — Mi;Voi, s in—Niy (Viyois ++ in—NMiyVoois == in)— *=+ | 8.7
‘uil ce iy == Wiy coe i — i WALy ** i — iy ('wi;Afa o i i WAAGg * e in)"‘ cee f .
where an index A is the notation similar to the index o concerning g,
instead of A,. Then wj, ---4, is s.s8. and it holds that
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7\-il"'uil i, =0, I‘,aut'l iy =0, (60=1,:-,m). (8.8)

Hence we have:

lez"'zn ;0. U4xz "‘1nf—_0, (at =1:"'!4)’ (8'9)
and the second equation of (8.4) becomes .

= /‘_;7‘ /q\ r r}iH ﬂ,q,,\ = o P , 2 1, o _%; B’
C U;...;{ eefd == HeeoX e ; Keeex) /= N <p q )’
©€) Utonjpop=Usrzlpr)s (C) Ul =0, (4,5=72,3
i.e. two dimensional (C;) and (C,) respectively. Then in the same way
as in §3 we can easily prove that

Uy o2g = (A B p (1 8Dy (@, =2, 3), (8.10)

where A and E are two dimensional (i.e. in (0, ¢)-space) A and E. Hence
by using g,,—MM;—pu; and &,,M 4 (which coincide with ¢ and & respec-
tively in the (6, ¢)-space), we can prove

Vipoin =ty 5 &; Plas P =p(n 1), (8.11)

where (A, ---; p), is the similar notation as those in the preceding theorems.
Hence we have

Theorem [8.1] The general form of the s.s. tlemsor is given by
Ny s G5 €; P)ns Where p is a s.s. scalar and N, and p, are s.s. unit vectors
mutually orthogonal. ;

In the coordinate system of (8.1), p=p(r, t) and an example of the
pair of A, and g, is given by (8. 6). ‘

G¢, G, and G, coincide with G;. Hence we have
Theorem [8.2] The general form of the form-invariant tensor under Gy or
Gy or G is given by (N, 1, g, &; P), in [8.1]. '

Rurther using this result we can obtain
Theorem [8.3] The general form of the form-invariant tensor under G,
or G 7, °or G]z is given by (A 8 gy E; Pha 'where‘ p is a form-invarient
scalar and N, and p, are mutually orthogonal form-invariant vectors under
respective groups.

In a s.s. coordinate system )\, and g, are given by (8.6), and p in the
case of G, is given by p=p(r). When the S, is [J,] or [J,], if we take
the coordinate system in which the line element of (r, ¢)-space is given by
—A(t)drt+dt* or —dr*+C(r)dt*, p is given by p=p(f) or p=p(r)
respectively.
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The space-time [/] is composed of two two dimensional spaces i.e.
(r, t)-space and (0, ¢)space and both spaces are of constant curvature.
Hence applying [8.1] to these spaces we have

Theorem [8.4] The general form of the form-invariont tensor under G, is
given by (g &), -

By the investigations hitherto developed we have succeeded in deter-
mining the general forms of the form-invariant tensors in any S, starting
with the study of the tensors in the space-time [A]. But we may adopt
the converse process, namely we may start with the determination of the
general form of the s.s. tensors and then proceed to the case of each
individual space-time. }

Lastly we add that the curvature tensor of eachv space-time is form-
invariant under respective group of motions and this is also easily seen
from the fundamental equations for an VS;. ' ' |

§9. Form-invariant tensors under sub-groups

In this section, in view of the physical application, we shall treat the
form-invariant tensors under sub-groups of motions which keep the spatial
origin (#=y=2=0) invariant, in the space-time S,. This property is
characterized by £=0 in any s.s. ‘coordinate system and not necessarily
independent of the coordinate system. We shall consider the -problem in
the coordinate system in which B=r* holds and denote such a sub-group
by G'. Then we have G,/=(R and U); G,/=G,/=G,'=(E and T); G,/=G,’
=G,/ =G ’—-(R) Hence we have

Theorem [9.1] The general form of the form mvtmant tensors under G,
or---or G, is given by (A, 1, g, &; p). where p, A; and p, are the same
notations as those in the precedmg theorems cmd obtamed by solving (1.7) for
n=0 and 1.

