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The basic idea of the analysis of variance? consists in dividing up
the sum of squares about the total mean into sums of squares according
to some scheme based on the design of experiments. These sums of
squares are independent quadratic forms and provide tests for wvarious
hypotheses about means. It is our purpose to investigate this decomposi-
tion from a formal point of view.

For any given classification % the corresponding sum of squares Sy
between classes is a quadratic form with a projective matrix. This leads
us to associate a projective operator Py with Sy such that || Pyx |]2=Sm.
In like manner a projective operator Py is associated with an interaction
variance Sqs Of type A, B. In this paper various properties of these
operators will be investigated.

1. In this section we shall define classifications and projective operators
associated with them. Let I be an index set of N elements, say, 1, 2, ..., N.
Let A4, B, ... stand for non void subsets of I. A=(4_, A,, ... 4,) is a
classification of £ when A4, are disjoint and E=3A,. Each A4, is said to
be an A- class. If A consists of only one A-class, then we shall say that
A is trivial. », denotes the number of elements contained in A. -2 is
called regular when 7, is independent of i.

Let «,, #,, ... 2y be independent random variables with normal distribu-
tions having a standard deviation I. The sum of squares Ss)I between A-
classes is given by

A, E):

where (4) denotes > z,. We consider an N-dimensional Euclidean space
icd

R¥., With each A we associate a vactor e, whose i-th component is 1 or
0 according as i€ A or not. Let P, denote the projective operator whose

1) Cf. R. A. Fisher [1]. The numbers in square brackets refer to the list of reference at
the end of this paper.
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range is the subspace spanned by e,. If we put
P e EPA€ — PE >

then Py is projective and | Pyx|? =S¢, where » is a joint variable
(X1s gy wees Zy). v »

2. Let £ be a variable vector in R¥. Let A=(4,, ..., 4,), B=B,,
.., B,) be classifications of E, E' respectively. After some calculation
we have

(1) Py Pyt = ¢2,, (& eg,)®(4;, Bye, ,

7 n n n
where ®(A,, B,)= 4B _ AL _ TEB; | EE' ap4 (g, ep,) denotes
nanp, Nalp Ngphg  Nghg

the inner peoduct of £ and ey 5

We say that 2, B are orthogonal and we write | (%, B) when Py Py=0
or equivalently S‘)i' S23 are independent.? It follows from (1) that %, B
are orthogonal if and only if

(2) ®(4,, B))=0.

' ‘ n 1 )
We note that if E=E' holds, ®(4,, B,) reduces to _ABs " This
NaNp, T
remark gives

THEOREM 1. Let U, B be classifications of E. Then U, B are orthogonal
if and only if

(3) PaB }_ .
nA;,nBJ Ny
Next consider the case ECE'. Let BAFE stand for the classification
consisting of EB; such that EB;==0. It is not hard to show
‘ THEOREM 2. Let %, B be classifications of E, E' respectively. If ECE',
then PyPyp=0 if and only if PyPy , p=0.
3. Here we shall be concerned with the conditions under which Py,

Py are commutative. Given classifications %, B of E, U is a sub-classifica-
tion of B when any UA-class is contained in some B-class. Notation B<U.
THEOREM 3. Let 2, B be classifications of E. P*JI’ P% are commutative
if and only if there exists o classification €=(C,, ... C,) of E such that
Py c.» Pygnc, are orthogonal. If this is the case, then PyPy=P¢ holds.

2) Cf. T. Ogasawara and M. Takahashi [1]. 4, Theorem 3.
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(1) iEj(E, ij)q)(Ai, Bj)eA‘ =§(E. eAi)(I)(Au Bj)ij’
which implies

% 7
(2) _ABy _ _AvB; for AB,<+0 and A,, B, +0.
| | NaMp, NaMp, .
We write A,~A4,, if A,, A, intersect the same B-class. Then (2) will
show that “~” is an equivalent relation. Let C, be the union of 2-classes
equivalent to 4,. In like manner we define Cp,. It is easy to verify that
C4,=Cp, is equivalent to A,B,40. Let €=(C,, ..., C,) be the set of
different C, . It is obvious that € is a classification of E. Then (2) gives

n 1

'(3) | 77;4,3%:*%; ) for A,, B, CC,,
which implies | (AAC,, BAC,).

