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In the previous publication [l],1' I have, in a direct way, proved the 
equivalence of the definition by A. Weil and Y. Kawada of the relative 

different in algebraic number field with the usual one which was introduced 

by R. Dedekind. 

Recently Prof. M. Moriya 2) has developed the theory of derivations in 
Noetherian ring and has given the definition of the relative different in 

such a commutative fields as, in its integral domains, the fundamental 

theorem of the multiplicative ideal theory holds. And, using the theory 

of ,p-adic fields, he has shown the equivalence of both definitions of the 

relative different in such a field. 

Now, in the first step of this paper, we shall show the equivalence 
of both definitions without using the theory of ,p-adic fields (in the analogous 

way to my previous paper). In the next step, we shall show that the 

chain-theorem and the different-theorem hold independently of the usual 

one in the relative different defined by derivations. 

l. Let ffi be a commutative ring, then we consider for an ideal 
~( =t=(O)) in ffi the residue class ring ffi/~ and define a derivation modulo ~ 

in a subring ffi' of ffi as a unique mapping of ffi' into ffi/~ with the following 
properties : 

(l) D is a module homomorphism of ffi' into ffi/~l i. e. for a, (3 E ffi' 

D(a+/3) = D(a)+D(/3), 

(2) for a, (3 E ffi' 

D(a(3) = (3D(a)+aD((3). 

Now we denote by ~(ffi', t; ffi/~) the totality of all derivations modulo 

~ in ffi' which map every element in a subring t of ffi' onto the null element 

1) The number in square brackets refer to the list of references at the end of this paper. 
See A. Kinohara [1]. 

2) See M. Moriya [1]. 
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of ffi/Sll. Further we shall mean as usual by )...,D1 +µDz().,,µ, E ffi, D1, D2 E '.:D 

(Sll', r ; ffi/Sll)) a derivation by 

()-..,D 1 +µ,DzY,a) . )-..,Di(a)+µ,Dz(a) (aEffi'), 

then '.:D(ffi', r ; ffi/Sll) is an ffi-module. 

Let k be the quotient field of the commutative integral domain o in 

which the fundamental theorem of the multiplicative ideal theory holds, 

and let K be a separable extension of finite degree over k, and D the ring 

of all integral elements in K with respect to o. In this paper we always 

consider such a relative field K/k. Then, for any ideal Sll( =!=(0)) in D, '.:D 

(0, o; D/m.) is D-module and is in general the direct sum of the finite 
number of D-cyclic group. It has been proved that for every ideal Sll( =!=(0)) 

in D the length of the composition series of D-module '.:D(D, o; D/Sll) is 

bounded : this length is called the dimension of the derivation module 

'.:D(.D, o; D/~). 
Now let d 113 be a maximal dimension in the set of dimensions of the 

derivation modules '.:D(D, o; D/~'"Xr=0, 1, 2, •··) for every prime ideal 

~ ( ct=(0)) in D. Then we can prove that d113 are equal to zero for almost . 
all prime ideal ~•s in D (with the exception of finite number of~). Thus 

the ideal '.:D. (K/k)=IJ~c1113 in Dis uniquely determined by o and D. Here• 
. \JSCO 
after we shall call the ideal '.:Do(K/k) the relative different of K/k defined 

by derivations. 

On the other hand, the relative different '.:D(K/k) of K/k introduced by 

R. Dedekind, is an ideal in D such that '.:t)-1(K/k)=lµ,; µ,EK! with Sx/k 

(µ,w)Eo for every element wEO, where SK/k ( ) means the trace of an 

element in K with respect to k. 

2. Now we shall study the structure of the derivation module '.:D(O, 

o ; D /Sll) for an arbitrary ideal Sll( =!=(0)) in D. 
t 

Theorem 1. Let Sll=Jf~f' be the prime ideal decomposition of an ideal Sll 
i~l 

in D. Then we have a direct decomposition: 
t 

'.:D(O, o; D/Sll)~~ EB'.:D(D, o; D/~fi ) . 
i~l 

Proof. This follows from Y. Kawada [1] 308 Lemma 8. 

Let 0* 1' be the ring consisting of all integral elements in k with 

respect to a prime ideal .p(Co). Next let D* be the ring consisting of 

1) That is, o*={Y; YE k} with Y=u/v (u, v E 0) and i,,,j" v . . 
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all integral elements in K with respect to a prime ideal '43 with i>C'43. 
Hereafter we shall call o* the v-integral ring in k and D* the '43-integral 

ring in K. Then there exists a finite minimal basis w1, w2, ••• , w,. in D* 

with respect to o*. In the following we denote by v* and '43* the prime 
ideal in o* and D* respectively. 

