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The basic idea of the analysis of variance1> consists in dividing up 

the sum of squares about the total mean into sums of squares according 
to some scheme based on the design of experiments. These sums of 
squares are independent quadratic forms and provide tests for various 
hypotheses about means. It is our purpose to investigate this decomposi
tion from a formal point of view. 

For any given classification ~ the corresponding sum of squares Sm: 

between classes is a quadratic form with a projective matrix. This leads 
us to associate a projective operator Pm: with Sm: such that II Pm:x Jl2=Sm:. 
In like manner a projective operator Pm:!B is associated with an interaction 
variance Sm:!B of type ~. ?B. In this paper various properties of these 
operators will be investigated. 

1. In this section we shall define classifications and projective operators 
associated with them. Let I be an index set of N elements, say, 1, 2, ..• , N. 

Let A, B, ... stand for non void subsets of I. ~=(A_, A2 , ••• A,.) is a 
classification of E when A, are disjoint and E=~ A,. Each A, is said to 
be an ~- class. If ~ consists of only one ~-class, then we shall say that 
~ is trivial. n A denotes the number of elements contained in A. · ~ is 
called regular when n A, is independent of i. 

Let x1 , x2 , ••• xN be independent random variables with normal distribu
tions having a standard deviation 1. The sum of squares Sm: between ~
classes is given by 

(A,)i (E)i 
~ nA, - nE' 

where (A) denotes ~ xj. We consider an N-dimensional Euclidean space 
iEA 

RN. With each A we associate a vactor eA whose i-th component is 1 or 
0 according as i E A or not. Let PA denote the projective operator whose 

1) Cf. R. A. Fisher [l]. The numbers in square brackets refer to the list of reference at 
the end of this paper. 
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range is the subspace spanned by eA. If we put 

p = ~ p At - p Fl • 

(Vol. 16 

then P,ii is projective and Ii P5i1x 11 2 = S>Jl' where x is a joint variable 

(Xi, X2, .•• , XN)• 

2. Let ~ be a variable vector in RN. Let m=(Ai, ..• , A,.), ~=(B1 , 

... , B,,.) be classifications of E, E' respectively. After some calculation 

we have 

( 1 ) 

where <I>(An BJ)= nAiBJ - nAtE' - ~nEBJ + nEE?_, and (E, es) denotes 
nA,nBJ nA,nE, nEnBJ nEnE, J 

the inner peoduct of ~ and eBJ· 

We say that m, 5B are orthogonal and we write J_(m, ~) when P5i1PlB=0 

or equivalently Sfil, SlB are independent.2> It follows from (1) that m, 5B 

are orthogonal if and only if 

( 2) 

We note that if E=E' holds, <I>(A0 BJ) reduces to nA,BJ - 1 This 
nAinBJ na 

remark gives 

THEOREM 1. Let m, 5B be classifications of E. Then m, 5B are orthogonal 

if and only if 

( 3) nAfl}_l_ = 1 
nAtnB; nFJ 

Next consider the case ECE'. Let 5BI\E stand for the classification 

consisting of EB J such that EB J'=l=O. It is not hard to show 

THEOREM 2. Let fil, 5B be classifications of E, E' respectively. If ECE', 

then P'JlPlB=O if and only if P5i1P)BAE=O. 

3. Here we shall be concerned with the conditions under which P,ip 

PlB are commutative. Given classifications m, 5B of E, mis a sub-classifica

tion of 5B when any m-class is contained in some ~-class. Notation ~<m. 
THEOREM 3. Let m, 5B be classifications of E. P,ip PlB are commutative 

if and only if there exists a classification (£:=(Ci, ..• C1) of E such that 

P 'Jl /I c", P lB (\ Ct are orthogonal. If this is the case, then P 'Jlp 'E, =Pf.£ holds. 

2) Cf. T. Ogasawara and M. Takahashi [l]. 4, Theorem 3. 



1953) ORTHOGONALITY RELATION IN THE ANALYSIS OF VARIANCE I 

Proof. Necessity. PIJ1Pm=PmP'iJl gives 

( 1 ) ~ (~. eBJ)<I>(Ap B ;)e A = ~ (~. e A )<I>(A;, B ;)eB ' 
i, j i - i, j i J 

which implies 

(2) n AtBJ' = n AttBJ_ 
nAtnBJ' nA1,nB; 

We write A,-A1, if A 1 , A 1, • intersect the same 5B-class. Then (2) will 

show that "-" is an equivalent relation. Let C.41 be the union of 'll-classes 

equivalent to A;. In like manner we define C BJ· It is easy to verify that 

C Ai=C BJ is equivalent to A,B1=t=0. Let {;£=(Ci, .•• , C 1) be the set of 

different CA;. It is obvious that (;£ is a classification of E. Then (2) gives 

( 3) nAB l 
t j =--

nA;nB, nck 

which implies J_ ('ll A Ck, 5B A Ck). 

