1953) ON THE DERIVATIONS AND THE RELATIVE DIFFERENTS IN COMMUTATIVE FIELDS

ON THE DERIVATIONS AND THE RELATIVE DIFFERENTS
IN COMMUTATIVE FIELDS

By
Akira KINOHARA
(Received October 20, 1952)

In the previous publication [17],” I have, in a direct way, proved the
equivalence of the definition by A. Weil and Y. Kawada of the relative
different in algebraic number field with the usual one which was introduced
by R. Dedekind.

Recently Prof. M. Moriya® has developed the theory of derivations in
Noetherian ring and has given the definition of the relative different in
such a commutative fields as, in its integral domains, the fundamental
theorem of the multiplicative ideal theory holds. And, using the theory
of p-adic fields, he has shown the equivalence of both definitions of the
relative different in such a field.

Now, in the first step of this paper, we shall show the equivalence
- of both definitions without using the theory of p-adic fields (in the analogous
way to my previous paper). In the next step, we shall show that the
chain-theorem and the different-theorem hold independently of the usual
one in the relative different defined by derivations.

1. Let R be a commutative ring, then we consider for an ideal
A(==(0)) in R the residue class ring R/A and define a derivation modulo A
in a subring R’ of R as a unique mapping of R’ into R/A with the following
properties : ,

(1) D is a module homomorphism of R’ into R/A i.e. for a, B R’

D(a+B) = D(a)+D(B),

(2) for a,BeNR’

D(ap) = BD(a)+aD(B).

Now we denote by D(R',r; R/A) the totality of all derivations modulo
9 in R’ which map every element in a subring 1t of R’ onto the null element

1) The number in square brackets refer to the list of references at the end of this paper.
See A. Kinohara [1].
2) See M. Moriya [1].
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of R/A. Further we shall mean as usual by AD,+pDy(\, p€R, D,, D, €D
(W, r; R/AN)) a derivation by

(AD, + uDyY @) = ADy(a) + uDy(@) (@ eR),

then DR/, r; R/A) is an R-module.

Let k& be the quotient field of the commutative integral domain o in
which the fundamental theorem of the multiplicative ideal theory holds,
and let K be a separable extension of finite degree over k, and © the ring
of all integral elements in K with respect to o. In this paper we always
consider such a relative field K/k. Then, for any ideal (==(0)) in O, D
(9,0; O/A) is O-module and is in general the direct sum of the finite
number of O-cyclic group. It has been proved that for every ideal 2(==(0))
in O the length of the composition series of O-module (O, 0; O/) is
bounded : this length is called the dimension of the derivation module
DO, 0; O/N).

Now let dg be a maximal dimension in the set of dimensions of the
derivation modules D(O,0; O/PXr=0, 1, 2,---) for every prime ideal
B(=4=(0)) in O. Then we can prove that dg are equal to zero for almost
all prime ideal P’s in O (with the exception of finite number of ). Thus
the ideal D.(K/k)=]] R in O is uniquely determined by o and O. Here-
after we shall call%the ideal Do(K/k) the relative different of K/k defined
by derivations.

On the other hand, the relative different D(K/k) of K/k introduced by
R. Dedekind, is an ideal in © such that D K/k)={p; p€K}{ with S;,
(rw)€p for every element » €9, where S,, ( ) means the trace of an
element in K with respect to k.

2. Now we shall study the structure of the derivation module (O,
o; O/N) for an arbitrary ideal A(==(0)) in O.
Theorem 1. Let A= [] P be the prime ideal decomposition of an ideal A
t=1

in O. Then we have a direct decomposition
N, 0; D/m)gg’l OO, 0; O/BE ).
1=

Proof. This follows from Y. Kawada [1] 308 Lemma 8.
Let o*V be the ring consisting of all integral elements in % with
respect to a prime ideal p(Co). Next let O* be the ring consisting of

1) That is, p*={Y; Y€k} with Y=u/v (%, veD) and P} v.
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all ‘integral elements in K with respect to a prime ideal ¥ with p .
Hereafter we shall call o* the p-integral ring in k and O* the P-integral
ring in K. Then there exists a finite minimal basis ,, ws =+ » 0, in OF
with respect to o*. In the following we denote by p* and P* the prime
ideal in o* and O* respectively.
Then we have the following _
Theorem 2. For an cwbitmry mn-negqtive integer r it holds that:

DO, 0; O/P) = D(O*, o*; O*/P*).