Then we have the following 

Theorem 2. For an arbitraru non-negative integer r it holds that : 

~(D, o; D/'43'") = ~(D*, o*; D* /'43*'"). 

Proof. We can choose for every ry* ED* and an arbitrary non-negative 

integer JJ an integral element 'YE D such that the following congruence 

holds: 

ry* == ry (mod '43*~). 

Hence we can prove this theorem in the analogous way to A. Kinohara 

[1] Theorem 3. 

Let w E O*, then it is well-knownD that the dimension of D*-module 
::D(o*[w], o*; D*/'43*'") is maximal when ~(o*[<,)J, o*; D*/'43*'")=D*/(f'(w)),a*, 
where f (x)=03) in o*[x] is the canonical defining equation of an element 

w and (f'(w)}i* denotes the '43*-component of the different of w. Hence the 
maximal dimension of D*-modules ~(o*[w], o*; D*/'43*'")(r=0, 1, 2, •··) is 

d\JS* with Cf'(w))qs*='43*am*. 

On the other hand, Prof. M. Moriya3) has proved the following two 

lemmas with respect to the derivation modules. 

Lemma 1. Let w _, w2, • • • , w,. be a minimal basis in D* with respect to o*, 

then for an arbitrary non-negative integer 1·, ~(D*, o*; D* /'43*,.) is generated 

by the direct sum of, at most, n cyclic derivation modules in D*. And~ if 

s~N (N being a sufficiently large natural number), then ~(D*, o*; D* /'43*1
) 

has the maximal dimension dm* in the set of the dimensions of D* -modules 

::D( D*, o* ; D* /'43*'") ( r=O, 1, 2, · · · ). 

Lemma 2. Let K be a separable extension of finite degree over k con

taining K, £5 the ring of all integral elements in K with respect to o, and ~ a 

prime ideal in £5 with~ 11 '434\ Next let £5* be the ring consisting of all integral 

elements in K with respect to the prime ideal ~. and ~* the p1·ime ideal in £5*, 

1) See A. Kinohara [1] Corollary of Theorem 2. 
21 f(x) is irreducible in o*[x] with the heighest cofficient 1 and /(,.,)=0. 
3) See M. Moriya [1]. 
4) \ii" 11 m denotes that \ii" Im and m•+ q/ m. 
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then for an arbitrary non-negative integer r, ;!l(D*, o*; o* /~*er) coincides with 
-* r () ,0 -module generated by D*-module ;!l(D*, o*; D*/'-13* ). Finally, let di* and 

r -* 
d~~ be the dimension of D*-module ;!l(,D*, o*; D*/'-13*) and ,0 -module ;!l(D*, 

- -*er 
o*; D* /'-13 ) respectively, then 

d~r) = edcr) 
$* $* • 

Thus, from Lemma 1 and Theorem 2 we have the following 

Theorem 3. Let N be a sufficiently large natural number. Then for 

s>-N, D-module ~(,D, o; D/'-13') has. the maximal dimension d$ in the set of 

the dimensions of D-modules ~(D, o; D/'l.n (r=O, 1, 2, ··· ), '-13 ( =1=(0)) being the 
prime ideal in D. 

Next we shall show the following 
Theorem 4. For an arbitrary non-negative integm· r, the dimensions of 

D-modules ~(D, o; D/'-l3r) are equal to zero for almost all prime ideal '-l3's(=l=(O)) 

in D (with exception of finite number). 

Proof. By assumption, the integral domain o has the following proper
ties; 

(1) o is integrally closed in the quotient field k, 

(2) the maximal condition holds for every ideal in o, 
moreover, for K/lc it holds that 

(3) K is a separable extension (of degree n) over k. 

Let 0 be an integral primitive element of K/k, and D(0) the dis

criminant of 0. Then, from (1), (2) and (3), every element in D can be 
• • 1 0 0"-l 

representedD m the linear form of D(0), D(0), •··, D(0) with cofficient in 

o,r-That is, D is contained in the finite o-module (n~0), vf 0), ···, 

D{0)) · · · 
Next let o* be the ring consisting of finite sum of D~Y where a is 

an element in o and t every integer, then D is a subring of o*[0] and o 

a subring of o*. Moreover, let D* be the '-13-integral ring in K, and '-13* the 

prime ideal in D*. If '-13% D(0), then D* contains o*[0] and we can choose 

for every 7* E o*[0] and an arbitrary non-negative integer JJ an integral 

element 'YE D such that the following congruence holds: 

7* = 'Y (mod '-l3*v). 

Therefore we can prove the following relation in the analogous way 

to A. Kinohara [1] Theorem 3 

1) See B. L. Van der Werden [1] 93-94. 