SutficienC'IJ. We can write·P'iJ1=~P'iJl"ck+P<£, Pm=~Pm"ck+P<£. 

Hence it is easy to see that P'iJrPm=P<£. 

Let a('ll) stand for degrees of freedom of S 'iJl. Theorem 3 gives 

THEOREM 4. Let. 'll, 5B be classifications of E. Then P'iJ1Pm=P'iJl is 

equivalent to 'll~5B. If this is the case, then '2{=5B holds if and · anly if 

d('ll)=d(5B) holds. 

Let P, Q be projective operators. We wrte P<Q when PQ=P. 

In like manner the following two theorems can be proved. 

THEOREM 5. Let 'll, 5B be classifications of E, E' respectively. Suppose 

that ECE' and E' -E=t=0. If the1·e exists a 5B-class intersecting both E and 

E'-E, then P~!' Pm are commutaive if and only if P~1Pm=0. Otherwise 

P IJ1, Pm are commutative if and only if P \J!' Pm" E are commutative, and 

when this is the case, we have P\J1Pm=P\J1Pm"E' 

THEOREM 6. Let 'll, 5B be classifications of E, E' respectively. Suppose 

that E-E'=t=0, E'-E4=0. Then P~1, Pm a.te commutative if and only if 

P\JrPm=0. 

4. In the sequel we shall be concerned with classifications of I. If, 

for any given 'll, ~. any 'll-class intersects each 5B-class, then the classifica

tion consisting of classes· A 1B; will be denoted by 'll A 5B. In like manner 

we define '?{1 A 'll2 A .•• A 'lln when such an intersection property holds. 
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DEFINITION. &u &2 , ••• , &,, are said to be orthogonal when 

(I) 
nA<l)A(2) A(n) I 

i1 '2 ·•• in __ _ 

nA<l)nA<2) nA(n) - N"- 1 
'1 i2••• in 

holds. Notation J_ (&u &2, ••• , m,.). 
DEFINITION. &i, &2 , ••• , &,, are said· to be regularly orthogonal 

when &1 /\ &2 A·:·/\&,. is well defined and regular. 

It can be proved that &_, .;. , . &,, are regularly orthogonal if and only 
if each mv is regular and J_ (&i, &2 , ••• , &,,) holds. We remark that 
regularly orthogonal classifications corresponds to ordinary n-way 
classifications in the analysis of variance. 

LEMMA 1. J_(&1, &2 , ••• , &,.) is equivalent to that J_(S/l1 , &2 ), J_(&1 /\ &2 , 

&3), ... , and i. (&1 A &2 A .•• A &,._u ~) hold. 

LEMMA 2. J_(&u &2 , ••• , &,.) is equivaleut to that J_(&1, .•• , &v), j_(&v+l' 

..• , &,.) and J_(&1 A ..• A &v, ~v+l A .•• /\ &,,) hold. 

LEMMA 3. J_ (m1 , m2 , ••• , m,..) implies J_ (mi, m2 , ••• , m1,) for any P<n. 

LEMMA 4. J_ (mp m2 , ••• , m,.) and ?Sv < m:p, P=l. 2, .•• , n imply J_ (SSu 

?82, ..• ' ?S,..) .. 

LEMMA 5. J_(m10 &2 , ••• , m:,..), J_(?S1, ?B2 , ... , ?Sq) and ?81 A ... A?Bq 

:C:::.&1 /\ .•• /\ m:p imply j_ (?S_ ••• ?Bq, mp+1 .. ,&,.). 

These lemmas are immediate from the orthogonality condition (1). 

LEMMA 6. Let J_ (&, ?S), J_ (&, Q::) hold. Then P 51l I\ \J3p~l 1• C£=P51l if 
and only if J_ (m:, ?S, Q::) holds. 

Proof. It follows from Theorem 3 that P 51r I\ \J3P 51l /\ C£ =P 511 is equivalent 

to J_ (A, Am, A, A Q::), i=l. 2, ··~, .that is, J_ (&, ?B, Q::). 

When P 51r, P'i3 are commutative, Q:: as stated in Theorem 3 will be 

denoted by & v ?S. By the same way as in Lemma 6 we can prove the 
following two lemmas. 