- With respect to another sub-groups we can also determine the general
forms of the form-invariant tensors in the same way.

Part II. Parallel tensors in an S,
§10. Condition for the parallelism of tensors

In this part we shall determine the general form of the parallel rela-
tive tensor which is defined by
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Y iy in =0 - (10.1)

When i, --- 4, iS an ordinary tensor, multiplying (10.1) by A1 .. K, we
have , P o
ﬁz?vgvxl ot ‘?“ §70218Voxg »+2 o+ oo +VoragVay o+ 208 =0,  (10.2)
or f}lsVsVal R Ep} §7018F 8+ - +YpqeF2} =0, (10.3)
where oy = (Vi) BB = —Ypu | (10.4)

is the coefficient of rotation. Speciélly when v is a scalar, we have
v=const. -

When v is a parallel relative scalar of weight m, from y,0=0 we have
v=(g J"xconst. Hence if the solution of (10-3) is known, the general
form of the parallel relative tensor is given by multiplying it by (/g )™
as in the case of form-invariant relative tensor and accordingly we shall
deal only with the ordinary tensors again. Of course the results to be
obtained are independent of the special choice of the coordinate system
and iﬂ again. '

§11. Parallel tensors in S,

For an S,, if we take a s. s. coordinate system in which (8.1) holds
and choose 4’ as in (8.2), we have - ‘

Y212 = V313 = zBf/ZB‘/Z s Yag2 = V343 = ‘—-B./ZBI/CT ’ 7323 =tcot H/I/F ’ 1
Yir = —A/24°C s Vs =0C"/2C0 A s (Vusy = —Y4ay)» Other v's=0. |
’ (11.1)

When the S, is an S,, by taking the coordinate system in which B=#:
holds, the above ¥’s become

Va12 ==T313 =1/TV A s Vsas =2 COL O/7, 710 :‘_A/ZAl/CF y Ya1a=1C"/2C 4 , |
(Vapy = —Ygay) » other 9's=0. J
' (11.2)

and (10. 3) becomes: ‘
(a) arV+(iA/2V AC)M,(V)=0, (b) a‘V"'(iC,/Zl/E)_ M (V)=0, }
(€) 2V—(1/yA)Ls(V)=0,  (d) 3,V +(sin 6/} A )Ly(V)—cos 6L,(V)=0,

| | o (11.3)
where
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L) =S E %, M, (V)=Fi—F, (&,b,c=1,23). (11.4)
, ¢ i

Hence we have only to solve (11.3) with (11.4). Before doing this, how-
ever, we shall show the following lemmas concerning the operators L,
and M, :

Lemma [11.1] The following identities hold :

(i) (LaLb—LbLa)(V)=;Eabch (V); (i) (LaM,—M,L,)(V) = ZFWM (Vs
(iii) (M M,— M, M) (V)= E,,.L.(V). '
Proof. By the definition of L,

—~——

223344 |

T1)

v

L2L3(V) {V1 1)2 23 3,4 4—VI. 12 z)<3 34 A=V (1)(
(,

—Vu%mz 2)5.34.4—Vi.1( 2(3)2)3 344}, )

e (11.5)

where (a a), (4B, a==y; s is omitted in (11.5) for brevity’s sake) is the
@ o

sum of the s(s—1) terms obtained by operating ((x a) to (a - a) and is
(€]

symmetric in 8 and v when s>=2, and is equal to 0 when s=0 or 1. Using
the similar relations we can easily prove the identities.
As a corollary of this lemma we have

Lemma [11.2] M,(V)=0, (a=1, 2, 3), is equivalent to Fz=F".
Now we shall solve (11.3). The condition for integrability is

(e) (a—b") My(V)=0, (£) (a/y"A) MAV)—(1/) AY Ly(V)=0,
(&) (a/yV A)M(V)+(1/V A Y Ly(V)=0, (h) (0/)"A) M(V)—(1/y A Y L(V)=0,
(1) OV A)M(V)+A/VAY L(V)=0, (i) (1—A)Ly(V)=0,
where a=—iA/2,/ AC and b=—iC'/2)” AC.¥