~444~ 



1953) ON THE DERIVATIONS ANO THE RELATIVE DIFFERENTS IN COMMU'tA'fIVE FIELDS 

~(D, o; D/~'") = ~(o*[0], o*; D*/~*,.). 

Let 0 be an element in D with the irreducible defining equation f (x)= 

0 in o[x], then, since D(0)Eo(D(0)=t=O), f(x) is also irreducible in o*[x].· 

However, f'(0) is not divisible by ~ which satisfies ~XD(0), because f'(0)1 

D(0). Thus, for an arbitrary non-negative integer r, it obviously holds 

that: 

~(o*[0], o*; D*/~*,.) = D*/D*. 

This is, ~(D, o; D/~,.) ~ D/D for every prime ideal ~ with ~X D(0). 
Hence the dimensions of D-modules ~(D, o; D/~,.) (r=O, 1, 2, •·· ) for every 

prime ideal ~ with ~ X D( 0) are equal to zero. Thus, only for the prime 
ideal ~•s which satisfy ~ID(0), the dimensions of D-modules ~(D, o; D/~n 
(r=l, 2, • •· ) can not be equal to zero, q. e. d. 

Next, from Theorem 1, 3 and 4, we have the following 
Theorem 5. The set of all the dimensions of D-module ~(D, o; D/~)'s 

for all the ideal ~'s(=t=(O)) of Dis bounded. Let its maximal dimension be d0• 

Then, d0 is uniquely determined as d. =~ d$ where d$ is the maximal dimension 
mco 

in the set of the dimensions of D-modules ~(D, o; D/~,.) (r=O, 1, 2, •·· ) for 

every prime ideal ~ ( =t=(O)) in D. 

Thus the ideal Do(K/k)= I] ~a$ is uniquely determined as an ideal 
mco 

in D. This ideal ~o<K/k) is called the relative different of K/k defined by 

derivations. 
From Theorem 2 and Lemma 2, we obtain the following 
Lemma 3. Let K be a separable extension of finite degree over k con

taining K, D the ring of all integral elements in K with respect to o, and ~ 

a prime ideal in :0 with ~•II~. Then, for an arbitrary non-negative integer 

r, the dimension of D-module ~(D, o; D/~r) is e times that of D-module 

~(D, o; -D/~,.). 

3. Suppose that .p and ~ (.PC~) are some prime ideals in o and D 

respectively, and the following. condition (A) is satisfied : 
condition (A) There exists an element 17 ED whose residue class modulo 

~ is a primitive element of the residue class field ~=0/~ over f=o/.p and one 

of the prime elements of ~ in D belongs to o [17] . . 
Hereafter, in such case, we shall say that K/k satisfies the condition 

(A) on .p and ~t 
Let 17 be an element taken in the condition (A), and 0 an integral 
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primitive element of K/k. Then we can choose a prime element n: of .p 
in o and an integer e>l such that all conjugate elements of 0*=7J+n' 0 

-with respect to k are different horn one another, so that 0* is an integral 

primitive element of K/lc. Since 0*=,,, (mod~). the residue class modulo ~ 
containing 0* is a primitive element of Sf /t If g (,,,) ( E o['IJ]) is a prime 

element of si~. then g (0*) is also a prime element of ~ in D because 

Thus we have the following 

Lemma 4. Let .p and ~(.PC~) be some prime ideals in o and D respectively, 

Assume that K/k satisfies the condition (A) on .p and ~- Then there exists an 

integral primitive element 0 of K/k such that 0 modulo.~ defines a primitive 

element of the residue class field Sf =DI~ over f=o/.p and oome prime element 

of ~ belongs to o [0]. 

Remark. If Sf is a separable extension over f, then K/lc satisfies the 

condition (A) on .p and ~-

Lemma 5. Let µ and ~ be some prime ideals in o and D respectively, and 

µ=~• m with (~. m)=D. Assume that K/lc satisfies the condition (A) onµ and 

~- Then there exists an integral primitive element 0 with the following proper

ties: 

i) 0 Em, 
ii) for every ro ED and an arbitrary 1wn-negative integer r, it holds 

ro =h.,(0) (mod ~r) h.,(0)Eo[0]. 

Proof. Since the condition (A) on .p and ~ is satisfied, we can choose 

an integral primitive element 00 of K/lc for which Lemma 4 holds. 

