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By 
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§ 1. Introduction. 

It is well known that de Sitter type space-time [ A ] 2> and Einstein 
type one [CJ2> are expressible as a four dimensional fundamental hyper­

quadric and a hypercircular cylinder in five dimensional fl.at space respec­
tively. On the other hand, Sch warzschild type space-time is expressible 

as a four dimensional subspace of six dimensional flat space.3> In other 
words their classes are one, one and two respectively. 

In this paper we intend to determine the classes of all s. s. space­
times to which the above three belong as special ones. It was shown, 
however, by Eiesland that the class of any s. s. space-time S 0 is at most 

two,4> hence we have only to determine the condition that an S0 be of class 

one. After obtaining this condition in a s. s. coordinate system, we shall 

express it in invariant form using c. s. of S0 • 5> Lastly we shall give the 

concrete form of transformation which transforms an S0 of class one into 

a hypersurface of five dimensional flat space. 

§ 2. Space-time S1• 

Line element of an S1 is reducible to 

ds2 = -A(r, t) clr2-r2(cl0 2 +sin2 0cl¢2 ) + C(r, t) clt2 , (2.1) 

by a suitable choice of coordinate system. Then m~ing (2.1), we can prove: 
Lemma L6> A necessary and sufficient condition that an Sr be of claf:s one 

is that A and C satisf 21 

A=i=l, 2(A-C")+(A.2 -A1C')/(l-A)+(C12 -Ad)/C = O, (2. 2) 

in the coordinate sustem of (2.1). 

Proof : In order that a space-time be of class one, it is necessary and 

sufficient that there exists a symmetric tensor bi] satisfying 
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(F), (G) 

where i, j, ··· = 1, ··· 4, and e is plus or minus one and is equal to a,"fl7J,.r/. 

(a,.fl, (a, f1 = l, ···, 5), is the fundamental tensor of the five dimensional 

flat space and '1J,. is the unit normal vector of the four dimensional hyper­

surface. )7> If we raise the indices k and l and use (2.1), (F) becomes 

J ea =b~b~ - b~b~ , ef] = bib!- b~b! , etc. ( 8 eqs.) 

l b½b~-b~b~ = 0, b~b:-bfb~ = 0, etc. (13 eqs.) 

where a=Ki212=Kia13 =-A'/2A2r, f1=K2i 21 =Ka;,34 =C'/2ACr, etc.5' 

(G) becomes 

02b11-01b12 +A1b12/2A+Ab24/2C-b1dr = 0, etc. (24 eqs.) 

for (2.1). From (F) we can easily prove the following: 

(F) 

And 

(G) 

( i) When (b12=!=0, b23 '-i=0) or (b12=1=0, b23=0). S1 must be flat i. e. [B].2) 

(ii) When b1~=0 and b23=!=0, yve have b1;=0 and a=/3=1=t=O. 

Hence we. have A=const. and C=C(t). So by a transformation of t, we 

obtain 

d_s2 = -Adr2-r2(d02 +sin2 0d¢2) +dt2, (A= const.), (2. 3) 

When A=l, this gives [BJ. When A=!=l we have (2. 2). This S1 is not 

flat and we can easily prove that (F) and (G) have a solution b,J of the 

type b22 , b23 , b33 =!=0- and other b,J=O. Hence the class of this S1 is one. 

In fact, by putting 

z1 = r sin 0 cos¢ , z2 = r sin 0 sin¢, z3 = r cos 0, z4 = ">,,,r, z5 = t, (2. 4) 

we have 

(2. 5) 

where (">,,,=vf-A, e4=l) or (">,,,=VA-l, e4=-l) according as 1-A>0 

or <0 and the SI becomes a hypercylinder -(z1)2-(z2)2-(z3)2+eiz4 )2/(l-A) 

=0 in the flat space (2. 5).8) 

(iii) When b12=b23=0. Assuming that SI is not [BJ, we have b12=b23 
=b13=b24 =b34=0. (iiia) When fl=i=O, i.e. C'=!=0: From (F), we can obtain 