Sufficiency. We can write PS}I‘—ZPQIAC +Pg, Py= ZPBAC +Pg .
Hence it is easy to see that P?IPSB—P(S .

Let d() stand for degrees of freedom of Sy . Theorem 3 gives

THEOREM 4. Let U, B be classifications of E. Then PQIPgB=P91 s
equivalent to A<PB. If this is the case, then A= holds if and anly if
AA)=d(B) holds.

Let P, Q be projective operators. We wrte P<@ when PQ=P.

In like manner the following two theorems can be proved.

THEOREM 5. Let U, B be classifications of E, E' respectively. Suppose
that ECE' and E'—E==0. If there exists o B-class intersecting both E and
E'—E, then Py, Py are commutaive if and only if PyPy=0. Otherwise
PQI’ Py are commutative if and only if P?I’ P‘B A g Ore commutative, and
when this is the case, we have PyPy=Py Py o '

THEOREM 6. Let A, B be classifications of E, E' réspectively. Suppose
that E—E'-=0, B'—E=+0. Then Py, Py aue commutative if and only if
Py Py=0. |

4. In the sequel we shall be concerned with classifications of I. If,
for any given %, B, any %-class 1ntersects each B-class, then the classifica-
tion consisting of classes A B will be denoted by QI/\SB In like manner
we define A, AW, A ... A2, when such an intersection property holds.
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DEFINITION. %,, %,, ..., U, are said to be orthogonal when

nA(l)A(2) A(ﬂ)

i i, seeAg 1 1
(1) 172 e for AP e,
BALTAD Ty N

holds. Notation 1 (UAy, sy voey W),

DEFINITION. %, %,, ..., %A, are said to be regularly orthogonal
when ;AU AL A, is well defined and regular.

It can be proved that 2, ..., 9, are regularly orthogonal if and only
if each A, is regular and _| (¥A;, s, ..., A,) holds. We remark that
bregularly orthogonal classifications corresponds to ordinary #n-way
classifications in the analysis of variance.

LEMMA 1. | (%, 2,, ..., 2,) is equivalent to that | (A,, Ay), (A, AN,
W)y vy and | (A AWA AN, _,, A) hold. '

LEMMA 2. | (%, 2y, ..., A,) is equivaleut to that | (A, ..er W)y 1 (Wpirs
vy ) and (WAL AN, Ay A A hold.

LEMMA 3. | (%, A,, ..., A,) implies | (A, Ay, ooy A,) for any p<ln.

LEMMA 4. | (%, %, ..., A,) and B,<N,, p=1, 2, ..., n imply | (B,,
Bys cevs By).

LEMMA 5. | (¥, %y ooey W), LBy By ooy By) and B, ALLLADB,
SU N AN, imply | (B...Bys Wpsron W),
V These lemmas are immediate from the orthogonahty condition (1)

LEMMA 6. Let | (%, B), | (N, €) hold. Then Py, uPy =Py if
and only if | (A, B, €) holds.

Proof. It follows from Theorem 3 that Py , uwPy , =Py is equivalent
to _]_(A,/\% A, NB), i=1, 2, ..., that is, | (A, B, €).

When P?I' P% are commutative, € as stated in Theorem 3 will be

denoted by AvB. By the same way as in Lemma 6 we can prove the
following two lemmas.

LEMMA 7. Suppose that | (A, B), and 531, B, <B hold. Then the
following conditions are equivalent :

(i) P*Bl’ Py, are commulative.

(ii) Py , B, P(282 are commutative.

(iii? P%IASBl’ P‘)IA‘Bz are commutative.
And any one of these equivalent condilions gives P?IA‘&P‘BZ:P%IVQSZ and
Pornm.Pot 08, =Potn By v By -
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LEMMA 8. Suppose that | (A, B, €), and €,, €,<C hold. Then the
following conditions are equivalent :

(i) P ¥ sz are commutative.

(1) Py, png,» Pynrg, are commutative.