Take a prime element II of ~ with (II, m)=D, then we can determine 

an element EE D such that IT;=-0, (mod m). Clearly there exists an 

element c E o such that c-1 (mod .p) and all conjugate elements of 0=00 

+II2fc with respect to le are different from one another. Thus it follows 

that 0 Em. 
Let g(00 ) (Eo[00]) be a prime element of~_, then g(0)Eo[0] is also a 

prime element of ~ in D. And, every representative of the residue class 

modulo ~ is expressible by an element in o [ 0]. Thus, for every w ED and 
an arbitrary non-negc1:tive integer r, the following congruence holds : 

ro = h., (0) (mod s.Jn h., (0) E o[0]. 
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Lemma 6. Assume that K/lc satisfies the conditi.on (A) on .p and ~. then 

there exists an integral primitive element 0 of K/k with the canonical defining 

equation f (x)=O in o [x] such that (f'(0));_a coincides with :SJ(K/k);_a, where 

(!'(0))$ and :SJ(K/k);_a denote the ~-component of (!'(0)) and :SJ(K/k) respectively. 

Proof. We obtain this lemman for a primitive element 0 such that 

the properties i) and ii) in Lemma 5 hold. 

Theorem 6. Assume that K/k satisfies condition (A) on .p and ~. then for 

an integral primitive element 0 of K/k in Lemma 5, the following isomorphism 

holds: 
:SJ(D, o; D/~n = :SJ(o[0], o; D/~r) 

where r is a,n arbitrary non-negative integer. 

Proof. See A. Kinohara [1] Theorem 3. 

Thus we can easily show the following 

Lemma 7. If K/k satisfit-s the con,dition (A) on .p and ~. then the 

D-modules :SJ(D, o; D/~r) (r=O, 1, 2, ... ) are always D-cyclic group, and for 

the maximal dimensi.on d;_a of D-modules :SJ(D, o; D/~,.), ~d;_a is (f'(0));_a where 

f (x)=O in o[x] is the canonical defining equation of an element 0 taken in 

Theorem 6 and (f'(0));_a denot;es the ~-component of (!'(0)). 

Hence we obtain the following 
Theorem 7. If K/k satisfies the condition (A) on .p and ~. then we have 

:SJc(K/k);_a=':SJ(K/k);_a. 

Theorem 8. Let k=K;CK1C ... CK,,. be a separable extension series of 

finite degree over k, D/U=t 2, ..• , m) the ring of all integral clements in 

K 1 with respect to o, and ~J the prime ideal in D1 with ~ 1C~J+i· If 

K;+1/K; (i=O, 1, .•• , m--1) satisfies the condition (A) on ~, and ~Hi> then 

where :SJo(K;+1/K;)'f>i+r denotes the ~;+i-component of the relative different 

of K;+1/K1 by derivations. 

Proof. This theorem is trivial for m=l. By assuming the relation 
m-2 

:SJcCKm-1/K0 );_am-i = fl ':SJJKi+l/K,);_a;+ 1 we shall prove 
i=O 

Put :SJoCKm/K1)'.8')1,=1.f3!, :SJ-(Km_r/K0)$.,_1 =~~-l' :SJoCKm/Km-1);_am='l3::. and 

'l3:;. II '~m-i • Then,· by Lemma 3, (A) is equivalent to 

1) See E. Hecke [1] 135-136 Hilfssatz C. 
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(B) H =k+eg. 

In order to prove (B), we have to show that there exists a natural number 

r such that the maximal dimension of Om-modules ~(Dm, o; Dm/'-+3;;), 
~(Dm, Dm-i; D,,,/'-+3:.7) and ~(Dm-1• o; Dm/~:.") is H, hand eg respectively, and 

(C) 

holds. Considering the structure of the above derivation modules as 

Dm-module, those dimensions are all finite. Hence there exists the positive 

integer r;;:;:r1 such that the former part of the statement is satisfied. 

Let us take a derivation DE ~(Dm, o; Dm/Wr), then it induces a deri

vation cp(D)=D' E ~(Dm_1, o; Dm/~"), by applying D to Dm_1 ; The kernel 

of the mapping cp is clearly ~(D,,., D,,._1 ; Dm/'-+3:;;). Hence we have an 
isomorphic mapping from the left hand side of the relation (C) into the 
right. 

We can see that this mapping is an onto·-mapping, if for every deri

vation DE ~(Dm- , o; Dm/~;;;) we have an extension D* E ~(Dm, o; Dm/1.+3;;;) of 

D. However, since Km/Km_ 1 satisfies the condition (A) on: l.l3m-i and '-l3m, we 

can take 0 ( E Dm) such that ~(Dm, o; D,,,/~;;)~~(Dm- [0], o; Dm/~;;;). 
By A. Weil [1] 12 Proposition 15, the condition that D has an 

extension D** E :l)(D,,,_ '[0], o; Dm/~~) is that the congruence 

has a solution )..ED"', where f(x)=x~4-:axt-i+ •·· +at(ED"'_. [x]) is the 
canonical defining polyn9mial of an element 0 and f"(0)=D(a )0c-r + ... 

+D(at). 