Proof. We can choose for every v* € O* and an arbitrary non-negative
integer » an integral element v €O such that the following congruence
holds : '

v* =v(mod PB*").

Hence we can prove this theorem in the analogous way to A. Kinohara
[1] Theorem 3.

Let o € O%, then it is well-known? that the dimension of ©O*-module
D(o*[w], v* ; OF/P*") is maximal when D(o*[w], 0*; O* /P* )= O* /(f (),
where f (2)=0% in o*[«] is the canonical defining equation of an element
o and (f'(w))px denotes the P*-component of the different of . Hence the
maximal dimension of O*-modules D(v*[w], 0*; OF/B*)(r=0,1,2, --- ) is
dgx with (f/(0))pe=P*7%". '

On the other hand, Prof. M. Moriya® has proved the following two
lemmas with respect to the derivation modules.

Lemma 1. Let o ,wy -, 0, be @ minimal basis in OF with respect to o*,
then for an arbitrary mon-negative integer r, D(LO*, o*; D*/éB*r) is generated
by the direct sum of, at most, n cyclic derivation modules in O*. And, if
s=N (N being a sufficiently large naiural number), then D(O*, o*; Q*/%*')
has the maximal dimension dgx in the set of the dimensions of O*-modules
D(O*, 0¥ ; OF/P+) (r=0,1, 2, --).

Lemma 2. Let K be a separable extension of finite degree over k con-
taining K, O the ring of all integral elements in K with respect to o, and P a
prime ideal in O with T BO. Neatlet OF be the ring consisting of all integral
elements in R with respect to the prime ideal B, and T the prime ideal in OF,

1) See A. Kinohara [17] Corollary of Theorem 2.

2y f(x) is irreducible in p*[x] with the heighest cofficient 1 and f(w)=0.
3) See M. Moriya [1].

4) |l denotes that §i¢|sp and Fe+1 )'g.
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then for an arbitrary non-negative integer r, DUO*, o* ; OF /T~ ) coincides with
O* -module generated by O*-module D(O*, o* ; O*/P*¥"). Fmally, let d‘*i and
dg? be the dzmenszon of O*-module D(O*, o* ; O*/P*") and O -module SD(D*

D*/ﬂs ) respectively, then

d%;’ =edd} .

Thus, from Lemma 1 and Theorem 2 we have the following

Theorem 3. Let N be a sufficiently large natural number. Then for
s=N, O-module (O, 0; O/PB°) has the maximal dimension dg in the set of
the dimensions of O-modules (O, 0; O/P") (r=0,1,2, --- ), B (==(0)) being the
prime ideal in . ]

Next we shall show the following

Theorem 4. For an arbitrary non-negative integer v, the dimensions of
O-modules D(O, 0 ; O/P") are equal to zero for almost all prime ideal P's(==(0))
n O (with exception of finite number).

Proof. By assumption, the integral domain o has the following proper-
ties;

(1) o is integrally closed in the quotient field %,

(2) the maximal condition holds for every ideal in o,
moreover, for K/ it holds that

~(3) K is a separable extension (of degree n) over k.

Let 6 be an integral primitive element of K/k, and D(6) the dis-
criminant of 4. Then, from (1), (2) and (3), every element in O can be
represented? in the linear form of ORNIOR 1%
oén_That is, © is contained in the finite 0-module (
D{0)> «

Next let o* be the ring consmtmg of finite sum of DCOY where « is
an element in o and ¢ every integer, then © is a subring of 0*[#] and o
a subring of o*. Moreover, let O* be the P-integral ring in K, and P* the
prime ideal in O*. If By D(0), then O* contains 0*[¢] and we can choose
for every v* €op*[#] and an arbitrary non-negative integer » an integral
element v €O such that the following congruence holds:

v¥ = (mod P*").

Wlth cofficient in
9

D(0)’ D(6)" "’

Therefore we can prove the following relation in the analogous- way
to A. Kinohara [1] Theorem 3

1) See B. L. Van der Werden [17] 93-94.
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DO, 0; O/P") = D(o*[0], o*; O*/BX").