-~- . (2. 6) { 
bu = A' /2">,,,vA, b22 = -r">,,,/VA, b33 = -r">,,, sin2 e ;v·A-, 

b44 = C'/2">,,,V A , b14 = A/2">,,,VA, other b0 = 0, A=!=l, 

where ">,,,=V e('.1.-=-Aj+0 and e is taken so as ">,,, is real. (Double sign of bu 

being omitted.) Using these results, we have (2. 2). Conversely if (2. 2) 

holds and C'=!=0, b0 defined by (2. 6) satisfies (F) and (G). (iiib) When f1=0 
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i.•e. C'-:-0: By a transformation of t we have C=l. Especially when ry=O 

i.e. A.=0, we obtain (2. 6) in which C'=.A=O as the solutio11 of (F) and 

(G). Hence this S1 is of class one and (2. 2) is satisfied. (If A'=O further, 

we have the Sr defined by (2. 3) and a new solution biJ is obtained.) 

Similarly when ryq=O, i.e. A.q=O, we can easily obtain (2. 2) whose C'=O 
as the condition to be satisfied by A in order that the Sr be of class one. 

b11 in this case is also given by (2. 6) putting C'=O. Hence the lemma is 

proved. 

The concrete form of biJ is given by (2. 6) to within a sign with a 

proviso that in Sr defined by (2. 3) b0 's of different types exist. 

§ 3. Condition (2. 2) in invariant forms. 

By using the formulae concerning a, fl,•·· given in (I), (2. 2) can be 

rewritten as 

(3.1) 

In this section we shall express this condition in invariant forms. For 

this purpose we shall use the relation 
LI I' 2 ~ 23, 2 ~ 4 

f afl+Oy2/ A ={4(p)2 +2p(p +P)+pp}/16, a+ fl= (p + p +4p)/4, 
', l 2 3 ,1 4 

i ~ = (p + p + p + 2p )/ 4 , 1/ = p /2 ' 
(3.2) 

which is obtained from the formulae concerning c. s. given in (I). We can 

easily prove that this relation is invariant under any transformation of r 
and t. 9) If we substitute (3. 2) into (3.1), we have 

4 l 4 2 3 

pi=O, 2pp = pp • (3. 3) 

Hence we obtain : 
Lemma 2. A necessary and sufficient condition that an S1 be of cla>1s one 

is given by ( 3. 3). 

Since a necessary and sufficient condition that an S0 be conformally 
l 

flat is given by p=O, we have : 
Corollary 1. A necessary and sufficient condition that a con! ormallu fiat 

4 2 4 3 
Sr be of clac:s one is that it hold either (p=t-=0, p=O) or (pq=O, p=O). 

l 2 3 4 

Examples: In [AJ and [CJ it holds that (p=p=p=O. p=const.~t-~O) 
1 2 4 

and (p=p=O, p40) respectively, so (3. 3) is satisfied. In general, we can 

easily prove that in S(L) except [BJ, (i.e. the space-time used in relativistic 
l 2 4 

cosmology), it holds that p=p=O and p~:~0,2) hence this S(L) is also of 
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l 2 3 4 

class one.10) For Schwarzschild type S1 it holds that p=-2p=-2p=6p40, 

hence (3. 3) is not satisfied and it is of class two. 
There is another way of expressing (2. 2) in invariant form. The 

characteristic equation of the matrix [K./] in the coordinate system of 
(2.1) is given by 

().-!;)().~7,1){).2 -(a+.S) ).+a,B+Oy2/A} 2 = 0, (3. 4) 

where K;/=K,r, (A=(i, j), B=(l, m); A, B=l, ···, 6; (1, 2)=1, ···, (3, 4) 

=6).s), m The six roots of this equation which are invariant under any 

coordinate transformation are !;, 7,1; ).1 , ).1 ; X2 , X2 where ).1 and ).2 are 

roots of ).2-(a +,8) X+a,B+Oy 2/A=O. When A=l, (3. 4) becomes 
).3().-!;) (X-/3)2=0. The second equatio·n of (3.1) is equivalent to f1'J=X 1).2 • 

Therefore, from the standpoint of the characteristic roots i. e. principal in­

variants of [K .. /J, we can determine the class of given S 1 • For example, 

when six roots are p, q; r, r; s, s, (p, q, r, s~t= ), the class is one or two 
according as pq=rs or pq=}=rs. 