Let gt(x)Eo[x] (i=l.2,··•,t) be the canonical defining polynomial 
of the element a,, then 

D(gi(a,)) = gf(a;)+g:(a;)D(a;) = g;(a;)D(a,) = 0 (mod~;;;). 

Now let ~!. be the (set-theoretically) smallest 1-l3m-component of (g'(a,)) 

(1 < i~t), then it follows : 

D(a,)=0 (mod 1.+3;;;-•). 

Hence we have fv(0}===O (mod '-+3:;;-•). Next, since (f'(0))f,.,=:s)i(K,,./Km_)~,,. 

=~!., then we have a solution :x. E Din if we take r>-r2=[h;sr)+l. Thus 

the above mapping cp is an onto-mapping for r~Max. (r1 , r 2 ), q. e. d. 

I) [ J denotes the Gauss symbol. 
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4. Let N be a separable and normal extension of finite degree over 

k, ,0 the ring of all integral elements in N with respect to o, and ~ a 

prime ideal in :0. Then we can take the following series of the fields : 

k Ck CNCNC·····•CN =N Z T O -· m 

where kz, kr and N 0 denote the decomposition field, inertia field and first 

ramification field of N /k with respect to ~ respectively, and Ni+ 1 is an 
extension of p-th degree over Nt where p is the characteristic of the 

residue class field f=o/+> and i=O, 1, .•• , m-1. 

We consider the series of the rings of all integral elements in the 
above series of· the fields with respect to o, that is 

0 zCorC£>oCD, C · • • · · · CDm = 0 • 

Let lJzClJz,C~0C~1C ··· C~m=~ be the series of the prime ideals in the 
above series of the rings. Moreover, we shall denote by f zCf1.CSl:0CSl:1C ... 
CS'l:m=~ the series of the residue class fields Oz/+>zCOr/+>rCDr/~oCDi/~1C 
... CDm/~m=D/ij. 

Then we can prove the following 

· Theorem 9. i) :$J0 (kz/k) ,z = :$J(kz/k)pz · Oz; 

ii) ;$Jo (kr/kz).'T = ';$:J(kT/kz)'µr =Or; 

iii) ;$Jo (No/krk.o = ';$J(Nr/kT)$0 = ~~o-i 

where e,=[N0 : kr] 1); 

iv) :$J (Ni+if Nt)$i+1 =';$J(Nmf Nt),'Ji+ 1 = (<p' (a))im (i=O, 1, 

... , m-1), where a is some integral primitive element of Ni+ 1/Nt such that 

(<p' (a))$m-the ~'"'_1-component of the different of a- is always divisible by ~ 1+1; 

v) ';$J0 (N /k)~ = ';$:J(N /le)$. 

Proof. i) In this case, Cfz: f)=l, and lJ is unramified in Oz. Then 

from Lemma 4 and 5 we can take an integral primitive element 0 with 

p'.:i,+l I 0-c such that the following isomorphisms hold: 

';$:J(Oz, O; Oz/+>i) '.::'.:'. ';$:J(o [0], O; Oz/p7z) (r = 0, 1, 2 ···) 

where c E o is the representative of the primitive element of fz/f. 

Let us take a prime element n: of Pz in Oz, then since p;+1 \ 0-c, 0-c 

is expressible in the form: 

0-c = 7rr+1 __ Cl_ 
b 

1) [N0 : kr] denotes the degree of No/kT. 

,- 449-

(b, lJz) = Oz 



A. KlNOHARA (Vol 16 

where a, b are ideals in Oz. Obviously, we can choose an ideal c prime 

to +Jz such that be is a principal ideal (/3) in Oz. Therefore we can put 

for some a E Oz 

0-c = ,rr+1 _a_ 
f3 (/3, +Jz) =Oz• 

Then for DE '1:.(oz, o; Oz/+J'.;.-) we have: 

D(/3(0-c)) = (0 -c) D(/3)+;3D(0) = (r+l) n:raD(n:)+n:r+ 1D(a) = 0 (mod ,\J'.;,,), 

since 0-c=O (mod lJ'.;,-+ 1 ) and (/3, +J.11} Oz, we have D(0) = 0 (mod µ~). 