Let ¢ be an element in O with the irreducible defining equation f(2)=
0 in o[«], then, since D(0)€ o (D(0)+0), f(x) is also irreducible in o*[x].
However, f/(0) is not divisible by P which satisfies P ¥ D(0), because f/(9)|
D(6). Thus, for an arbitrary non-negative integer 7, it obviously holds
that :

D(o*[ 6], o*; OF/P*") = O*/O* .

This is, D(O,0; O/P") =O/O for every prime ideal B with P D(9).
Hence the dimensions of O-modules (O, 0; O/P")(r=0,1,2,---) for every
prime ideal 3 with Py D(0) are equal to zero. Thus, only for the prime
ideal %¥’s which satisfy B|D(0), the dimensions of O-modules D(O, o ; O/P")
(r=1,2,--- ) can not be equal to zero, q.e.d.

Next, from Theorem 1, 3 and 4, we have the following

Theorem 5. The set of all the dimensions of O-module D(O,0; O/U)s
for all the ideal Ws(==(0)) of O is bounded. Let its maximal dimension be d,.
Then, d, is uniquely determined as d =>dg where dg is the maximal dimension

BCO
in the set of the dimensions of O-modules D(O,0; O/P") (r=0,1,2,---) for
every prime ideal P (==(0)) in O.
Thus the ideal O(K/k)= J] $*% is uniquely determined as an ideal

in ©. This ideal D(K/k)is slé%lézl)ed the relative different of K/k defined by
derivations. ,

From Theorem 2 and Lemma 2, we obtain the following

Lemma 3. Let K be a separable extension of finite degree over k con-
taining K, O the ring of all integral elements in K with respect to o, and P
a prime ideal in O with B || B. Then, for an arbitrary non-negative integer
r, the dimension of O-module D(O,0; O/P ) is e times that of O-module
DO, 0 ; O/P").

3. Suppose that p and P(PPB) are some prime ideals in o and O
respectively, and the following condition (A) is satisfied:

condition (A) There exists an element €O whose residue class modulo
B is a primitive element of the residue class field R=O/P over t=o/p and one
of the prime elements of P in O belongs to o [4].

" Hereafter, in such case, we shall say that K/k satisfies the condition
(A) on p and L.

Let 5 be an element taken in the condition (A), and ¢ an integral
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primitive element of K/k. Then we can choose a prime element = of p
in o and an integer ¢>>1 such that all conjugate elements of §*=y+7°0
with respect to % are different from one another, so that ¢* is an integral
primitive element of K/k. Since ¢*¥=y(mod ), the residue class modulo P
containing 6* is a primitive element of &/f. If g(5)(€o[4]) is a prime
element of P, then g (6*) is also a prime element of P in O because

g(O)=g(n+n°0)=g(y) (mod ).
Thus we have the following

Lemma 4. Letp and P(p<P) be some prime ideals in o and O respectively,
Assume that K/k satisfies the condition (A) on p and P. Then there exists an
integral primitive element 0 of K/k such that 0 modulo. P defines a primitive
element of the residue class field =90/P over f=o/p and some prime element
of P belongs to o[0].

Remark. If & is a separable extension over f, then K/ satisfies the
condition (A) on p and .

Lemma 5. Let p and P be some prime ideals in o and O respectively, and
p=P*UA with (B, W)=0. Assume that K/k satisfies the condition (A) on p and
B. Then there exists an infegral primilive element 0 with the following proper-
ties:

i) 0e¥,

i) for every w €O and an arbitrary non-negative integer r, it holds

o =h,(0) (mod P7) k. (0)co[6].

Proof, Since the condition (A) on p and B is satisfied, we can choose
an integral primitive element 8, of K/k for which Lemma 4 holds.

Take a prime element IT of P with (IT, A=O, then we can determine
an element £€ O such that II’(=-—0, (mod A). Clearly there ekists an
element c¢c€o such that e=l (mod p) and all conjugate elements of 9=6,
+1I%¢¢ with respect to k are different from one another. Thus it follows
that €.