§ 4. Space-time Su. 

The line element of an Su is reducible to the form 

ds2 = -A(r, t) dr2 -B(d02 +sin2 0drji)+C(r, t) dt2 , (B=const.>O), (4.1) 

by a suitable transformation of coordinates. Since 7,1=K2323 =-1/B=!=O in 
this coordinate system, an Sn can not be flat and its class must be one 

or two by virtue of the theorem stated in § 1. 

Solving (F) and (G) as in the case of S1, we have bn=b14 =b44 =0 and 

!;=Ki414 =0. So by a transformation of (r, t)-space, we have 

ds2 = -dr2 -B(d02 +sin2 0d¢2 ) +dt2 , (B=const.>O). (4. 2) 

Evidently this Sn is of class one and becomes a hypersuface (z1) 2 +(z2) 2 

+(z3 )2=B in a flat space ds2=-(ds1)2-(dz2)2-(dz3 )2-dr2 +dt2 •12) Hence we 

have 

Lemma 3. A necessary and sufficient condition that an Su be of cla,;:s one 

is given by !;=0 in the coordinate system of ( 4. 1). 

In this coordinate system it holds that a=f3='Y=0 and rr=l=O, so !;=0 

coincides with the second equation of (3.1). And further an S0 is Su when 
2 3 4 l . 

and only when p=p=-2p 4/B, (=l=O), and it holds that p==4(!;-1/B).5) 

l 2 

Hence !;=0 is equivalent to p=-p, (=l=O), and also to the second of (3. 3). 

Summarizing the results obtained, we have : 
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'rheorem 1. A necessary and sufficient condition that an S 0 be of class 
. 1 2 

one is given by (3.3). Especially when S 0 is Sn the condition becomes p=-p. 

Corresponding to the corollary 1 in § 3, we easily obtain : 

Corollary 2. Conformally fiat S11 can not be of class one i. e. it is of clas.,; 

two. 

A characterizing condition of Su from the standpoint of the charac­
teristic roots of [K,/J is that four of the six roots are O and one of the 
remaining two is non-vanishing constant (i.e. -l/B).11) Hence as in § 3, 

we have: 
Lemma 4. A necesmry and sufficient condition that an S0 be Su of class 

one is that five of the six characteristic roots of the matrix [ K_/J be O and 

the remaining one be wn-vanishing constant. 

§ 5. Concrete form of z~ in general S 0 of class one. 

In an S0 of class one there exist five functions z~=fix1) satisfying 

ds2 = gi,dx'dxJ = ~ eidz~)2 , (a = 1, ·· · , 5), (5.1) 
~ 

where the e's are plus or minus one according to the character of the S 0 • 

In this section we shall obtain the concrete forms of these z's by solving 

(L), (M) 

where b1; is the solution of (F) and (G).13) 

In the first place, we shall deal with an Sr satisfying (2. 2) taking the 
coordinate system of (2.1). When Sr is of the type (2. 3), z~ is given by 
(2. 4), so we assume that the Sr is not of this type and take b1; given by 