Thus we bave : 

q. ed. 

ii) In this case, kT/kz is an unramified extension and fT/fz is a 

separable extension. Let (fT: fz)=f. Then we can choose an integral 

primitive element p of kT/kz such that p is one of the primitive root of 

+lT and Theorem 6 holds. Let g (x)=x1 +b a.,..r-i + ··· +b1=O (mod ,\Jp) be the 

irredtcible congruence of p in o [x] with +JT II (g (p)). Then we can obtain 

g' (p):$:0 (mod +JT) i.e. (g' (p))pp=OT where g' (x) denotes the derivative_ of 

g (z) by x and (g' (p )),:T denotes the lJT-component of (g' (p )). Let 
f(x)=x1 +a1w- 1 + •·· +a1 =0 be the irreducible defining equation of p in 

Oz [x]. Then f (x)=g (x) (mod .\Jr)- Therefore !' (x) g' (x) (mod PT). Since 

g' (p):$=0 (mod .)Jp), then f' (p $0 (mod ,\Jp). Thus, by Lemma 7 and Theorem 

7 we have: 

iii) In this case, N 0/kr is a completely ramified extension. Let µ1,=~~0 , 

then (e0 , p)=l, p being the characteristic of the residue class field f=o/+J. 
Thus we can take a prime element II0 of ~o as the integral primitive 

element of K 0/kT which satisfies Theorem 6. Now let cp(x)~-x'-l0 +a1x"0 - 1 

+ •·· + ae0 be the canonical defining polynomial of II0 in Op [x], such that 

cp (x) is irreducible and cp (II0)=0. The equation cp (x)=O is well-known as 

an Eisenstein equation and ( cp'(II0 ))Q50 -the ~ 0 -component of the different of 

an element II0 -is ~~0 - 1 , because p,,r'e0 • Then we have: 

~o (Ko/kr)Q5o = '1:.(Ko/kT)l{lo = (cp' (IIo)),Jlo = ~~o-l. 

iv) The following two cases are possible to occur. 

(1) The first case is the one in which Nt+ 1/N, is a completely ramified 

extension of p-th degree. Thus, by the same reason as in iii), we have 
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the following relation for an integral primitive element rri+l of Ni+l/N, 

satisfying ~,+1 II rri+l 

~o (N;+1/ N, hl!H1 = ;t{N1+1/ N,h1!1+1 = ( <p' (II1+1))$;+1 

where ( cp' (IIi+1))$i+1 denotes the ~i+l -component of the different of an 

element II,+1· And, if ~}+1 II (p), then (cp'(II1+1))$1+1=~I+i• s being p~s<h+p. 

(2) The second case is the one in which N;+i/ N, is an unramified 
extension and ~,+1/~, is a purely inseparable extension of p-th degree. 

Let us consider ~i+l=~, (a). Then we can choose an primitive element 

a of Ni+l/N; such that a is a representative of a in Di+l. On the other 
hand, one of the prime elements of ~;+i belongs to D,. Therefore, by 

Lemma 6 we can take the above a for which Theorem 6 holds. 

Suppose that a satisfies the following congruence: 

aP+a=O (mod ~;+1) (~,% a) 

where a (ED,) denotes a representative of a E ~, . Then the canonical· 
defining equation of a is written as follows: 

( ED, [x]) 

where a=av (mod ~,) and a, (i=l, 2, ··· , p-·1) is divisible by '-l3,. Then we 
have: 

~o (N1+1/N,}Bm = ;t{Ni+l/N,)$;+1 = (cp' (a))$1+1 • 

And, ( <p1 ( a))Ui+i is al ways divisible by '-l3i+l • 
v) Of couse, the chain-theorem is held also in the definition of the 

relative different which was introduced by R. Dedekind. Summarising our 

results obtained in i), ii), iii) and iv) we have: 

Lemma 8. 

~o (N /k)'f> = ~N /k)'f.• 

~o (K/k)$ = ;t{K/k)$. 

Proof. Let N be a separable and normal extension of finite degree 

over k containing K, D the ring of all integral elements in N with 

respect to o, and ~. ~ the prime ideal in D, D respectively, with 'i3C~
Then, since N is also a normal extension over K, we can obtain the 

following equation by Theorem 9 v) 

~o (N /k)ip, = ;t{N /k)ij and ~o (N /K)f. = ~N /K)i. 

Now, put ~o (N/k);p,=~lf1, ~ 0 (K/k)$='{39 , ~o (N/K)~=~" and ~• II '-l3, 
then we can prove the relation H=h+eg by the analogous method with the 
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proof of Theorem 8. That is, for a sufficiently large natural number r 
we have only to see the isomorphism 

~(D, o; D/ij"') · - -er 
- -- --er)~ ~D, 0; D/~ ). 

~D,D;D/~ 

Now, by taking D as its domain, a derivation l5 E ~D, o; B;~•~) induces 

a derivation <p (D)=D' E ~(D, o; D/~•r) and the kernel of the mapping <p is 

~:O. D; :0/~'"). On the other hand, from the structure of D with respect 
to D, it is easily shown by the mathematical induction that for every 

derivation DE ~D. o; :0/~'') there exists an extension D* E ~D, o: D/ijer) 
of D. Thus we have: 

D0 (N/k)$ = ~" (K/k)<~ ~J (N/K)$. 