Let g(éo) (€0[6,]) be a prime element of P, then g(d)€o[d] is also a
prime element of P in O. And, every representative of the residue class
modulo P is expressible by an element in o[¢]. Thus, for every « € dnd
an arbitrary non-negative integer r, the following congruence holds:

o =h,(0) (mod PB") Ak, (0)€o0[d].
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Lemma 6. Assume that K/l satisfies the condition (A) on p and P, then
there ewists an integral primitive element 6 of K/k with the canonical defining
equation f(x)=0 in o[x] such that (f())p coincides with D(K/k)y, where
(f'(8)p and D(K/k)y denote the P-component of (f'(0)) and D(K/k) respectively.

Proof. We obtain this lemma? for a primitive element 6 such that
the properties i) and ii) in Lemma 5 hold.

Theorem 6. Assume that K/k satisfies condition (A) on p and B, then for
an integral primitive element 0 of K/k in Lemma 5, the following isomorphism
holds :

‘ DO, 0; O/P") = D(o[6], 0; O/B")
where v is an arbitrary non-negative integer.

Proof. See A. Kinohara [1] Theorem 3.

Thus we can easily show the following

Lemma 7. If K/k satisfies the condition (A) on p and P, then the
O-modules D(O,0; O/PB") (r=0,1, 2, ---) are always O-cyclic group, and for
the mazimal dimension dg of O-modules DO, 0; O/B"), B is (f1(0))p where
f(@)=0 in o[x] is the canonical defining equation of an element 0 taken in
Theorem 6 and (f'(0))p denotes the L-component of (f'(9)).

Hence we obtain the following

Theorem 7. If K/k satisfies the condition (A) on p and P, then we have
D(K/k)p=D(K/k)3.

Theorem 8. Let k=K C K, --- CK,, be a separable extension series of
finite degree over k, O,(j=1, 2, ..., m) the ring of all integral clements in
K, with respect to o, and P, the prime ideal in O, with B, Pj,,. If
K,, /K, (i=0,1, ..., m--1) satisfies the condition (A) on B, and B,,,, then

m—1
®0 (Km/K )13% =£[0 D (KHI/Ks)ﬂStH

where DK, ,/K)p,., denotes the PB,,,-component of the relative different

of K,.,/K, by derivations.
Proof. This theorem is trivial for m=1. By assuming the relation

D (K a1/ Ko)pmar= ]7 fD (K,11/K)pis1 We shall prove
(A) DEn/Eodpn = Do Knr/Ke)snrDo Kon/ K1 Y -

PUt SO(KWI/K\)B% S‘Bm’ @ (Km—l/Ko)Bfn—l_sBm—li go(Km/Km—l)‘Bmzslgz. and
B, | B_i. Then, by Lemma 3, (A) is equivalent to

1) See E. Hecke [1] 135-136 Hilfssatz C.
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(B) H=h+eg.
In order to prove (B), we have to show that there exists a natural number
r such that the maximal dimension of £,-modules ®©(O,,0; 9,/B),
D> Ot 3 O,/Be) and DO,y 05 0,/Pir) is H, k and eg respectively, and

QD(Dmlo N m/slsmr)
(©) (0o, Ts O, i) = FOmmr 25 O/

holds. Considering the structure of the above derivation modules as
O,-module, those dimensions are all finite. Hence there exists the positive
integer r=r, such that the former part of the statement is satisfied.

Let us take a derivation D€ ®(O,,0; O,./B™), then it induces a deri-
vation @(D)=D'€D(D,._1,0; O,/B), by applying D to O,._;. The kernel
of the mapping ¢ is clearly D(O,, O,1; O,./B). Hence we have an
isomorphic mapping from the left hand side of the relation (C) into the
right. o

We can see that this mapping is an onto-mapping, if for every deri-
vation D € D(O,,_,0; O,/B) we have an extension D* € (O,, 0; O,./B) of
D. However, since K,,/K,,_, satisfies the condition (A)on P,_, and B,, we
can take 6(€9,,) such that D(O,,,0; O./B)=D(O,_ [0].0; O./B)

By A. Weil [1] 12 Proposition 15, the condition that D has an
extension D¥* € D(O,,_ [0],0; O,/BZ) is that the congruence

f2(0)+f(O)r=0 (mod P

has a solution A €9,, where f(2)=2"+0a &'+ -+ +a,(€D,_. [«]) is the
canonical defining polynomial of an element 4 and f7(8)=D(a ) "'+ -
+D(a,). v . , .
Let g,(x)eo[z] (z__l 2,---,t) be the canonical defining polynomial
of the element a;, then '