LEMMA 7. Suppose that. J_ (S/l, ?S), and ?Si, ?82:c:::.SS hold. Then the 

following conditions are equivalent : 

( i ) P 'i3i, P 'i32 are commutative. 

( ii ) PI}! A 'i3i, P 'i3z are commutative. 

( iii) Pm t. 'i31 , Pm I\ 'i32 are commutative . . 

And any one of these equivalent conditions gives Pl}I I\ 'i3iPIJ3 2=P'i31 v ~ 2 and 

Pm I\ ~1Pl}r "~2=P& "1~1 v ~2J • 
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LEMMA 8. Suppose that _l cm, >B, I'£), and 1'£1 , C£2 s.C£ hold. Then the 

following cond,itions are equivalent : 

( i ) Pa: , Pa: are commutative. 
\U,1 ~2 

(ii) PmAI.BAl£ 1 , Pm;\1£ 2 are commutative. 

(iii) Pm 1, !B ;\ 1£ 1 , Pm;\ !B" 1£ 2 are commutative. 

And any one of these equivalent conditions gives P~l ;\ 1.5 ;\ 1£ 1 ; Pm;\ 1£ 2 = 
pm A ( I£ l V I£ 2) and p ~l A l.5 A I£ l ~l A !B A I£ 2 =P ~I A l.5 A ( (£ l V (£ 2) • 

5. In this section we shall define interaction operators associated 

with interaction variances. Let __L (m, >B). The interaction variance of type 

m, >B is, by definition, given by Sm;\ 1.5--S~1-S1.5 to which corresponds an 

operator Pm;\1.5--P~1-P!B.It is a projective operator P~l!B' which we call 

the interaction operator of type m, ~- It is clear that II P~vBx l\2 =S~l1.B· 

Denote by d(m>B) the degrees of freedom of S~II.B' then we have3' 

d(m>B) = trace (Pm;\ !B-Pm-P1.5) 

= {d(m)+ll {d(>B)+l {- -1-d(m)-d(>B) 

=d(m)d(~). 

In like manner we may define interaction operators with many factors. 

For example, let __L (m, >B, I'£). Then the relation S~Il.51£ =S~l ;\ 1.5 ;\ 1£--Sm!B 

-S!B1£ -SI£ ~x-S~x-S!B-SI£ leads us to define 

Pm!BI£ = p~l ;\ !B ;\ 1£ -P~{!B-P!B~ --P 1£ ~1-Pm-P1.5-P(£ 

=Pm;\ !B ;\(£-Pm;\ !B-P1.5 ;\(£-Pl£;\~{ +Pm +P1.5 +Pl£' 

which is seen to be projective by Lemma 6. 

Interaction operator P~h~h .. •mn, n>l, is said to be of order n-1, and 

is only defined for __L cm1, m2 , ... , mn). For the sake of completeness we say 
that classification operators are interaction operators of order zero. 

Without difficulty we can prove 

THEOREM 7. Let __L (m11 m2, ... , m.,) hold. Then we have 

( i ) II Pm1~h .. ·~lnx 112 = s~h~rz ... ~r .. . 

c ii ) d(m1m2 ... m.,) = d(m1)dCm2) ... d(m,.). 

(iii) Pm 1 ~12"'~ln is a projective operator and Pm 1 ;\m 2 ;\ .. ,;\~l .. 

is the sum of all interaction operators of ord,er from O to n-1 with factors chosen 

3) Cf. T. Ogasawara and M. Takahashi [1]. 3, Theorem I. 
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f?•om mi, ... , m,., and these interaction operators are mutually orthogonal. 

(iv) Let P be a projective operator. P<P11hmrl1l,. is equivalent to 

p P1112 11 l}ls /\ .. ,l]l,. = o, p pl}h I\ \}fa I, ·••mn = O, ..•..• ' p P111i t l}lzll ···11ln-l = 0 and, 

P<Pl}h I \}lz /\·••II l]l,.· 
( v) In case (iv), P=Pl}l1 l1lz---l1l,. if and only if trace (P)=d(m 1)d(m2 ) •·· 

d(m,.) holds. 

(vi) Pl1lil1lz···l1h(IJlP+l 11 ... 11 l}l,.) is the sum of all interaction operators with 

at least p + 1 factors chosen ft·om mi, ..• , m,. and containing mu ... , mp. 

_ It is noted that (ii) of this theorem implies that Pmil1lrl1ln=0 occurs 

if and only it one of mu ..• , m,. is trivial. 