From this result and ~N/k)$=~K/k)<.r, ~N/K)W, for the relative differents 

introduced by R. Dedekind. it follows : 

Theorem 10. 

~o (K/k)<.r, = ~K/k)<.r,. 

~o (K/k) = ~K/k). 

Proof. Let ~o (K/k)=~~1 •·· ~~t be the prime ideal decomposition of 
~o (K/k) in D. Then, from the definition of the relative different by 
derivations there exists an ideal ~ in D such that ~(D, o; D/~) has the 

t 

maximal dimension ~ e, in the set of dimensions of all derivation modules 
t=l 

in D. 
Next let ~=~f1 •· • ~~t be the prime ideal decomposition of ~ in D. 

Then, by Theorem 1, it holds that: 

Since the dimension of ~D. o; D/~) is maximal, then for each i (1 <i<t), 

~D. o; D/~f') must have the maximal dimesion e,. On the other hand, 

~K/k)<.r,, is the ideal ~f' such that the dimension of ~D, o; D/~f•)'s is 
equal to e, . By definition, it must be : 

t 

~o (K/k) = ll ~K/k)<.r,, . 
l=l 

Let ~ be a pri)Jle ideal divisor of ~K/k) which is different from 
~, (i 1, 2 ···, t). Then, by Lemma 8, for a positive integer r the dimension 
of ~D, o; D/~r) is greater than zero and '.!)CD, o; D/~~r) has a greater 

dimension than that of ~D, o; D/~). but this gives a contradiction. 
Hence it must be: 
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t 

D 0 (K/k) = ll (])(K/kh1 = (])(K/k), 
!~l 

q.e.d. · 

5. In regard to the relative different (])0 (K/k) by derivations, we shall 

show that the chain-theorem and the different-theorem hold independently 
of the usual one which was introduced by R. Dedekind. 

Theorem 11. (chain-theorem) Let K bo a separable extension. of finite 

degree over k containing K' , we have : 

(]): (K/k) = r;:;) (K'/k) ~ (K/K'). 

Proof. Let N be a separable and normal extension of finite degree 

over k containing K ; D' , D and D the rings of all integral elements 

in K', K and N with respect to O respectively; ~w. ~ and t\vC~'C~C~) 
some prime ideals in D', D and 5 respectively. Then since N /k is a normal 

extension, N / K' and N / K are also the . normal extensions. Hence, from 
the results that we obtained on the way of the proof in Lemma 8, it 

follows: 

(A) (;)0 (N /k)~ = (])0 (K/k)$ (])0 (N / K)it; = (;)0 (K' /k)$,r;:;o (N /K');i; 

(B) SD0 (N/K')'i = SD0 (K/K')$ (])0 (N/K);. 

Using (B) in place of (;)0 (N /K')t of (A), we have: 

SD0 (K/k)$ = SD0 (K' /k)$,r;:,;o (K/K')$. 

Thus, by the definition of st!o(K/k) we can easily prove our assertion. 

Next, in order to prove the different-theorem we shall prepare some 

notations. Let N be a separable and normal extension of finite degree over 
k containing K, and let G be its Galois group; let H be the subgroup of G 

corresponding to K. Let kCkTCNoCN, oCoTCDoCD, vCvTC~oC~ and 
fCfTC~ 0Cs¥ be the same notations as in Theorem 9. Next let T and V0 

be the subgroup of G corresponding to kT and N 0 respectively. Then 

there are two cases to consider with respect to Hr-. T and T : 

(1) 
(2) 

Hr-.T=T; 

Hr-.T~T. 

Now, we shall prove the following 

Lemma 9. The following three conditions are equivalent: 

(A) H r-.T = T; 

(B) KCkT; 

( C) ~ II p and ~ is a separable extension over f. 

-453-



A. KINOHARA <_Vol. 16 

Proof. (A)-(B) and (B)-(A) are obvious. Since p is unramified in Or 

and fT/f is a separable extension, (B)-(C) is also obvious. 

Next, in order to prove (C)-(B), we shall show that, when Kk/)~kl', 

either e>l for ~• II l,J or ~/f is an inseparable extension. Let Kkril,kr, 

· Kkr being an inertia field of N / K with respect to ~- Let Dr be the ring 
of all integral elements in Kkr with respect to o, ~r the prime ideal in Dr 

' with '{.~1·C'l3, and ~ce=Dr/~r. Then, in kCkrCKkT, either KkT/kr is a 
completely ramified extension or ~r/lr is an inseparable extension. Hence 

K/k must satisfy that either e>I for ~• 11 l-J or ~/f is an inseparable 
extension. 

Corollary. The following three conditwns are equivalent: 

(A) Hf\T~T; 

( B) Kkr;i;,. kr ; 

( C) either e > l for ~• 11 l-J or ~ is an inseparable extenswn over f. 