D(g(@,)) = g{(a;)+g:(a.)D(a;) = g;(a;)D(a;) =0 (mod B).
Now let P: be the (set-theoretically) smallest 3,-component of (g'(a,))
(1<i<t), then it follows: :

D(a;)=0 (mod PBg~*

Hence we have f2(6)=0 (mod Bz —*). Next, since (f’(@)jgn—® (K,,,/Km_-)B,,,
=%, then we have a solution A €9O,, if we take 7~g,r2~_[h+s] +1. Thus
the above mapping ¢ is an onto-mapping for r=Max. (v, 7,), d.e.d.

1) [ ] denotes the Gauss symbol.
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4. Let N be a separable and normal extension of finite degree over
k, © the ring of all integral elements in N with respect to o, and P a
prime ideal in . Then we can take the following series of the fields:

by ChpCNGCON Coeeeee N,=N

where k,, k, and N, denote the decomposition field, inertia field and first
ramification field of N/k with respect to P respectively, and N,,, is an
extension of p-th degree over N, where p is the characteristic of the
residue class field t=o/p and i=0, 1, ..., m—1. |

We consider the series of the rings of all integral elements in the
above series of the fields with respect to o, that is ‘

0,0, 0,0, weeee 0,=9.

Let p,Cp, B, Py -+ CB,= be the series of the prime ideals in the
above series of the rings. Moreover, we shall denote by t,¥,CR,C8, ---
CR®,,=R the series of the residue class fields oz/pZCOT/pTCDO/‘B‘,CDl/iBlC
+ COn/Bn=0/P .
Then we can prove the following
Theorem 9. i) D,(k,/k) 5 =Dk,/k)p, =03
i) Dy (ke/ks):r = NEr/Ez)pr = 013
iii) Dy (No/krdpo = DN/ Fr)po = Bo*
'where e,=[N,: k,]";

iv) DNt/ Ndpisa =N 1/ Npiss = (9" () (1=0,1,

wym—1), where a is some integral primitive element of N,.,/N, such that
(@' (A))p; 41 ~the By, -component of the different of a- is always divisible by B, ;
V) D (N/k)g = D(N/I). |

Proof. i) In this case, (f,: £)=1, and p is unramified in o,. Then

from Lemma 4 and 5 we can take an integral primitive element 9 with
p5+1|@—c such that the following isomorphisms hold: B

Doz, 0; 0,/95) = No[0], 0; 0,/97) (r=0,1,2-)
where ¢ €o is the representative of the primitive element of f,/f.
Let us take a prime element = of p, in o,, then since p;*'|d—¢, 6—c:
is expressible in the form:

, Qa
0—c = 7r’”~6* (b, ;) =0,
1) [No: kr] denotes the degree of Ny/kr.
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where a, b are ideals in o,. Obviously, we can choose an ideal ¢ prime
to p, such that bec is a principal ideal (8) in o,. Therefore we can put
for some a€p,

O — ,,m% (B ps) =10,.

‘Then for DeSD(oz, D; 04/9%) we have:

D(B(8-—¢)) = (0 —¢) D(B)+BI0) = (r +1) z"aD(=)+=""'D(@)=0 (mod p),
since §—c=0 (mod p3*') and (B, pz)=v,, we have I(8)=0 (mod p7).
Thus we bave:

N0y, 0; 0,/Py) = 0,/0z, q.ed.

ii) In this case, k,/k, is an unramified extension and f,/f, is a
separable extension. Let (f,: f,)=f. Then we can choose an integral
primitive element p of k,/k, such that p is one of the primitive root of
p, and Theorem 6 holds. Let g (x)=2"+b & ' 4---+b=0 (mod p,) be the
irreducible congruence of p in o[2] with p, | (g(p)). Then we can obtain
g'(PXEE0 (mod p,) i.e. (¢'(p))pr=0r where g’(x) denotes the derivative of
g(@) by =z and (g'(p))y denotes the p,-component of (g’'(p)). Let
f(@)=2"+0a,2" "' +---+a,=0 be the irreducible defining equation of p in
o,[#]. Then f(x)=g (x) (mod p,). Therefore f/(v)=g'(x) (mod p,). Since
g’ (p)XE0 (mod p,), then f/(p)==0 (mod p,). Thus, by Lemma 7 and Theorem
7 we have:

Do (kr/ ks Ivr = DEr/E5)pr = (' (PDpr = 07 -

iii) In this case, N./k, is a completely ramified extension. Let p,=P2°,
then (e,, p)=1, p being the characteristic of the residue class field f==0/p.
Thus we can take a prime element II, of 9, as the integral primitive
element of K,/k, which satisfies Theorem 6. Now let o (2)=a®+a,x% !
+ -+ +ag, be the canonical defining polynomial of II, in o,[2], such that
@ (x) is irreducible and ¢ (I1,)==0. The equation ¢ (z)=0 is well-known as
an Eisenstein equation and (¢'(I1,))g,-the PB,-component of the different of
an element II,-is B!, because pte,. Then we have:

Dy (Kof/Tordpe = SD(-Ko/";z')ﬂSo = (50' (Ho)):Bo = go -1 .

iv) The following two cases are possible to occur.
(1) The first case is the one in which N,,,/N, is a completely ramified
extension of p-th degree. Thus, by the same reason as in iii), we have
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the following relation for an integral primitive element II,,, of N,,,/N,
satisfying P,,, | 1L,

D, (N¢+1/N¢)$t+1 = @(Nzn/Nt)iBiu = (@' (41))pe1

where (@' (I1,,,))p;s, denotes the PB,,,-component of the different of an
element IT,,,. And, if ., || (9), then (@' (11,4, ))p 41 =41, s being p<s<h+p.

(2) The second case is the one in which N,,,/N, is an unramified
extension and &,,,/8, is a purely inseparable extension of p-th degree.
Let us consider &,,,=8&;(@). Then we can choose an primitive element
a of N,,,/N, such that « is a representative of @ in O,,,. On the other
hand, one of the prime elements of %3,,, belongs to ©,. Therefore, by
Lemma 6 we can take the above @ for which Theorem 6 holds.

Suppose that « satisfies the following congruence :

a’+a=0 (mod B,,,) (Bifa)
where ¢ (€9,) denotes a representative of G€f,. Then the canonical
defining equation of « is written as follows:

@) =2 +a3" e+ 0@+ a,=0 (€D, [«])

where a=a, (mod B,)and a, (i=1, 2, --- , p--1) is divisible by B,. Then we
have:
D, (Nt+1/N¢)>151+1 = SD(NtH/Ns)S—BHl = (@' (A))pi+1 -
And, (¢’ (@))p,,, is always divisible by %B,,, .
v) Of couse, the chain-theorem is held also in the definition of the
relative different which was introduced by R. Dedekind. Summarising our
results obtained in i), ii), iii) and iv) we have:

Do (N/E)g = DAN/E)z-
Lemma 8. Dy (K/k)g = K /)y
Proof. Let N be a separable and normal extension of finite degree
over k containing K, O the ring of all integral elements in N with
respect to o, and P, P the prime ideal in O, O respectively, with BP.
Then, since N is also a normal extension over K, we can obtain the
following equation by Theorem 9 v)
Dy (N/k)g = DN/k)g and D, (N/K)g = NN/K) -
Now, put Dy (N/k)g=P", Dy(K/k=F", Dp(N/K)};=F and B | %,
then we can prove the relation H=~h+eg by the analogous method with the
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proof of Theorem 8. That is, for a sufficiently large natural number r
we have only to see the isomorphism

DO, 0; /8 )

NO,0; O/B7)
Now, by taking © as its domain, a derivation D e D, o; O/F ) induces
a derivation @ (D)=D'e DO, 0; O/P") and the kernel of the mapping ¢ is
O, O; O/PB”). On the other hand, from the structure of O with respect
to O, it is easily shown by the mathematical induction that for every
derivation D e (O, o; O/F") there exists an extension D* € O, 0: O/B")
of D. Thus we have:

O, (N/Eyg =D, (K/k)g D, (N/K)5 -

From this result and D(N/k)g=]NK/k)y (N/K)z for the relative differents
introduced by R. Dedekind. it follows:

D, (K/K)g = DK/ L)y -
Theorem 10, D, (K/k) = NK/E).