THEOREM 8. J_(m11 m2 , ••• , m.,) and >Bp<mp, P=l. 2, ..• n, imply Pss1132 ... ss,. 

:s;:p 12li ··· 11lz·•• \}l,. • ' 

Proof. It suffices to show that PIJli·--IJl .. -i!Bn <PIJli··· IJln' Since J_ (m1, 

..• , mn-i• >8,.) holds by Lemma 4, Theorem 7 gives Pm 111 ... 11121,,_1PIJli--·IJl,.-i1B,. 

=0. Put men= ml/\ ... /\ m!-1 /\ m!+l /\ ... m,._l. Owing to Lemma 8 and 

Theorem 7 it is easy to see that 

p IJli 11 ··· 11 IJl;-1 11 l}l!+l 11 ··· 11 l}l,. p 11h IJlz··· IJln-1\Bn 
-P (P P' ) - 1Jl<1)111Jl,. 1Jl<')111Jlt11\B,. IJli···IJln-1\Bn 

= (P l}l(i) /\ 121,.P l}{<i) ,\ l}li /\ \B,.)P IJh ··· IJln-1\Bn 

= pl}l<1>t, ss,.Pl]l1 .. ·l2ln-1 IEn 

=0, 

which completes the proof by Theorem 7. 
6. As R. A. Fisher observed4J, if each factor in factorial experiments 

is tested at two levels, any interaction is a classification. We shall show 

that the converse is also true. For this purpose we need 

LEMMA 9. P(I,~PIJli··· IJl,. implies d((£)<d(S[{1), ... , d(S[{,.). 

Proof.· In order to prove this lemma we suppose that d(m1)>d(~l2)~ 

00 •;;2:,d(m,.). PIJli"···"IJl,.~PIJli···IJl,. implies (£:s;:S[{~A·•·A~l,., so that, by 
Theorem 7, P 12h"·••IIIJln-iP(1,=0,that is,-J_(S[{_, ..• m,._p (£). Hence it follows 
that Sle1 A··· A Sle,,_1 A(£< Sle1 A··· A S[{nt so that {d(Sle1) +1 l · ·· { d(Sle,,_1)+ 1 l l d((£) + 1 l 

,;;;;;;;,{d(SlCJ+ll ··· ld(m,.)+ll which implies d((£)<d(Sle,.), completing the proof. 

THEOREM 9. Suppose that no S[(p, p=l, 2, •··, n is trivial. Pl1h·••l}l,. is 

a classification operator P (£ if and only if S[{11 ••• , S[{,. are regulerly orthogonal 

and d(Slep)=l, P=l. 2, ... , n. 

4) Cf. R. A. Fisher [1]. 112. 
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Proof. Necessity. Theorem 7 and Lemma 9 give 

d(@:) = d(?l! )d(?!!2) ••• d(?l!,.)::?:d(@:)", 

which implies d(@:)=d(?l!1)= •·· =d(?!!,.)=1 since by hypothesis, d(?l!p)>O, 

p=l, 2, ... , n, holds. We may now set ?!!1,=(AY'\ A.~v)), P=l, 2, ..• , n and 

@:=(Ci, C2 ) where A1nA12) ... At)CC1. Then C1 will be the union of terms 

with positive sign in the expansion of the formal product (A11)-A~1)) •·· 

(A1")--A~")), and C2 the rest. Orthogonality relation in Sec. 4 (1) shows that 

nAo,nAc2, Acn, = NnAc,., Ac .. , = Nnc A<2J A<n> = nc nAc2J A<nl 
l l'"l l'"l 11•··1 1 1'"1 

and 

nAconAc2>A<a> Ac,,'= NnAc1>Ac2>Ac~, A'"'= Nnc Ac2JACa> Ac.,, = nc nAc2'A'3' A'"'• 2 2 1·••1 2 2 1·••1 12 l"'l 1 2 1·••1 

which imply nA11,=nA~ll, that is, ?!!1 is regular. The same will be true of 

each ?l!p. 

Sufficiency. Put ?l!P=(A1P), A~")), and difine @:=(Ci, C2 ) as above. Then 

it is clear that nc1 = nc2 = ~ and d(C£) = d(?l!1 •·· ?!!,.), which imply 

nAill--·Ai"-llc1 l · 1 (N)" N ---~-~- = ~- smce nA<n A<n-1>c = nA<ll A<n> = --- X = -
n Ap>·••n Ai"-1>nC1 Nn-1 i '." i i i .•. i Nn-1 2 2" 

holds. This and similar relations show that PC£ is orthogonal to P 1212 /\ ••. /\ I)!,.• 

•··, P 12ri,\ .. •/\l){,._1. Owing to Theorem 7 we obtain PC£=P12h .. ·1Jl,.· 

COROLLARY. Suppose that no ~P' P=l, 2, ... , n is trivial. If Pl}{i- .. l]I,. 

i~ a classification operator, then so is also for P\Jh ···\Jlp' p<n. 