Next we shall prove the different-theorem. 

Theorem 12. (different-theorem) A necessary and sufficient conditwn that 

a prime ideal ~ satisfies ~o (K/k)C~, is given by the following relation: 
either 

(A) If~• II t:>, then e>l 
or 

(B) The residue class field ~=D/~ is an inseparable extenswn over 

f=o/+>. 
Proof. (Necessity) By supposing that ~ II t:> and ~/f is a separable 

extension, we shall show ~ (K/k)ct~- From Lemma 9 this assumption is 
equivalent to KCkr . Then, from Theorem 9 and 11 we have : 

~o (K/k)<$~ ~o (kr/k)pr =Or• 

Hence, we obtain ~o (K/k)ct~, q. e. d. 

(Sufficiency) By supposing that either e>I for ~• II t:> or ~/f is an 

inseparable extension, we shall show ~J (K/k)C~. 

From Corollary of Lemma 9 this assumption is equivalent to Kkr-;;;,kl' . 

There are two cases to consider : 

(1) K ~ kr (K =l= kr); 

(2) KkT:::) kr (K J:> kr). 

Case (1). Dkr (K=!=kT). 

l) Kkr denotes the composite extension of K and k,p. 

-454-



1953) ON THE I_)ERIVATIONS AND THE RELATIVE DIFFERENTS IN COMMUTATIVE FIELDS 

If N 0-;;_K, then our assertion is obvious. Therefore we assume N 0-;}JK. 

Let KN0 be the first ramification field of N /K with respect to ~ C\* 

the ring of all integral elements in KN0 with respect to o, and ~ 0* be the 

prime ideal in Do* with t~o*C~. 
Since 1-1 r is completely ramified in D 0 , we can choose an integral 

primitive element IIO of N 0/kT which satisfies ~ 0 II 110 • Let· ,l:)T=~~o, then the 

canonical defining equation f(x)=x 90 +a1x10 - 1 + .. •+ae0 =0 (oT[x]) of an 

element II0_ is an Eisenstein equation. By Theorem 9, it follows : 

:f)o (No/kT)'So = Cf' (II0))<so = ~~o-l. 

Since N 0 =kT (II0), we have KN0 =K(II0 ). Let f (x)=f 1 (x) g (x) be the 

decomposion of f (x) in. K[x], where / 1 (II0)=0 and f 1(x) is irreducible in 

K[ x]. Then we have : 

and 

:fJ0 (KN0/K)<sJ* ::::2 (f/ (II0))$o* ~ (f' (II0))<so = :fJ0 (N0/kT)$,. 

Thus, putting (f' (II ))<s0/:fJ0 (KN,/K)<s)* = ~(C:00*), we have: 

(I) :5) (K/k)<s = :5)o(K/kT)$ = ~:5)0 (KN0/N0 )$~*·· 

Let N 0CN1C ... CNm=N and ~ OC~1C •··C~m=~ be the same notations 

as in 4. Let D 0*CC\*C ... CD,,.*=D be the series of the rings of all 

integral elements in KN0CKN1C ... <;;;;J{.N,,.=N with respect to o, and 

s.i~o*Csi~i* ... C~m*=i be the series of the prime ideals in D 0*CD/C 

... CDm *=D. Then, by the same way as the above, w_e have: 

(II) ~o (KNi+JKNt)'Jlf+1~:5)0 (N1+1/Nt)$1+1 (i=O, 1, ..• , m-·1). 

However, in the relation 

[NHl: NJ= p, 

since [KN0 : N 0J>l and [KNm: KN,]:O::::[Ni+ 1 : N,], there exists at least 

one sufix i of 0:0::::i,;:s:;,m-1 such that KNm=KNi i.e. :5), (KN;+1/KN,)=D't+1. 

Then, by applying this fact, (II) and Theorem 9 iv) in the relation 

we have: 

(III) :5)0 (KN0/No) C ~o* 
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Thus ·from (I) and (III), we obtain ::DJ (K/k)C~. 

Case (2). Kkr~k'I' (Kj)k2.), 

Using the relations 

we have: 

::D0 (K/k)'-ll::Do (Kkr/K)mr = ~o (k'l'/k)pr ~o (Kk'l'/k'1')$T, 

::D0 (Kkr/K)$T = DT and ~o (kT/k)µT =OT, 

'."Vol. 16 

Hence, by applying Case (1) i.e. using Kkr in place of K, we have 

::D(Kkr/kr)C"T3r . Thus we obtain ~o (K/k)C~. q. e. d. 

In conclusion I wish to my sincere thanks to Professor M. Moriya for 

his kind guidance. 
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