=~ NDO, 0; O/F).

Proof. Let D, (K/k)=5! --- B be the prime ideal decomposition of
D, (K/k) in ©. Then, from the definition of the relative different by
derivations there exists an ideal % in O such that (O, o; O/A) has the
maximal dimension zt}et in the set of dimensions of all derivation modules
in . =

Next let A=P71... B’* be the prime ideal decomposition of U in O.
Then, by Theorem 1, it holds that:

DO, 0: O/A) =~ ;1 D VO, 0; O/PLY).

Since the dimension of O, o; O/%) is maximal, then for each i(1<i<t),
DO, 0; O/P7*) must have the maximal dimesion e,. On the other hand,
NK/k)p, is the ideal P;* such that the dimension of (DO, o; O/P}*)s is
equal to ¢,. By definition, it must be:

t

D, (K/k) =[] NK/E)p; -

t=1
Let P be a prime ideal divisor of (K/k) which is different from
B, (=1, 2 -.-,t). Then, by Lemma 8, for a positive integer » the dimension
of DO, o; O/P") is greater than zero and MO, o; O/AP") has a greater
dimension than that of O, o; O/A), but this gives a contradiction.
Hence it must be:
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O, (K/k) = i]ﬂ]l DK Ky = DE/K),  q.ed.

5. In regard to the relative different ®,(K/k) by derivations, we shall
show that the chain-theorem and the diffeyent-theorem bold independently
of the usual one which was introduced by R. Dedekind.

Theorem 11. (chain-theorem) Let K be a 9epamble emtenswn of ﬂmte
degree over k containing K', we have :

. D. (K/k) =D, (K'/K)D (K/K).

Proof. Let N be a separable and normal extension of finite degree
over k containing K; ', © and © the rings of all integral elements
in K/, K and N with respect to o respectively ; ¥/, R and PR TRTY)
some prime ideals in O/, O and O respectively. Then since N/k is a normal
extension, N/K' and N/K are also the normal extensions. Hence, from
the results that we obtained on the way of the proof in Lemma 8, it
follows :

(A) Dy (N/E)F =Dy (K/K)g Dy (N/K)g = Dy (K' /)y D, (N/K’)as»
(B) 9D, (N/K,)B = D (K/K")g Dy (N/K)y .
Using (B) in place of ®,(N/K'ys of (A), we have:
Dy (K/K)p =Dy (K' /Iy Dy (K/K" ) - A
Thus, by the definition of ®,(K/k) we can easily prove our assertion.
Next, in order to prove the different-theorem we shall prepare some

notations. Let N be a separable and normal extension of finite degree over
I containing K, and let G be its Galois group; let H be the subgroup of G

corresponding to K. Let kCk,N,CN, 00, 0,0, pp, B, P and
FCECR,C K be the same notations as in Theorem 9. Next let T and V,
be the subgroup of G corresponding to k, and N, respectively. Then
there are two cases to consider with respect to H~T and T:

(1) HAT =T; ‘

(2) H TET.

Now, we shall prove the following

Lemma 9. The following three conditions are equivalent :
(A) HAT=T;
(B) K& ks
(C) By and & is a separabie extension over t.
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Proof. (A)—(B) and (B)—(A) are obvious. Sincep is unramified in o,
and f,/f is a separable éxtension, (B)—(C) is also obvious.

Next, in order to prove (C)—(B), we shall show that, when Kk, =22k,,
either e>1 for B* ||y or &/t is an inseparable extension. Let Kk, =2k,
Kk, being an inertia field of N/K with respect to . Let O, be the ring
of all integral elements in Kk with respect to o, Br the prime ideal in O,
with $,CB, and RT_ST/?B, Then, in k(kTCKkT, either Kk /k, is a
completely ramified extension or &,/f, is an inseparable extension. Hence
K/k must satisfy that either ¢ >1 for P¢|/p or &/f is an inseparable
extension.

Corollary. The following three conditions are equivalent :

(A) HATET;
(B) Kk,22F;
(C) either e>1 for P | p or & is an inseparadble extension over ¥.