(iil) Py, png,» Pyrpac, ore commutative. 4
And any one of these equivalent conditions gives P‘)I ABAG,S Py, €y =
Potn61v62) 9 Porngr6,Pun®nc=Lunsn©iv6s

5. In this section we shall define interaction operators associated
with interaction variances. Let | (2, B). The interaction variance of type
%A, B is, by definition, given by Sy ,g--Se—Sg to which corresponds an
operator P%A%—-P%—P% It is a projective operator Py, which we call
the interaction operator of type 2, 8. It is clear that || Pygw |*=Sg -
Denote by d(AB) the degrees of freedom of So s then we have®

d(AB) = trace (Py , g — Py —Pg)
= {d(A)+1} {d(B)+1{--1—d(A)—d(B)
= d(A)d(B) . '
In like manner we may define interaction operators with many factors.
For example, let | (U, B, €). Then the relation Syuc=Sy g, Syn
—Syp—Sgy—Sy—Sp—S leads us to define

Pyps =Pyrprc—Pus—Pps—Peu—Py—Pu—Fg
=Py, grc Pyrp—Pprc—Psryut+tPy+Pp+Pg>

which is seen to be projective by Lemma 6.
Interaction operator P‘)Iﬂlz---%, n >1, is said to be of order »—1, and

is only defined for | (A;, A,, ..., A,). For the sake of completeness we say
that classification operators are interaction operators of order zero.

Without difficulty we can prove
THEOREM 7. Let | (A, Ay, ..o, A,) hold. Then we have

CE) 1 Py gryen9p,® [IF = Sop 900914 -
(i) dAA, -+ An) = (A )d(Ay) --- A(A,) .
(iii) P%%.._% is a projective operator and Py . o . ..\ 9,

is the sum of all interaction operators of order from 0 to n—1 with factoréchosen

3) Cf. T. Ogasawara and M. Takahashi [1]. 3, Theorem I.
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from Ay, ..., N, and these interaction operators are mutually orthogonal.

(iv) Let P be a projective operator. Png%“_% is equivalent to
PPyyngtgngta =0 PPy pqgnes, =0 coovees PPy gpyngy,, =0 ond
P<Py , gyn e 900t '

(v) In case (iv), P:P‘)Ii?Izn-‘)In if and only if trace (P)=d(A)d(,) -+
d(N,.) holds. :

(vi) PQI]?IZ“'%P(SJID-HA"'Agln) is the sum of all interaction operators with
at least p+1 factors chosen from U, ..., A, and containing A,, ..., A,.

'It is noted that (ii) of this theorem implies that P%%,__%fo occurs
if and only it one of ¥, ..., ¥, is trivial.

THEOREM 8. | (U,,%,,...,%,) end B,<A,, p=1,2,...n, imply Py ...,
épsxl...snz...s)xn- ’ ‘

Proof. It suffices to show that P,)Il_,,mn~1%ngP9I1_,, A, Since | (¥,
ves Ay, B,) holds by Lemma 4, Theorem 7 gives P‘)h A,,-Am_lP%_“%M%n
=0. Put AP =€, A AN, AN, A-A,_,. Owing to Lemma 8 and
Theorem 7 it is easy to see that

P?Il Ao A1 A Waag Avee A ‘JInPSJIﬁ?Iz'“?In—ﬂBn
= Pors n 90, {P1a> n 91, 1 8, 901 0y B0
= Py n w1, P91 2 90,8 B P 2190018
= Py 8,901 01 B
=0,
which completes the proof by Theorem 7.

6. As R. A. Fisher observed?®, if each factor in factorial experiments
is tested at two levels, any interaction is a classification. We shall show
that the converse is also true. For this purpose we need

LEMMA 9. Py <Py . o tmplies d(@)<A(A,), ous A,

Proof. In order to prove this lemma we suppose that d(2(,)=d(,)>
oo Z2d(2,). P%A,“AmngP%_._% implies €<A A--- A, so that, by
Theorem 7, Py nenn P =0, that is, | (A, ... A,_,, €).- Hence it follows
that 2, A A, ACZA, A AN, so that {d(A,)+1}-- {d(A,_)+1} {d(€)+1}
<{d(A)+1}---{d(A,)+1} which implies d(€)<d(2,), completing the proof.

THEOREM 9. Suppose that no A,, p=1, 2, ---, n is trivial. Py . 15
o classification operator Py if and only if Ui, ..., A, are regulerly orthogonal
and d(A,)=1, p=1, 2, -+, n.