(I) When A=1 and C'=0. In this case by a transformation of %, we
have C=1 i.e. Minkowski metric (the space-time is [B]) and it is evident

that the solution of the original equation (10.1) for (4.1) and (4.2) is
given by

Vi, -+ i, = arbitrary const. =3V, --- acnhli1 -'-vlf;i,, , (11.6)

a

where Vs, --- «, is constant and %, are four parallel unit vectors mutually
a o

orthogonal. Hence by putting %, as \,, we have

Theorem [12.3] In the space-time [B] parallel tensors are of the form
(x x, )», 7»),, where M are four parallel unit vectors mutually or thog(mal
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Though ¢ and & do not appear in the ahove expression, they are
c0nta1ned 1mp11c1t1y by virtue of .the identities g¢,=27ij;, and
zjlcl"“4' huhhkz:

(II) When A==1 and C’—_O (Hl) When A=0. By a transformation
of t, we have

8 = - A(r) dr® — 12 (d6* +sin? 0dP?) +dE? . (11.7)

We shall denote by [L] the space-time defined by this (11.7). Then from
(a), --- (d), we easily obtain (5.5} and (5.6). Hence we have

Theorem [11.4] In [L], the general form of the parallel tensor is given
by (\ g, &), where )\, is a parallel unit vector determined wuniquely to within
a constant multiplier.

A, =8¢ in the coordinate system of (11.7). The space-time of Einstein
universe [C] belongs to this [L].

In the case where (II,) A==0, or (II[) A=1 and C’=0, or (IV) A==1 and
C'4-0, using the lemmas [12.17] and [12.2], we can easily obtain (2.4) and
(2.5). Consequently we have V=(A, E), i.e. v==g, €),. Hence we havye
Theorem [11.5] In the space-time S, excluding [B] and [L] the geneml
form of the parallel tensor is given by (g, &), .

We shall denote this S; by [M]. Hence when the S, is an [M], there
exists no parallel tensor whose order is odd.

§12. Parallel tensors in S,,
Substituting B=const. into (11.1), we have
V323 =1COL 0/} 'B » M= '—A./ZAl/.F =01y Y44 = iC’/ZCl/Z = —by, {

'pry = _'Yﬂ“y y Other ')’,S - 0 . J/

(12.1)
So (10. 3) becomes

o,V =a,M,(V), 9,V=bM(V), 9,V =0, 9,V=(rcos/y B)L,(V).

(12.2)

From this we have V=V(r,t) and L,(V)=0, . (12.3)
and the condition for integrability of the first two equations is

(@,—b/)M,(V)=0, ie Kiyu¥M,(V)=0. (12. 4)

(I) When £=K;;""=0. We shall dencte this S,, by [N]. In [N],
since (7, t)space is flat, we have
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ds® = —dr*—B(d6* +sin® 6’dq§2)+dt'2 » (B =const.), (12.5)
by a suitable transformation of (v, ¢). Then as in §8, using L,(V)=0, we have

Theorem [12.1] In [N], the general form of the parallel tensor is given by
(s 25 G5 &), Where N, and u, are parallel unit vectors mutially orthogonal.
In the coordinate system of (12.5) we can take A,=8} and p,;=9].
(I1) When K;;*%0. From (12.4), we have M,(V)=0, so V=const.
again, and the equations to be solved are L,(V)=M,(V)=0. Obviously
the solutlons of these equations in (7, {)- and (6 ¢)spaces are given by
(A, E) and (A E) respectively, where A E; A E are two dimensional A
and E in the respective spaces. So, expressing this S,, by [O], we have
Theorem [12. 2] In [O], the general form of the parallel tensor is given
by (g, g, & &), where g.; and Zu are symmetric.parallel tensors linearly inde-
pendent, and & ; ond a ; are anti-symmetric parallel tensors linearly independent.
In the - coordinate -system of (8.1), a set of these tensors is given by

gu=--hA, g.,=hC, other g,=0; g,;=W'B, g;;=H'Bsin’4, other g,=0; |

&14=—&, =iky AC, other &,=0; &,=—&,=KBsind, other &,=0, f
| | | | (12.6)

where A, h', k and k' are arbitrary constants, and from this we have
gu = gij/h gij/h A 1 12.7)