THEOREM 10. Suppose that _L (?l!i, ... , ?!!,,, >B, @:) holds. If PIJ:3C£ is a 

classification operator P'i:J• then Pl}{i---l}l,.ISC£ =Pl}h- .. l]l,.'!l' 

Proof. We may suppose that none of >B, @: is trivial. Lemma 5 implies 

J_(~1 ... ?l(,., ~)since ~~>BA@: holds, so that by Theorem 7 Pm1 ... 1]l;,~Pl){r••l){;,'!l= 

Pmr•· 1Jl,.C£Pl)I1 ... 111 ,.SD=0. Hence also by Theorem 7 P\Jh···\Jl,.~~~Pm1 ... 121 ,.SD 

which implies P\Jh···\Jl,.ISC£ =P\Jh···\Jl,.'!l since d(?!!1 ... ~ .. >B@:)=d(~1 ... ~~) holds. 

When P\Jh• .. l]ln =Per holds, we shall say that ?!! 1 •·· ?l!n is a classifica

tion. Thus the result of Theorem 10 will be written as Pl}h•--1Jl,.ISC£= 

pl1h--•l}l,.(~C£l · 

COROLLARY. Suppose that _L (?!!, · .. mn, >B, @:) holds ancl >8@: is a 

classification. If @: is not trivial, then Pl}lil}l•··\Jl,.(IS(S;J(,\ =P111i12r 2 ••• 1J{,.IS • 

Now' assume that ?!!11 ?!!2 •·· ?!!,. is a classification and no ?l!p is trivial. 
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Then repeated use of Theorem 10 and its corollary gives5) 

Pmr .. l]ln = p(l}h• .. l]lp)(l}lp+1"'•1}ln)' 

pl}l1· .. 1]X91}{q+1• .. 1]ln = p(l}h•••m9••,l}lq)(l}l2>+1• .. l]l,.) • 

(Vol. 16 

7. Let J -(1, 2, ... , N) and I' =(1, 2, ... , N') be two index sets, and 

Ix I' their product, that is, the set of(:\., µ,), :\. E J, µ,EI'. Let fil=(A , ..• , A,,) 

stand for any classification of I. Put At={(:\.,µ,); :\.EA.}. Then ~= 
(A, ..• , A,,), becomes a classification of lxl', and we have P.m=Pl}1@P1,, 

where @ mean Kronecker product. In like manner ~' is defined for any . 
classification ~' of I', and P~1=P1 @P.~!Y • It is easy to see that~~' are 

orthogonal and Pw:IJ5,=Pl}1@Ps:B,, and J_ (~'. ~") implies J_ (~, ~'. ®') and 

P~n!Vis"=Pm@PfB'fB''· @ multiplication is bilinear with respect to both 
factors. This leads us to the following theorems. ,, 

THEOREM 11. Suppose that J_ (fil1 , ••• , fil,., ~). Then Ps:B = ~ Ps:Bt 
p 

implies P ..,, ..., ..,, 1-u= '1 P ..,, ..,, ro • 
'Ul •~2"" cun'<.J "I"' <H ... cun'<.Ji 

Proof. Since J_ (fil i, ••• , ~ ... ~). ~,.S:.~ and J_ (~ 0 ~J), i=t=j, hold, 
it follows by Lemmas 2, 4 and Theorem 7 that J_ (~1 , ••• , fil,,, >St, ~J), 

Pmi•••l}I,,s:B~pl]h- .. l]I .. fB,' and Pl}fi- .. l]I,.s:BtPm1 .. ,l}f,,\J3;=O for i=t=j. While d(1B)= ,, 
~ d(1S;) implies d(fil1 •·· filn~)= ~ d(fil1 •·· fil,.1S;), Hence we must have the 

1 

conclusion. 

By the same way we can prove 

THEOREM 12. Suppose chat J_(~u ···, filn, ~. {t). Then Ps:B[ = ~ PSD, ,, 
implies P\]Xi•••l}l,.s:B[ = ~ Pl}h-••l}l,.SD,. 

This theorem gives a method, as R. A. Fisher used6) in factorial 
experiments, to decompose an interaction into classifications. 