4) Cf. R. A. Fisher [1]. 112
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"Proof. Necessity. Theorem 7 and Lemma 9 give
d(€) = d(A X(Ay) -+ A(A,)=d(E),

which implies d(€)=d(A,)= -+ =d(N,)=1 since by hypothesis, d(A,)>0,
p=1, 2, ..., », holds. We may now set %,=(4%, 4"), p=1, 2, ..., n and
€=(C,, C,) where AP AP ... A C,. Then C, will be the union of terms
with positive sign in the expansion of the formal product (A —AG)---
(A —A§), and C, the rest. Orthogonality relation in Sec. 4 (1) shows that

AN HD | f W = NnAgn)_'_Agn) = N'nCIAg”---A?” =N, MA@ 4P
and
BADN PP 4B, 40 = NN O 4D 4 g = NN g P 4P, 40 = Ne,MAP 4P ... 47

which imply » ALP=N 4D that is, ¥, is regular. The same will be true of
each 2,.
Sufficiency. Put A,=(AP, AP”), and difine €=(C,, C,) as above. Then

it is clear that ncl=n02=-1§— and d(€) =d(, - ¥,), which imply

nAgl)-“Ag”—l)Cl
ﬂAgl)"'nA(ln—].)ncl

= =i since MAP...APPc; = MAP AP = NIW_—l X (%’)" = g
holds. This and similar relations show that P is orthogonal to Py, ... . g,

cety P?Il"\"'/\sxn—l. OWing to Theorem 7 we Obtain ch:PQIl"'?In.

COROLLARY. Suppose that no A,, p=1, 2, ..., n is trivial. If P%",mn
ie o classification operator, then so is also for P‘)I1~-‘2Ip’ p<n. .

THEOREM 10. Suppose that | (U, ..., WA, B, €) holds. If Py s a
classification operator Pgy, then P‘III---‘)I”‘B@=P911---*)In€®'

Proof. We may suppose that none of B, € is trivial. Lemma 5 implies
1A, D)since DIBAE holds, so that by Theorem 7 Pi’h---?Ih%Pﬂly--*)IhﬁD:
Py a6 P20, 9,9==0- Hence also by Theorem 7 Py .o qg=Py,. .90,
which implies Pg)h,_,%w(gsz,_,m@ since d(, -+- A, BE)=d(Y,; --- A, D) holds.

When Py ..9,=Pg holds, we shall say that 2, ..- 2, is a classifica-
tion. Thus the result of Theorem 10 will be written as P%,_.%%(&=
Py 1,86

COROLLARY. Suppose that | (A, ---A,, B, €) holds and BE is o
classification. If € is not trivial, then Py o .o 86)6 =99 AuB"

Now . assume that %, 2, --- %A, is a classification and no A, is trivial.
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Then repeated use of Theorem 10 and its corollary gives®

Pty 3ta = Pigty 9 Wpse A ?
Py o Narr W = LUy W A) My W) *

7. Let I=(1, 2, ves N) and I'=(1, 2, ..., N') be two index sets, and
IxI' their product, that is, the set of (A, )y A €1, p€l’. Let A=(4 , ..., A,)
stand for any classification of I. Put A,={(\, p); N€A,}. Then A=
(4., ..., A,), becomes a classification of IxI’, and we have Py=Py®P,,
where ® mean Kronecker product. In like manner %8’ is defined for any
classification B’ of ‘I', and Pg,=P,@Pg,. It is easy to see that %, B’ are
orthogonal and Pﬁ%"'::PQI@PEB“ and | (%', B") implies | (A, B', B”) and
PWE"E”zP‘)I@P%’SB”‘ ® multiplication is bilinear with respect to both
factors. This leads us to the following theorems.

THEOREM 11. Suppose that | (%, ... %, B).  Then Py =31Py
implies Py or,...90,8= 20 oy 90,8,

Proof. Since | (¥, ..., A, B), B,<B and | (B;,B,), i==7, hold,
it follows by Lemmas 2, 4 and Theorem 7 that _| (¥, ..., %., B,, B)),
Poy 1,82 P20, 20,8, 304 Py, g, 8. Pa0,-o,8,=0 for 7. While d(B)=
};d(%i) implies d(¥, -+ AB)= 14U, -+- A, B,). Hence we must have the
conclusion.