Ei = {(Euem'*'&uew) (eiksjl+Ejl8ilc)+(8tlejlc+81k8il)}/kk, f

§13. Conclusion of Part II

Putting together the results of §11 and §12 we know that from the
standpoint of the parallel tensors, S,’s are classified into the following
five types: [B], [L], [M]; [N], [O], and the numbers of the linealy
independent parallel vectors are 4, 1, 0; 2, 0 respectively. The first three
belong to S; and the last two to S,;. If we use c.s. of the S, we can
easily express this classification in invariant form in several ways. An
example is given by

1 2 3 4 s ’
p=p=p=p= 0 e [B]
o when a c.s."whose o = =
S, other ones | o — z — 0 existsl® e [L]
S, other ones  eeeeeeeeenn [M]
1 2
S”Jp_i.‘lz) =0 e [N]
PHp==0 e [0]
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We can also obtain easily the relation between the above classification
and that obtained in (II) from the standpoint of the group of motions.

Lastly, we add that we can generalize the results obtained in this
paper to the case of the » dimensional s.s. space-time.

Research Institute for Theoretical Physics,
Hiroshima University, Takehara-machi,
Hiroshima-ken.

Notes
1) This paper is a continuatiom of (I) H. Takeno, Journ. Math. Soc. Japan, 3 (1951), 317;
(II) ——, this Journal, 16 1952), 67; (III) , this Journal, 16 (1952), 291; (IV) —, this
Journal, 16 (1952), 299; (V) ——, this Journal, 16 (1953), 497. See also H. Takeno, Prog. Theor.

Phys., 7 (1952), 317. The same notations as in these papers are used throughout the present paper.

2) Y. Ueno and H. Takeno, Prog. Theor. Phys. 7 (1952), 291.

3) See (II).

4) Throughout the present paper i, j, &, --- (=1, ,4) and «, 8, .-,p (==1,---,4) denote tensor
and scalar indicgs respectively.

5) Since the form-invariancy of a tensor under motion is preserved by the raising or lower-
ing of the indices, we can take covariant tensor without losing the generality.

6) Throughout the present paper we shall denote the scalar components of tensors by using
the corresponding capital letters.

7) For example,

» » » »
N~ T e, P
V(li-z-)l) g =Var. iz +Vinae++Viriaz e

8) (II); H. Takeno, this Journal, 11 (1942), 201. The same notations as those in these papers
are used in the present paper.

a b ¢ .
9 (T, S)=—-2k2E 4R +-2kAq U, where Eqyeq and Agy are scalar components of tensors ¢, Skl
(not tensor density ; 5"1234='/:§) and ag respectively.
10) For example the following identities hold :
Lis€impq = {£1:€)> mpq — BmED 1pa3+{&pEH qim — £q:iENH pim}
£10:87) mpg — &m1€) ipg = &pi€mI ¢iJ — £qi€m3 piJ = Letoq) Jim — &5p€q) ¢im
11)  &gp -er 4480 - g4=4! &ri10dy ** &ig) j42 -
12) H. Takeno, this Journal 11 (1942), 229.
13) The invariant definition of a s.s. scalar using c.s. and introduced .in (I) is somewhat

different from that given here. In the standard coordinate system for the c.s., however, both
coincide with each other.

14) If we express these equations by using the components of the curvature tensor, we have;
(€ tM; =0, (£ i,/T YMz~/A al3 =0, (&) iy/T tMst, /A «Ly =0,
(b) i/A 8My+-/C YLy =0, () /A 8M3~/C YLz =0, () nL; =0,
where the operand V is omitted for brevity’s sake.

15) Strictly speaking this means ‘(L) is characterized by the existence of a c.s. whose
s==g=g=0 and when this condition is satisfied this relation holds for all c.s.’. The condition

4 4 3 4
o=5=k=:0 can be replaced by o=p (F), p+20=:0 where F is the scalar introduced in (I).
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