(2. 6). Then (L) and (M) become 

a11z~-(A'/2A) c\z~-(.A/2C) c\z~ = (A'/2vA:\.) r/, etc. (10 eqs.) ( L) 

and <\17~=(A'/2Av A-:\.)c\z~-(A/2C✓ A.-A.)04Z~, etc. (4 eqs.) (M) 

respectively, where :\.=v e(l-A) and au means 0 2/axtaxJ. By solving this 

we know that such z~ are given by 

z1 = r sin 0 cos ¢ , z2 = r sin 0 sin ¢ , z3 = 1· cos 0 , 

z4 = T(r, t), z5 = µls_r, t), (5. 2) 

where 7" and µ, are determined in the following way: 
( i ) When A or C' is not 0. Let ro(r, t) be any non-constant solution 

of C10 1f-.Ao4 f=0, then the general solution of this equation is given by 
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F(w) where F is an arbitrary function. If we put i,=A/(2\w'vP-) 

=C'/(2\wv_C_) and use (2.2) we obtain C'o1i,-Ac\i,=0 so ,that i,=i,(w). 

Then we consider the differential equation 

_d2F __ - i,' - _<}!__ __ +ei,2F = 0 (i,' = _dd:, ) . 
dw2 i, dw ' w 

(5.3) 

The solution F(w) contains two arbitrary constants and we can take two 

solutions F and F of (5. 3) satisfying 

F 2+eF'2 =1, eFF'+F'F''=O, eF'2+F''2=i,2 , (F'=dF/dw), (5.4) 

initially. If we put F'=i,G and F''=i,G, we have G'=-ei,F and G'=-ei,F'. 

Hence ( 5. 4) becomes 

F2+eF'2=1, eFG+FG=O, eG2 +G2 =1. (5. 5) 

By repeated differentiations of the left hand sides of (5. 5), we know that 
there exist r and µ satisfying 

We have only to take these r and µ. 

Then from (5. 6) we have 

-(dz1 )2--'-(dz2 )2-(clz3 )2+e(dz4 ) 2 +(dz5 )2 = ds2 of (2.1), (5. 7) 

and corresponding ,,l is given by 

'TJ{» = [ -(\/✓-A-) sin 0 cos¢, -(,,) sin 0 sin¢, -( ,, ) cos 0, 

-F/vA, -F/✓A-], (5. 8) 

and so (5. 9) 

(ii) When A--,---C'=O. : By a transformation of t we take the coor~inate 
system in which C=l. From (L) and (M), we have 

r =) v€(1-A(r))dr, µ ·. t, (5.10) 

,,l = [ -(\/v :...C) sin 0 cos¢, -( ,, ) sin 0 sin¢, -(,,) cos 0, 

-1/✓ A-, OJ, (5.11) 

and (5. 7) and (5. 9) also hold. 

In both cases if we express r2 as a function of z4 and z5 i.e. r 2= 
y(z4 , z5), then the S1 is expressible as a hypersurface (z1) 2 +(z2)2 +(z3)2= 

y(z4 , z5 ) in flat S:;)ace whose ds2 is given by the left hand side of (5. 7). 
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Next we shall deal with an Su satisfying l==O in the coordinate system 
of ( 4. 2). Then, evidently, the solution za) of (L) and (M) is given by 

Z1 = vB sin 0 cos <p , Z 2 = VB -sin 0 sin <p , Z 3 = vBC- cos 0 , 

z4 = r, z5 = t, (5.12) 

bij being omitted, and similar results as in the case of S 1 are obtained. 
As for the case of S0 of class two we can' easily show that the con­

crete form of z"', (a=l, •··, 6), in the case of Sr given by (2.1), is given by 

z1 = r sin 0 cos ¢ , z2 = 1· sin 0 sin ¢ , z3 = r cos 0 , 

z4 = z4(r, t), z5 = z5(r, t), z6 = z6(r, t), 

where z4 , z5 and z6 are solutions of 

(c)zP)2 
~ ep or = l -A , 

( c)zP )2 
~ep -- =C, 

p at (p = 4, 5, 6), 

(5.13) 

(5.14) 

and ep= ± 1 are taken so as z's become real. Similarly we can easily 

obtain z's for Sa of class two. 

Research Institute for Theoretical Physics, 
Hiroshima University, Takehara-machi, 
Hiroshima-ken. 
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