By the same way we can prove ,

THEOREM 12. Suppose vhat | (N, -+, A, B, €). Then Ppe= ‘;P@t
implies Py ..o 6= 31 Py, .o0,, :

This theorem gives a method, as R. A. Fisher used“ in factorial
experiments, to decompose an interaction into classifications.

8. In this last section we shall establish further properties of interac-
tion operators. For the sake of simplicity we shall be concerned with
interaction operators of order at most two.

THEOREM 13. Suppose that | (U, B), B,, B,<B and PéBl’ Py, are
commutative. Then PS)I?B1P91&=P?I(%1V%2)'

Proof. By using Lemma 6 we obtain

PypLus, = Py nw,~Pu—Pp,) Py rp,~Py—Py,)
=Py o, Loy, Lo —Por 0,8, P53, Lo 1 8, + P3Py,

5) Cf. R. A. Fisher [T]. 113.
6) Cf. R. A. Fisher [1]. 122.
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=Py »(B,vBy~Pou—Pm, w8, P, v 8, P, v 8,
=P91(?131VQ32) * ’

THEOREM 14. We suppose d(2)>1. Then PopPys =0 implies
1, B, €). '

(1) Py ngPoune =Py =Py rgPc+PpPy g —PuPs -
After some calculation it follows that
(2) PS)[ BP9 (xf Psu& 2(5’ Ai,ck) ‘75(7” J» Kley Bj
(3) PaIASBP(s,f+P58P91A(&f‘P%P@_f |
=£§k(§: GCE?N‘!’(i’ ‘B k)"'AL-B;'*'t’;k(E{eAick)N‘f’(i: B k)ij“"'
12’;6(& ec )P(B;, Cileg,,
where ¢4, j, k) denote NA‘B"C’C _1 Equating the coéﬂicients of é
» I na Mg e, wNit g A;B;
. in (2), (3) gives
(4) Z(Ev eAicv)qf’(ir 7 V)—" AZ eAACv)‘;b(X' I v)+ Z(Et ec, Y, g, ”)
— 31 ec,) 3 UBy Co).

Put £=e 4,C,? then (4) gives

A

(5) (e 2)i g B gy 9By, GO =0

Similarly £=e, g , i'==i, gives

(6) Hi, o )+ K 4, ) =3, B(B,, C.)
And for i"==i, ¢/ we obtain

(7) Wi G R, Gy 1) = 5 BBy C)
(8) Wy G, )+ G, B) = BBy, €.

From these equations (5)—(8) we obtain i, §, k)=0 so that | (%, B, €),
completing the proof.

From the proof of the above theorem it is easy to see that When
d(W)=1, PyyPy =0 is equivalent to the following
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(nI “2),"’(1' i B)+ 57 <I>(B,, C,) =

(?zj,; ”2)¢(2 i )+ »—(I)(B,, C.) =0

Hence we have .

THEOREM 15. Suppose that | (U, B) and B,, B,<B. A necessary and
sufficient condition for P?IEBIP*)I%Z:O is that | (A, B_, B,) holds, or | (B ,B,)
and U is regular and d(N)=1.

THEOREM 16. Let d(A)=1. If A is regular, then PyqyPgc=0 holds
if and only if | (B, €) holds. If | (B, €) holds, then PyuPy =0 holds
if and only if | (A, B, €) or A is regular.

THEOREM 17. Let %, B, € be not trivial. Then Py, Py, Py 0re
mutually orthogonal if and only if | (2, B,.L) or ¥, %, € are reguler and
d(A)=d(B)=d(€)=1.

THEOREM 18. Suppose that ANB=UAAE holds and none of A, B, €
is trivial. Then Pygy Py =0 is equivalent to Py =Py .

Proof. Necessity. ANB=AAE implies d(B)=d(€). While by defini-
tion Py, =Py ,g=Py+Pg+Pyi which implies Pyu<P, since
Py Py =Py s Pyp=0. Hence, it follows from d(AB)=d(C) that Py =Py
or equivalently Py =Pgy -

Sufficiency. PygPys =PsPys =0.

COROLLARY. Suppose that ANBAANE. Then PyuPy =0 is equi-
valen to Pyyu <P .