8. In this last section we shall establish further properties of interac

tion operators. For the sake of simplicity we shall be concerned with 
interaction operators of order at most two. 

THEOREM 13. Suppose that J_ (fil, ~), ~ 1 , 1S2 <~ and PIJ3i' P1,3 2 are 

commutative. Then P ms:B1P l}l IJ32 =P l}{(IJ31 v IJ32J • 

Proof. By using Lemma 6 we obtain 

pl}lf81p ms:82 = (P l}l /\ s:81 -P l}l-Ps:81) (P l}l ,. s:82 -P l}l -Ps:B) 

= pl}l /\ fB1pl}l /\ s:82 -Pl}l-P\Jl A fB1pfB2 -Pf81pl}l /\ s:82 +Ps:B1ps:B2 

5) Cf. R. A. Fisher [IJ. 113. 
6) Cf. R. A. Fisher [1]. 122. 

-464":-



1953) ORTHOGONALITY' RELATION lN THE ANALYSIS OF VARIANCE I 

=Pm A (m1 v?S2)-Pm-Pm1 V ?S2 -Pm1 V !82 +Pm1 V m2 

=Psix(?S1v?S2J· * 

THEOREM 14. We mtppose d(~)>l. Then PSJ1mPsix<£ = 0 implies 

j_ (~. ~. 1£). 

Proof. PSJ1!vp~l<£ =0 is written as 

C 1) Pm r. mP~1 r. <£-P'}l =P'}t r. mPcc;, +P~P '}1 r. r.t,-·PmPf£ • 

After some calculation it follows that 

Equating the coefficients of eA,BJ 

in (2), (3) gives 

(4) ~(E, eA,c)¢<.i, j, µ) N_=~(E, eA>-c)¢(">.,, j, µ)+~(~,ec)¢(i, j, µ) 
' nA, >-, v v v v 

- ~(~. ec) Nl <I>(B1, Cv). 
V V 

Put ~=e Atck• then ( 4) gives 

( 5) (~. --2)¢(i, j, k)+ i <I>(B1, Ck)= 0 

Similarly ~ =eA E , i'=l=i, gives 
i 1 k 

(6) 

And for i"=l=i, i' we obtain 

( 7) 

(8) 

¢(i', j, k)+¢(i", j, k) = {-cf.J(B1, Ck) 

¢(i", j, k)+¢(i, j, k) = 1- cf.J(B1, Ck) • . 

From these equations (5}-(8) we obtain ¢(i, j, k)=O so that J_ (~. ~. 1£), 

completing the proof. 
From the proof of the above theorem it is easy to see that when 

d(~)=l. PwBP'}rn, =0 is equivalent to the following 
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(n:
2 
-2) ¢(2, j, Te)+ -t- <fJ(B 1, Ck) = 0 . 

Hence we have 
THEOREM 15. Suppose that J_(Sll, ~) and ~ 1 , ~ 2s~. A necessary and 

mtffi,cient condition for P1Jrn1Pl)ll32=0 is that J_(Sll, ~~• ~ 2) holds, or J_(~ , ~ 2) 

and m is regular and d(Sll)=l. 

THEOREM 16. Let d(Sll)=l. If m is regular, then Pm![Pl)H£ =0 holds 

if and only if J_ (~. <£) holds. If J_ (~. <£) holds, then Pl)l!BPl)rn; =0 holds 

if and only if J_ (m, ~. <£) or Sll is regular. 

THEOREM 17. Let Sll, ~. (£ be not trivial. Then Pl)ll!'' PmfJ.,• Pi£m are 

mutually orthogonal if and only if J_ (Sll, ~ •.. <£) or m, ~. C£ are regular and 

d(Sll)=d(~)=d(<£)=1. 

THEOREM 18. Suppose that Sll A ~=Sll A(£ holds and 1wne of Sll, ~. (£ 

is trivial. Then Pl)l!B Pl){fJ., =0 is equivalent to P\Jr=PmfJ.,. 

Proof. Necessity. m /\ ~=Sll A(£ implies d(~)=d([). While by defini

tion PIJI" m =Pm" fJ., = PIJI +PfJ., +Pm~ which implies Pl)rnsPfJ., since 

Pl)1Pl)f!B=Pl)lfJ.,pl)llS=0. Hence, it follows from d(Sll~)~d((t) that PfJ.,=Pl)l'fS 

or equivalently Pl)l =Pm<1 • 

Sufficiency. PmmPIJits: = PfJ.,Pl)lfJ., = 0. 