Next we shall prove the different-theorem.,

Theorem 12. (different-theorem) A necessary and sufficient condition that
a prime ideal L satisfies D, (K/k)YTB, is given by the following relation :
either

(A) If Pellp, then e >1
or

(B) The residue class field R=O/P is an inseparable extension over
f=0/b.

Proof. (Necessity) By supposing that P p and &/t is a separable
extension, we shall show ® (K/k)J?B. From Lemma 9 this assumption is
equivalent to KCk,. Then, from Theorem 9 and 11 we have:

Dy (K/E)p 2Dy (lor/K)pr = 0p .

Hence, we obtain 9, (K/k){ B, q.e.d.

(Sufficiency) By supposing that either ¢>1 for P*|lp or R/f is an
inseparable extension, we shall show D, (K/k) .

From Corollary of Lemma 9 this assumption is equivalent to Kk,=2k, .
There are two cases to consider : ‘

1) KDk (K+kp);
(2) Kky =k, (KDky).

Case (1). KOk, (K=£k;).

1) Kkyp denotes the composite extension of K and kp.
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If N,2K, then our assertion is obvious. Therefore we assume N,RK.
Let KN, be the first ramification field of N/K with respect to P, O.*
the ring of all integral elements in KN, with respect to o, and B,* be the
prime ideal in D,* with P ¥ .

Since p, is combletely ramified in 9O,, we can choose an integral
primitive element I, of No/kr which satisfies By | II,. Let p,=P;°, then the
canonical defining equation f(#)=2"4a,2 14 --- +ae=0 (0r [#]) of an
element II, is an Eisenstein equation. By Theorem 9, it follows:

@o (No/kr)iBo = (f’ (Ho))‘Bo = 3"—1 .

~ Since Ny=k,(Il,), we have KN,=K(II,). Let f (2)=f,(x) g (x) be the
decomposion of f(x) in. K[2], where f,(IT,)=0 and f, () is irreducible in
K[z]. Then we have:

(" (ITp)go = (f1 (TLp))po* (9 (TTp))po* (9 (IT,) =+ 0)
and .
Dy (KN, /K)gyx 2 (fll (I ))po* 2 (f' (Mg))po = Dy (No/Er ) -

Thus, putting (f' (I Ngo/Dy (KN /K)p* = W(TO*), we have:
( I SD (K/k)EB = QO(K/kT)’B = %I@o (KNO/NO)SB')*"

Let N,CN,C -+ CNn=N and B, R, ---CPB,,=T be the same notations
as in 4. Let O}CO*C ... £90,*¥=9O be the series of the rings of all
integral elements in KN, CKN,C -.- CKN,=N with respect to o, and
PP * - &B,*=P be the series of the prime ideals in OF}O*C
.+ C90,*=0. Then, by the same way as the above, we have:

(IN) Dy (KN, i/ ENDpFa 2D (Nia/N s (=0, 1, ..., m—1).

However, in the relation
m—1 m—1
[KN,:N,] {ZO[KNM: KN, = go[N,H: N1 [Nisa: N, =0,

since [KN,: N,]>>1 and [KN,,,: KN,]<[N,,,: N,], there exists at least
one sufix i of 0<i<m—1 such that KN,,,=KN, i.e. ® (KN,,,/KN;)=0F,.
Then, by applying this fact, (II) and Theorem 9 iv) in the relation

Dy (ENo/N) =TT Dy(Near/N/ T] Do (KNt KN,

we have:
(IIT) Dy (KNy/N,y) T By*
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Thus from (I) and (III), we obtain D, (K/k)P.
Case (2). Kk,2k, (K>Dk,).
Using the relations

Dy (K/E)pDy (Kl /K)pr = Dy (Fr/Kdpr Do (Kkr/kr)ﬂ}r ’
Dy (Kln/K)ge = Or and D, (or/I)pr = 0
we have: :
Do (K/K)g=Ds (KFeo /e -

Hence, by applying Case (1) i.e. using Kk, in place of K, we have
N Kky /Iy )P, . Thus we obtain D, (K/k)B. q.e.d.

In conclusion I wish to my sincere thanks to Professor M. Moriya for
his kind guidance.
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