THEOREM 19. Let U be not trivial. Then Pyp=Py g tmplies B=C.

Proof. Pyn=Pgy implies PyPy =0 and Py , gPgs=Pgyc. Now

(1) 56 eac)y s ABCe =Py ZBCe for any B,,
ACk Ck

which implies

"aBiC: __ "BiCy

for eny A,, B,, C,,
nBj nAng nB_;an

that is,

1
(2) "a,Bic. = N "alsic,
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This shows that B,C,==0 implies A,B,C,=+0. While Py A%PQIQ_PQI@ is
written as Py, wPy g —Py 9P =Py rc P+ OF

n
(3) Z(E, € ; )M___Z(E,e ) AiBJCv
’ A nAtBJnAtcv v ¢ nAiBJnCv
=(& e4,0,) ”A —(fr Ck)— for any A,B,C,==0.

If we put §=ey o, in (3) and make use of (2), then it follows that
(%.—1) 7’%% = (@- —1) ik , OF Mg, =ng, that is, B, C, completmg:
the proof.

COROLLARY. If U is not trwial, then Pygp=Py  implies B=GC.

THEOREM 20. Let 9, B be not trivial and suppose that AAB=CAD
holds for the case d(N)=d(B)=1. Then Pyp=Pgq implies A=EC, B=D or
A=D, B=C.

Proof. If A,B,C,D,=-0 holds, then equating the coefficients of ¢4 5 ¢ p,
in both sides of Pypé=Pgpf gives

(1) @ eas) (5 1) (o 1)+ G eayny®)

Bl
= (& ec,p,) <%1 —1).(%1%1 ~1) +(& ¢, 0,
(@) G ea-n) (o 1) +G en,a) (o 1)

— N N 4\

= (& eC1—D1) (%E 1) + (& ep, - Cl)( np, 1)
Then (2) implies My =Nc, Np =Np O Ny =Np, Ng =nc, SO that
Ny g, ="%c,p, holds.

Case 1. One of A, B is not regular.

We may suppose that B is not regular. Consequently for any A, we
can choose B,, C,, D, such that 4,B,C,D,==0 and » 4,7 g, - In order to
prove the theorem we may suppose that n, =nc, ng =n;, . Then (2)
gives A,—B,=C,—D,, B,—A,—=D,—C,. If <_ -1) <ﬁ —1>:¢=1 holds,

a4, 4N
then (1) gives A,B,=C,D,. Hence we must have A,=C,, B,=D,. Next

consider the case ( N 1) (»N- —1):1. Since A,B,=C,D, implies 4,=C,,
Ny, np . ;
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B,=D,, it is sufficient to consider that A,B;=C,D,. Now = 4,8,="C,D,
implies A,B,—C,D,#+0, C.D,—A,B,#0. Choose A,, B, such that
A,B,(C.D,—A,B))+0. It is easy to see that A,4,=B,B,=0. By the same
argument we have n4,=MNp s Mg, =MNc, and A,- B,=D,—C,, B,—A,=C,—D,.
Then (—]i —1) (}Y_ —1)=1 implies n, +n, =N, so that A=(4,, 4,)
Mg, /\Ry, 1 2
B=(B,, B,). Similarly we define C,, D, and we shall have A,—B,=D,—C,,
B,—A,=C,—D, and €=(C,, C,), ®=(D,, D,). It follows from these that
A,B,=C,D, and A,B,=C,D,. Since A,B,—C,D=,0. C,D,—A,B;=0 imply
A,B,C,D,~+0, A,B,C,D,+0 and ANB=CAD holds, we must have 4,B,=
C,D,, A,B,=C,D,. Then it follows that 4,=A,B,+A,B,=C,D,+C,D,=D,
and B,=B,A,+B,A,=C,D,+C,D,=C,. Hence we obtain A=D and B=E.

Thus any 2€-class is a € or D-class. Since any €-class intersects
each ®-class, we must have A=C or A=D. Then corollary of the preceed-
ing theorem shows that A=E, B=D or A=, B=C.

Case 2. Both A and B are regular and d(A)==d(B).

The proof for this case will be done as for Case 1 and so omitted.