COROLLARY. Suppose that Sll /\ ~sSll A[. Then PIJimP\Jrn:=0 is equi

valen to P l)f!B <P ~. 

THEOREM 19. Let Sll be not trivial. Then Pl)l\E~pl)lfJ., implies ~~(£. 

Proof. P\Jrn~Pl)lfJ., implies PmPIJlfJ.,=0 and Pl)l"lBPl)lC£=Pl)rn• Now 

PmP\JlfJ., =0 is equivalent to PmP\Jl 1, fJ., =PmP~, or 

(1) 

which implies 

that is, 

(2) 
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This shows that B Pk=t=-0 implies A;B pl<=pO. While Pm: 11 ~P ~rn; =P~H£ is 

written as P12l 11 'f:>p ~l II C£ -P ~l 11 '13P cs: =P ~l II cs: -P cs:, or 

( 3) 

If we put E =e Ate~ in (3) and make use of (2), then it follows that 

( E.- -1) nB;c. = ( N -1) __!_, or nB;c =ns;• that is, B;CCu completing· 
n A;. nB;nC1c n At nc. k . 

the proof. 

COROLLARY. If %C is not trivial, then P~i'13=P~rcs: implies >8=~. 

THEOREM 20. Let m, >8 be not trivial and suppose that %( /\ >8=~ /\ SD 

holds for the case d(%f)=d(~)=l. Then P~l'13 Pcs:'IJ implies &=[, >B=SD or 

%C=~. ~=[. 

Proof. If A1B1C1D1=1""0 holds, then equating the coefficients of eA1s 1c 1n1 

in both sides of P m:mE=P cs: 'IJE gives 

( 1 ) 

(2) 

Then (2) implies nA1=nc1 , ns1=nn1 or nA1=nn1 , ns1=nc1 ,. so that 

n A1B1 =nc1D1 holds. 

Case 1. One of %(, ~ is not regular. 

We may suppose that >8 is not regular. Consequently for any A1 we 

can choose Bu Cu D1 such that A1B1C1D1 =pO and nA1 =pnB1 • In order to 

prove the theorem we may suppose that nA1=nc1 , ns1 · nD1 • Then (2) 

gives A1-B1=C1-D1t B1-A1=D1 -C1. If (n:1 -1) (~1 -1)*1 holds, 

then (1) gives A1B1 =C1D1. Hence we must have A1=Ci, B1=D1. Next 

consider the case (ii,~~ 1) (~~ -1 )=1. Since A1B1=C1D1 implies A1=Ci, 
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B1=Du it is sufficient to consider that A1B14C1D1, Now nA1B1=nc1n 1 

implies A1B1-C1D1=!=0, C1D1-A1B1=J=0. Choose A2 , B2 such that 

A2BiC1D1 -A1B1)=J=0. It is easy to see that A1A2=B1B2=0. By the same 

argument we have nA2=nn1, ns2=nc1 and A2- B2=D1-C1, B2-A2=C1-D1, 

Then (!i__ -1) (-/11_- -1)=1 implies nA +nA =N, so that fil=(A10 A2), 
nA1 nA2 . l 2 

~=(B10 B2). Similarly we define C2, D2 and :we shall have A1-B1=D2-C2, 

B1-A1=C2--D2 and <£=(C1, C2), ~=(Du D2). It follows from these that 

A1B2 =C1D2 and A2B1=C2D1. Since A1B1-C1D=!=10. C1D1-A1B1=tc0 imply 

A1B1C2D2=1=0, A2B2C1D1=J=0 and fill\~=<£/\~ holds, we must have A1B1= 

C2D2, A2B2=C1D1. Then it follows that A1=A1B1+A1B2=C2D2+C1D2=D2 

and B1-B1A1+B1A2=C2D2 +C2D1=C2 • Hence we obtain~=~ and ?8=<£. 
Thus any Slr-class is a <£ or ~-class. Since any <£-class intersects 

each ~-class, we must have Sl£=<£ or Slf=~. Then corollary of the preceed

ing theorem shows that Sl£=<£, ~=~ or Slf=~, ?8=<£. 

Case 2. Both Sl£ and ~ are regular and d(Slr)=!=d(?S). 

The proof for this case will be done as for Case 1 and so omitted. 

Case 3. Both Sl£ and ?S are regular and d(~)=d(~)=l. We may put 

Slf=(A1, A 2), ?8=(B10 B2), <£=(C1, C2 ), ~=(Du D2) and assume A1B1C1D140. 

Then (1), (2) give A1B1 +A2B2 =C1D1 +C2D2 • One of A1B10 A 2B2 coincides 

with one of C 1D1, C2D2 , since Sl£ A~=<:£/\~- The same is true of pairs 

A1B2 , A2B1 ; C1D2, C2D1, Thus we obtain that Slf=<:£, ?8=~ or Slf=~. ?8=<:£. 

Case 4. Both Sl£ and ~ are regular and d(~) = d(~) > 1. 

Since ( N -1) (!i__ -1) > 1 for any A 3, BJ' it follows from (1), (2) 
nA1- ns, . 

that A1B1 =C1D10 d(Slf )=d(~)=d(<:£)=d(~) and <:£, ~ are regular. Hence we 

obtain Sl£ I\~=<£ I\~. which implies 

( 3) 

If any Slf-class intersects each <£-class, then orthogonality condition will 

hold for Slf, <£. And multiplying both sides of (3) by P 121 will give 

P 121 =PIJ1.P'I:!, that is, Slf <~. Then d(Slf)=d(~) implies Slf=~ ?8=<£. Thus 

we may assume that there exist At and C1c, such that A 1C1c,=O. Take C~ 

intersecting A 0 then there exist BJ, D,,, such that AjB;CvD,,,=4=0. The equa
tion (1) for these classes gives A,BJ=C.D,,, and A,+BJ=Cv+D,,,. First con

sider that A;Cv-A,BJ=l=O holds. Then there exist B1,, D,,., such that 

B1,D,,,,(A,Cv-A,BJ)=!=O. Hence it follows from A,B;,=CvD,,,, that BJBJI= 
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D,.D,,.,=0 and A 1 +By=C,+D,.,, so that we obtain At=(A1 +BJXAt+BJ1)= 

(C,+D,.)(C,+D,.,)=C.. Next suppose that A 1C.=1=0 would imply an existence 

of BJ such that A 1B J = A,C,. Then it follows from the relation 
_ _ N _ Nd(W.) N 

nAtCv -- nA1BJ - -{d(W.)+1}2 that nA1 -~ nA,Cv:s;;:_ fd(fil)+l!2<d(fil)+l nAt' 

which is a contradiction. Thus we have shown that A, is a (£-class. 

Therefore any W.-class does not intersect some C£:-class. This implies by 

the above argument that any W.-class is a (£-class, that is, SJl.=(£. Then 

(3) implies ?8=~. 

THEOREM 21. Let W., ?S be not trivial. Then PIJr~=PIJ{C£~ implies 

?B=(£~. 

Proof. For any given C1, D1 we take Ai, B1 such that A1B1G1D1=!=0. 

Then taktng account of the coefficients of e AiBiCiDi in both sides of 

Pw1i=PIJIC£'Ii we obtain 

( 1 ) 

Hence we obtain 

which implies !'!__= N =2, so that <£, ~ are regularly orthogonal and 
nc1 nv1 

cl(<£)=i(~)=l. Then Theorem 9 shows that <£~ is a classification. By mak

ing use of Corollary of Theorem 19 we obtain ?8=~~. completing the proof. 

THEOREM 22. PIJr=P~+PC£ implies that >B or ~ is trivial. 

P100£. >S, ~<W. implies ?SA (£<SJX. Hence we obtain that PIJ1?.P~ (\ (£ = 

P~+PC£+P~C£?.PIJl' Therefore it follows that P~C£=0 that is, >Sor(£ is 

trivial. 

By using Theorem 19 we have 

COROLLARY. Let W. be not trivial. Then Psir~=PIJl~i +Psi1~ 2 implies 

that ?81 or ?82 is trivial. 

THEOREM 23. Let W., W._, W.2 , W.3 be not trivial. Then Psi1-PIJh +Pm2 + 

PIJh implies that W.=W.1 A W.2 and W.3 =W.1W.2 • 

-469-
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Proof. we may suppose that d(~1)~d(~2)2.cv(~3 ) holds. Since ~1, ~2~~ 

holds, it follows that ~ 1 /\~2 ~~. so thatweobtainPm2.Pm1 +P11rz+PIJh\Jh 

which implies P 11h~P\Jh\Jl 2 • Then we must have ~ 3 =~1~ 2 • 

By using Theorem 19 we have 

Corollary. Let ~. ~. ~ 1 , ~ 2 • ~ 3 be not trivial. Then P 11r53 =Pm 531 + 
Pm 532 +P11r533 implies that ~=1~\/\~2 and ~ 3=~1~ 2 hold. 
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