Case 3. Both % and B are regular and d(W)=d(B)=1. We may put
A=(4,, 4,), B=(B,, B,), €=(C,, C,), D=(D,, D,) and assume A4,B,C,D,=0.
Then (1), (2) give A,B,+A4,B,=C,D,+C,D,. One of A,B,, A,B, coincides
with one of C,D,, C,D,, since AAB=EAD. The same is true of pairs
A.B,, A,B,; C,D,, C,D,. Thus we obtain that A=€, B=D or A=, B=E.

Case 4. Both % and B are regular and d(A)=d(B)>1.

Since (l‘i —1) (ﬁ —1)>1 for any A,, B,, it follows from (1), (2)

"4, :7 :

that A,B,=C,D,, d)=d(B)=d(€)=d(D) and €, D are regular. Hence we
obtain AAB=EA D, which implies '

(3) Py +Pg = P¢ +Pq.

If any 2-class intersects each ©-class, then orthogonality condition will
hold for %, €. And multiplying both sides of (3) by Py will give
Py =Py Pqg, that is, A<LD. Then d(N)=d(D) implies A=D B=E. Thus
we may assume that there exist 4, and C, such that 4,C,=0. Take C,
intersecting A,, then there exist B,, D, such that 4,B,C,D,==0. The equa-
tion (1) for these classes gives 4,B,=C,D, and 4,+B;=C,+D,. First con-
sider that A4,C,—A;B,==0 holds. Then there exist By, D, such that
ByD.(A.C,—A,B,)==0. Hence it follows from A,B,=C,D, that B,B,=
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D.,D,=0 and A&BJ,:CV+D,L,, so that we obtain A,=(A4,+B,XA4;+By)=
(C,+D.)C,+D,)=C,. Next suppose that 4,C,=0 would imply an existence
of B, such that 4,B,=A,C,. Then it follows from the relation

_ _ N _ Nd() N
macy = s = gy M A= RS gan e a1 A

vk

which is a contradiction. Thus we have shown that 4, is a G-class.
Therefore any A-class does not intersect some €-class. This implies by
the above argument that any -class is a €-class, that is, A=€. Then
(3) implies B=D.

THEOREM 21. Let A, B be not trivial. Then Pygp=Py g implies
B=CD.

Proof. For any given C,, D, we take A,, B, such that A,B,C.D,==0.
Then taking account of the coefficients of ey p ¢ p in both sides of
Pngsz @@f we obtain

N N
& eA1—B1) <77'—Al —1>+(f’ eBI_AL) (171,};1 —1>

_ N N N N

(1) = (& 6A1C1—D1) (@ '“1) <%a “‘1)—*'(5’ eAlDl—Cl) ('EA; _1) (%1 —1>
N N
+(§’ echl_Al) (;,;El' _1> (%; _1) .
Hence we obtain
N N

& e4,-5,)=( €q0,-p) (%Tc: _1> +(& €a,p,-c)) (%‘1 - 1>,

which implies N_N =2, so that €, ® are regularly orthogonal and
??:CI nDl

d(E)=2(D)=1. Then Theorem 9 shows that €D is a classification. By mak-
ing use of Corollary of Theorem 19 we obtain B=C€D, completing the proof.

THEOREM 22. P?I :PSB +P@ implies that B or € is trivial.

Proof. B, €< implies BAC<LA. Hence we obtain that Py>Py, =
Pyp+Py +Pyo=Py. Therefore it follows that Py =0 that is, B or € is
trivial. _

By using Theorem 19 we have

COROLLARY. Let U be not trivial. Then P*)I%:P?I%l'l'P?I%z implies
that B, or B, is trivial.

THEOREM 23. Let %, ., Ay, As be not trivial. Then Py =Py +Py,+
Py implies that A=A, AU, and A=A, 2A,.
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Proof. we may suppose that d(%)=d(A,)=d(;) holds. Since A,, A, <A
holds, it follows that %, A A, <A, so that we obtain Py =Py +Py +Py o,
which implies P?IaZP?IﬂIz' Then we must have %,=%;%,.

By using Theorem 19 we have
Corollary. Let %A, B, B,, B,, B, be not trivial. Then Pygp=Pyqp, +
Py g, +Py g, implies that B=3,AB, and B;=3,B, hold.
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